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Îáîáùåííûå ëèíåéíûå ìîäåëè

E[y |x] = g−1(wT
x)

ãäå g(·) - ôóíêöèÿ ñâÿçè (link function).

g(z) = z , ëèíåéíàÿ ðåãðåññèÿ y = w
T
x

g(z) = ln( z
1−z ), ëîãèñòè÷åñêàÿ ðåãðåññèÿ

P(y = +1|x) = 1

1+exp(−wT
x)

g(z) = Φ−1(z), ïðîáèò ðåãðåññèÿ
P(y = +1|x) = Φ(wT

x), ãäå Φ(·) - êóììóëÿòèâíàÿ
ô-öèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ

g(z) = ln(z), Ïóàññîíîâñêàÿ ðåãðåññèÿ

P(y |βT
x) =

exp(−λ)λn

n!
, ãäå λ = exp(βT

x)
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Îáîáùåííûå ëèíåéíûå ìîäåëè

Ëèíåéíàÿ ìîäåëü - ëèíåéíàÿ ïî âåêòîðó íåèçâåñòíûõ
êîýôôèöèåíòîâ



Îáîáùåííûå ëèíåéíûå ìîäåëè

Ïî÷åìó ëèíåéíûå ìîäåëè ÷àñòî èñïîëüçóþòñÿ ïðè ðàáîòå
ñ áîëüøèìè äàííûìè:

Áûñòðîå îáó÷åíèå

Áûñòðîå ïðåäñêàçàíèå

Õîðîøåå êà÷åñòâî ïðåäñêàçàíèÿ



Îíëàéí îáó÷åíèå ëèíåéíûõ ìîäåëåé

Èíèöèàëèçèðîâàòü w
(íàïðèìåð w = 0, w ∼ N(0, 1))

Ïîâòîðÿòü:

1 Ïîëó÷èòü îáó÷àþùèé ïðèìåð (x, y)

2 Ñäåëàòü ëèíåéíîå ïðåäñêàçàíèå ŷw(x) = w
T
x

3 Îáíîâèòü âåêòîð w òàê, ÷òîáû ŷw(x) ñòàëî áëèæå ê y .



Îíëàéí îáó÷åíèå ëèíåéíûõ ìîäåëåé

Êàê âûáèðàòü ïàðû (x, y) ?

Ñýìïëèðîâàòü èç ðàñïðåäåëåíèÿ P(x, y)

Ñëó÷àéíî èç îáó÷àþùåé âûáîðêè, ò.å. ñýìïëèðîâàíèå
èç ýìïèðè÷åñêîãî ðàñïðåäåëåíèÿ, p = 1/n

Öèêëè÷åñêè èç îáó÷àþùåé âûáîðêè (ìîæíî ÷èòàòü
ïîñëåäîâàòåëüíî ñ äèñêà)
âûáîðêó íóæíî ïðåäâàðèòåëüíî ïåðåìåøàòü

×èòàòü â ðåàëüíîì âðåìåíè ïîêàçàíèÿ
äàò÷èêîâ/äåéñòâèÿ ïîëüçîâàòåëåé/è ò.ï.
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Îáíîâëåíèå âåêòîðà âåñîâ

1 Âûáðàòü ïîäõîäÿùóþ ôóíêöèþ ïîòåðü L(ŷw(x), y).
2 Îáíîâèòü âåñà w← w − η ∂L(ŷw(x),y)

∂w
.

Âåëè÷èíà η íàçûâàåòñÿ òåìïîì îáó÷åíèÿ.
Ïîëó÷àåòñÿ ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

Èíèöèàëèçèðîâàòü w, t = 1

(íàïðèìåð w = 0, w ∼ N(0, 1))

Ïîâòîðÿòü:

1 Âûáðàòü ñëó÷àéíûé îáó÷àþùèé ïðèìåð (x, y)

2 Ñäåëàòü ëèíåéíîå ïðåäñêàçàíèå ŷw(x) = w
T
x

3 Îáíîâèòü âåñà

w← w − ηt
∂L(ŷw(x), y)

∂w
4 t = t + 1



Ñõîäèìîñòü

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà

w← w − ηt
∂L(ŷw(x), y)

∂w

ñõîäèòñÿ ê

w
∗ = argmin

w

n∑

i=1

L(wT
xi , yi)

åñëè L(ŷw(x), y) - âûïóêëàÿ ïî w, à òåìï îáó÷åíèÿ óáûâàåò

∞∑

t=1

ηt =∞,
∞∑

t=1

η2t <∞
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Êàê âûáðàòü ïðàâèëüíóþ ôóíêöèþ ïîòåðü?

Ïóñòü (x, y) èìåþò ñîâìåñòíîå ðàñïðåäåëåíèå P(x, y)
Ñðåäíèé ðèñê Q(w) äëÿ ëèíåéíîé ìîäåëè ŷw(x) ðàâåí

Q(w) =

∫

Rp

∫

R
L(ŷw(x), y)P(y , x)dy dx =

=

∫

Rp

(∫

R
L(ŷw(x), y)P(y |x)dy

)
P(x)dx



Êàê âûáðàòü ïðàâèëüíóþ ô-öèþ ïîòåðü?

Åñëè ìû õîòèì, ÷òîáû ìèíèìóì Q(w) äîñòèãàëñÿ â ŷw(x)

1 ŷw(x) = E[y |x]

êâàäðàòè÷íàÿ L(ŷ , y) = 1

2
(ŷ − y)2

2 ŷw(x) = êâàíòèëü τ ðàñïðåäåëåíèÿ P(y |x)

êâàíòèëüíàÿ ðåãðåññèÿ
L(ŷ , y) = τ(ŷ − y)I(y ≤ ŷ) + (1− τ)(y − ŷ)I(y ≥ ŷ)

3 ŷw(x) = ìåäèàíà P(y |x)

êâàíòèëüíàÿ ðåãðåññèÿ ñ τ = 0.5
L(ŷ , y) = |ŷ − y |

4 Âåðîÿòíîñòü y = 1 (áèíàðíàÿ êëàññèôèêàöèÿ)

ëîãèñòè÷åñêàÿ L(ŷ , y) = log(1 + exp(−y ŷ))

5 ...èëè L(ŷ , y) - ìèíóñ ëîã-ïðàâäîïîäîáèå îáîáùåííîé
ëèíåéíîé ìîäåëè
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ëîãèñòè÷åñêàÿ L(ŷ , y) = log(1 + exp(−y ŷ))
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Êàê âûáðàòü ïðàâèëüíóþ ô-öèþ ïîòåðü?

1 Òèïè÷íàÿ öåíà êâàðòèðû â ðàéîíå?

êâàíòèëüíàÿ ðåãðåññèÿ τ = 0.5
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T
x.

3 Èçìåðèòü òî÷íîñòü ïðîãíîçà Et = L(ŷw(x), y)

4 Îáíîâèòü âåêòîð âåñîâ òàê, ÷òîáû ŷw(x) ñòàëî áëèæå
ê y .

5 t = t + 1

Òåõíèêà "Progressive Validation (PV)"

Îøèáêà PV ðàâíà Err = 1

T

∑T
t=1

Et

Êîððåêòíî ñ÷èòàåòñÿ òîëüêî ïðè îäíîêðàòíîì ïðîõîäå ïî

âûáîðêå!
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Òðþêè äëÿ îíëàéí îáó÷åíèÿ

1 Ó÷åò âåñîâ îáó÷àþùèõ ïðèìåðîâ

2 Àäàïòèâíûé òåìï îáó÷åíèÿ

3 Àäàïòèâíàÿ íîðìàëèçàöèÿ ïðèçíàêîâ



Îáó÷åíèå ñ âåñàì ïðèìåðîâ

Òèïè÷íàÿ ñèòóàöèÿ: íåîáõîäèìî îáó÷èòü êëàññèôèêàòîð,
íî îøèáêè 1-ãî è 2-ãî ðîäà íå ðàâíîöåííû.

Ïðèìåð: â îáíàðóæåíèè ñïàìà, ïðåäñêàçàòü, ÷òî õîðîøåå
ïèñüìî - ýòî ñïàì õóæå, ÷åì ñïàì - ýòî õîðîøåå ïèñüìî.

Ïóñòü îáó÷àþùèé ïðèìåð èìååò âåñ I (Importance).
Êàê íóæíî ìîäèôèöèðîâàòü ïðàâèëüíî îáíîâëåíèÿ
âåêòîðà w (ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà) ñ ó÷åòîì I?

"Íàèâíûé ïîäõîä": w← w − ηI ∂L(ŷw(x),y)
∂w

.



Îáó÷åíèå ñ âåñàì ïðèìåðîâ

Òèïè÷íàÿ ñèòóàöèÿ: íåîáõîäèìî îáó÷èòü êëàññèôèêàòîð,
íî îøèáêè 1-ãî è 2-ãî ðîäà íå ðàâíîöåííû.

Ïðèìåð: â îáíàðóæåíèè ñïàìà, ïðåäñêàçàòü, ÷òî õîðîøåå
ïèñüìî - ýòî ñïàì õóæå, ÷åì ñïàì - ýòî õîðîøåå ïèñüìî.

Ïóñòü îáó÷àþùèé ïðèìåð èìååò âåñ I (Importance).
Êàê íóæíî ìîäèôèöèðîâàòü ïðàâèëüíî îáíîâëåíèÿ
âåêòîðà w (ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà) ñ ó÷åòîì I?

"Íàèâíûé ïîäõîä": w← w − ηI ∂L(ŷw(x),y)
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Îáó÷åíèå ñ âåñàì ïðèìåðîâ

Çàäà÷à ìèíèìèçàöèè ýìïèðè÷åñêîãî ðèñêà

w = argmin
w

Q(w) = argmin
w

n∑

i=1

IiL(ŷw(xi), yi)

Äîáàâëåíèå âåñîâ ýêâèâàëåíòíî êîïèðîâàíèþ ïðèìåðà i -ãî
ïðèìåðà Ii ðàç.

Èäåÿ: ïîäîáðàòü ôóíêöèþ s(η, x, y) òàêóþ, ÷òî
îáíîâëåíèå, ñäåëàííîå I ðàç

w← w − s(η, x, y)

áûëî áû ýêâèâàëåíòíî

w← w − s(ηI , x, y)
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IiL(ŷw(xi), yi)

Äîáàâëåíèå âåñîâ ýêâèâàëåíòíî êîïèðîâàíèþ ïðèìåðà i -ãî
ïðèìåðà Ii ðàç.

Èäåÿ: ïîäîáðàòü ôóíêöèþ s(η, x, y) òàêóþ, ÷òî
îáíîâëåíèå, ñäåëàííîå I ðàç

w← w − s(η, x, y)

áûëî áû ýêâèâàëåíòíî

w← w − s(ηI , x, y)



Ó÷åò âàæíîñòè ïðèìåðîâ

Loss `(p, y) Invariant Update s(h) Imp2 Update

Squared 1
2 (y − p)2 p−y

x>x

(
1− e−hηx>x

)
hη(p−y)
1+hηx>x

Logistic log(1 + e−yp) W (ehηx
>x+yp+eyp )−hηx>x−eyp

yx>x for y ∈ {−1, 1} Not Closed

Exponential e−yp py−log(hηx>x+epy)
x>xy for y ∈ {−1, 1} Not Closed

Logarithmic y log y
p + (1− y) log 1−y

1−p
if y = 0

p−1+
√

(p−1)2+2hηx>x
x>x

if y = 1
p−
√
p2+2hηx>x
x>x

Not Closed

Hellinger 2(1−√py −
√

(1− p)(1− y))
if y = 0

p−1+ 1
4 (12hηx

>x+8(1−p)3/2)2/3
x>x

if y = 1
p− 1

4 (12hηx
>x+8p3/2)2/3

x>x

Not Closed

Hinge max(0, 1− yp) −ymin
(
hη, 1−yp

x>x

)
for y ∈ {−1, 1} Same

τ -Quantile
if y > p τ(y − p)
if y ≤ p (1− τ)(p− y)

if y > p −τ min(hη, y−p
τx>x )

if y ≤ p (1− τ) min(hη, p−y
(1−τ)x>x )

Same

Theorem 2. Let s(p, h) be the solution of

∂s

∂h
= η

∂`

∂p

∣∣∣∣
p=w>x−s(p,h)x>x

, s(p, 0) = 0

where ` is a continuously differentiable loss. Then

s(p, a+ b) = s(p, a) + s(p− s(p, a)x>x, b)

The proof is in the appendix and uses the Existence
and Uniqueness Theorem for ODEs.

4.2 Safety

For some loss functions such as squared loss, hinge loss
and quantile loss the residual w>t xt−yt tells us whether
the learner is overestimating or underestimating the
target. We call an update safe if

w>t+1xt − yt
w>t xt − yt

≥ 0

whenever (w>t xt−yt) 6= 0. Since the residual does not
change sign after a safe update, it leads to sane results
even when the learning rate is very aggressive.

Standard gradient descent is not safe, and importance
invariant step sizes always are. This should be obvious
for the hinge loss and the quantile loss because they
use the minimum necessary step. For squared loss:

w>t+1x− y
w>t x− y

=
w>t x+

y−w>t x
x>x

(
1− e−hηx>x

)
x>x− y

w>t x− y
= e−hηx

>x > 0

hence the update is safe.

4.3 Fallback Regret Analysis

Here we provide a fallback analysis for the case ht = 1.
For simplicity we only show the results for squared loss
and ||xt|| = 1 for all t. However, this can be extended
to other losses as a Taylor expansion of each update
around η = 0 shows that to first order, it is equivalent
to online gradient descent. Hence we expect a regret
analysis similar to the one achieved by the underly-
ing learning rate schedule. A proof of the following
theorem is in the appendix.

Theorem 3. If `(p, y) = (p−y)2 and ||xt|| = 1 for all
t then the importance invariant update attains a regret
of O(

√
T ) when ηt = 1√

t
, and a regret of O(log(T ))

when ηt = 1
t .

5 IMPLICIT IMPORTANCE
WEIGHT UPDATES

Implicit updates, first proposed in [13] and recently an-
alyzed in [14] provide an alternative way for handling
importance weights. An implicit update sets:

wt+1 = argmin
1

2
||w − wt||2 + λ`(w>x, y)

where λ is a free parameter similar to the learning rate
in interpretation. Finding the minimizing w generally
requires an iterative root-finding algorithm which is
perhaps an order of magnitude more expensive than
the closed form updates we derive above, although of-
ten easily amortized by the update itself. For squared
loss and hinge loss closed-form solutions have been
known. In the appendix we show how to derive these
as well as a closed form implicit update for quantile
loss which, to the best of our knowledge, is new. To
adapt implicit updates for importance weights we sim-

ply use λt = ηht (or λt =
∫ ht
0
ηt(u)du as in section 3.2)



Ó÷åò âàæíîñòè ïðèìåðîâ

w← w − ηI ∂L(ŷw(x),y)
∂w

ðàáîòàåò ïëîõî.
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Ó÷åò âàæíîñòè ïðèìåðîâ

ðàáîòàåò ëó÷øå: w← w − η ∂L(ŷw(x),y)
∂w

ïîâòîð I ðàç
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Ó÷åò âàæíîñòè ïðèìåðîâ

ðàáîòàåò åùå ëó÷øå: w← w − s(ηI )∂L(ŷw(x),y)
∂w
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Óñòîé÷èâîñòü äëÿ çàäà÷ ñ îäèíàêîâîé

âàæíîñòüþ ïðèìåðîâ

Äëÿ äàòàñåòîâ astro, spam ïðîèçâåäåí ïåðåáîð òåìïîâ
îáó÷åíèÿ, îáó÷åíèå è òåñòèðîâàíèå ñäåëàíî äëÿ ñëó÷àÿ
îáíîâëåíèé ïî

ïðàâèëó ñòîõàñòè÷åñêîãî ãðàäèåíòà

èíâàðèàíòíûå îáíîâëåíèÿ ñ ô-öèåé s(η, x, y)
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Àäàïòèâíûé òåìï îáó÷åíèÿ

Òåìï îáó÷åíèÿ äîëæåí ïàäàòü, íî ñ êàêîé ñêîðîñòüþ?

ηt = 1/tα, ãäå α ∈ [0.5, 1.0], åñëè îáó÷àòüñÿ íà
êîíå÷íîé âûáîðêå

ηt = η0 , åñëè îáó÷àòüñÿ íà ïîòîêîâûõ äàííûõ

AdaGrad
Îáîçíà÷èì git = ∂L(ŷw(xt),yt)

∂wi

Àäàïòèâíûé òåìï îáó÷åíèÿ: wi ← wi − ηigit
ãäå ηi = η√∑t

t′=1 g
2

it′
òåìï îáó÷åíèÿ äëÿ ïðèçíàêà i
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∂wi

Àäàïòèâíûé òåìï îáó÷åíèÿ: wi ← wi − ηigit

ãäå ηi = η√∑t
t′=1 g

2

it′
òåìï îáó÷åíèÿ äëÿ ïðèçíàêà i



Àäàïòèâíûé òåìï îáó÷åíèÿ

Òåìï îáó÷åíèÿ äîëæåí ïàäàòü, íî ñ êàêîé ñêîðîñòüþ?

ηt = 1/tα, ãäå α ∈ [0.5, 1.0], åñëè îáó÷àòüñÿ íà
êîíå÷íîé âûáîðêå

ηt = η0 , åñëè îáó÷àòüñÿ íà ïîòîêîâûõ äàííûõ

AdaGrad
Îáîçíà÷èì git = ∂L(ŷw(xt),yt)
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Àäàïòèâíûé òåìï îáó÷åíèÿ

Àäàïòèâíûé òåìï îáó÷åíèÿ: wi ← wi − η git√∑t
t′=1 g

2

it′

git =
∂L(ŷw(xt), yt)

∂wi
=
∂L(p, yt)

∂p

∣∣∣∣
p=ŷw(xt)

∂ŷw(xt)

∂wi

=
∂L(p, yt)

∂p

∣∣∣∣
p=ŷw(xt)

∂g−1(s)

∂s

∣∣∣∣
s=wT

xt

xit

Çíà÷åíèÿ ÷àñòî âñòðå÷àþùèõñÿ ïðèçíàêîâ áûñòðî
ñòàáèëèçèðóþòñÿ, ïî íèì íóæíî äåëàòü ìàëåíüêèå øàãè.
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Ó÷åò ðàçìåðíîñòè ïåðåìåííûõ

Øàã ñòîõàñòè÷åñêîãî ãðàäèåíòà: wi ← wi − ηgit
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∂L(p, yt)
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wi ← wi − Cxit

Ïðîáëåìà: óìíîæåíèå xi íà 2 äîëæíî âëå÷ü çà ñîáîé
óìåíüøåíèå wi â 2 ðàçà, ÷òîáû ïðåäñêàçàíèå íå ìåíÿëîñü.
⇒ Â äàòàñåòàõ ïðèçíàêè èìåþò ðàçíûå ìàñøòàáû!
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Íîðìàëèçàöèÿ ïðèçíàêîâ?
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∑n
t=1

xit
Âûáîðî÷íîå ñòä. îòêëîíåíèå σi =

√∑n
t=1

(xit − µi)2

x ′i ← xi−µi
σi

.

Ïðîáëåìû:

1 Íå ðàáîòàåò îíëàéí.

2 Âûáîðêà ïåðåñòàåò áûòü ðàçðåæåííîé.
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Àäàïòèâíûé ó÷åò ìàñøòàáà ïåðåìåííûõ

Àëãîðèòì NG(òåìï îáó÷åíèÿ η)

1 Èíèöèàëèçèðîâàòü wi = 0, t = 0, si = 0, N = 0

2 Ïîëó÷èòü îáó÷àþùèé ïðèìåð (x, y)

1 Äëÿ êàæäîãî i , åñëè |xi | > si

1 wi ← wi s
2

i

|xi |2
2 si ← |xi |

2 ŷw(x) = w
T
x

3 N ← N +
∑

i
x2i
s2i

4 Äëÿ êàæäîãî i ,

1 wi ← wi − η
√

t
N

1

s2i

∂L(ŷ ,y)
∂wi

3 t = t + 1
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Îíëàéí áóòñòðåï

Îáó÷àþùàÿ âûáîðêà:

Z = (z1, z2, . . . , zn), zi = (xi , yi)

Ïîñòðîèì B âûáîðîê èç Z, èñïîëüçóÿ ñëó÷àéíûé âûáîð ñ
âîçâðàùåíèåì.

Èñõîäíàÿ âûáîðêà
1 2 3 4 5

Âûáîðêè ïîñëå áóòñòðåïà, B = 4
1 1 2 3 5

1 2 2 3 5

2 3 3 4 4

1 2 3 4 5

P.S. ðåêîìåíäóåòñÿ áðàòü B = 10000
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Áóòñòðåï

Èäåÿ áóòñòðåïà: (x, y) ∼ P(x, y), íî P(x, y) - íåèçâåñòíî!
Òîãäà âìåñòî P(x, y) áóäåì èñïîëüçîâàòü ýìïèðè÷åñêîå

ðàñïðåäåëåíèå, âîçâðàùàþùåå (xi , yi) ñ âåðîÿòíîñòüþ
1

n
.

Ïóñòü S(Z) - âåëè÷èíà, ðàññ÷èòàííàÿ íà îñíîâå âûáîðêè Z.
Ïðèìåðû:

ïàðàìåòðû ðåãðåññèè

ïðåäñêàçàíèå â ôèêñèðîâàííîé òî÷êå

Bagging (bootstrap aggregating): äëÿ ïðåäñêàçàíèÿ ìîæíî
èñïîëüçîâàòü ñðåäíåå èëè ãîëîñîâàíèå ìîäåëåé, îáó÷åííûõ
íà Z∗b, b = 1 . . .B .
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Áóòñòðåï
250 7. Model Assessment and Selection

  

Bootstrap

Bootstrap

replications

samples

sample
TrainingZ = (z1, z2, . . . , zN )

Z∗1 Z∗2 Z∗B

S(Z∗1) S(Z∗2) S(Z∗B)

FIGURE 7.12. Schematic of the bootstrap process. We wish to assess the sta-
tistical accuracy of a quantity S(Z) computed from our dataset. B training sets
Z∗b, b = 1, . . . , B each of size N are drawn with replacement from the original
dataset. The quantity of interest S(Z) is computed from each bootstrap training
set, and the values S(Z∗1), . . . , S(Z∗B) are used to assess the statistical accuracy
of S(Z).

where S̄∗ =
∑

b S(Z∗b)/B. Note that V̂ar[S(Z)] can be thought of as a
Monte-Carlo estimate of the variance of S(Z) under sampling from the
empirical distribution function F̂ for the data (z1, z2, . . . , zN ).

How can we apply the bootstrap to estimate prediction error? One ap-
proach would be to fit the model in question on a set of bootstrap samples,
and then keep track of how well it predicts the original training set. If
f̂∗b(xi) is the predicted value at xi, from the model fitted to the bth boot-
strap dataset, our estimate is

Êrrboot =
1

B

1

N

B∑

b=1

N∑

i=1

L(yi, f̂
∗b(xi)). (7.54)

However, it is easy to see that Êrrboot does not provide a good estimate in
general. The reason is that the bootstrap datasets are acting as the training
samples, while the original training set is acting as the test sample, and
these two samples have observations in common. This overlap can make
overfit predictions look unrealistically good, and is the reason that cross-
validation explicitly uses non-overlapping data for the training and test
samples. Consider for example a 1-nearest neighbor classifier applied to a
two-class classification problem with the same number of observations in

Hastie, T., Tibshirani, R., Friedman, J. (2005). The elements of
statistical learning: data mining, inference and prediction. The
Mathematical Intelligencer, 27(2), 83-85.



Áóòñòðåï

S̄(Z∗) =
1

B

B∑

b=1

S(Z∗b)

Var [S(Z)] =
1

B − 1

B∑

b=1

(S(Z∗b)− S̄(Z∗))2



Áóòñòðåï

Äîâåðèòåëüíûé èíòåðâàë.
Îòñîðòèðóåì Z∗b, ãäå b = 1 . . .B ïî âîçðàñòàíèþ:

S(Z∗b1) ≤ S(Z∗b2) ≤ . . . ≤ S(Z∗bB )

Åñëè íóæåí 1− α äîâåðèòåëüíûé èíòåðâàë, òî íóæíî
îòêèíóòü α

2
òî÷åê â íà÷àëå è êîíöå ñïèñêà, ïîëó÷èì

èñêîìûé èíòåðâàë:

(
S(Z∗bc ), S(Z∗bd )

)

c =
[α
2
B
]

d =
[

(1− α

2
)B
]



Îíëàéí áóòñòðåï

Áóòñòðåï íåóäîáíî äåëàòü íà áîëüøèõ âûáîðêàõ.

Îíëàéí?

Êàêîâà âåðîÿòíîñòü, ÷òî ïðèìåð zi áóäåò â
áóòñòðàïèðîâàííîé âûáîðêå k ðàç?

Binom(k |n, p) = C k
n p

k(1− p)n−k , ãäå p = 1/n

Ïðè n→ + inf, pn = const áèíîìèàëüíîå ðàñïðåäåëåíèå
ïåðåõîäèò â ðàñïðåäåëåíèå Ïóàññîíà

Binom(k |n, p)→ Poisson(k |pn) =
pk exp(−p)

k!

Òàê êàê pn = 1

Binom(k |n, 1/n)→ Poisson(k |1) =
exp(−1)

k!
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2 Background on Online Bootstrapping

Online bootstrapping via sampling from Poisson distribution was first proposed in [6]. This is a very
effective online approximation to batch bootstrapping, leveraging the following argument: Boot-
strapping a dataset D with n examples means sampling n examples from D with replacement. Each
example iwill appear Zi times in the bootstrapped sample where Zi is a random variable. In the case
of all examples with unit weight, Zi is distributed as a Binom(n, 1/n), because during resampling
the i-th example will have n chances to be picked, each with probability 1/n. This Binom(n, 1/n)
distribution converges to a Poisson distribution with rate 1, even for modest n (see Fig. 1). Poisson
distribution is much easier to sample from, making it particularly suitable for large-scale learning.

Figure 1: Binomial converges to Poisson for moderate sample sizes.

Park et al [7] proposed reservoir sampling with replacement for sampling streaming data - a tech-
nique that could be used to implement bootstrapping without approximation. However reservoir
sampling is more complex and expensive. Kleiner et al [3] propose a different bootstrap approxi-
mation which divides the large dataset into many little and possibly non-overlapping subsamples,
but each set of subsamples are still processed in a batch manner, thus it is not applicable for typical
online settings.

3 Efficient Online Bootstrapping

Sampling importance weights from a Poisson distribution allows us to implement an efficient online
approximation to bootstrapping. Fig. 2 shows the basic algorithm.

Input: example E with importance weight W,
user-specified number of bootstrapping rounds N

Training: Prediction:
for i = 1..N for i = 1..N
do do

Z ˜ Poisson(1) * W pi = predict(E, i)
learn(E, Z, i) done

done return majority(p) // or mean(p)

Figure 2: Algorithm: Efficient Online Bootstrapping

We implemented online bootstrapping as a top-level reduction in VW (see Fig. 2). This way boot-
strapping can be combined with any other algorithm implementing learn(). Parameter i is passed
to the base learner to indicate an offset for storing feature weight of the current bootstrapping sub-
model. This architecture has three benefits: i) It keeps bootstrapping code separate from the learning
code, capitalizing on any improvements in the base learning algorithm, ii) Weights for the same fea-
ture inside different bootstraps can be co-located in memory, which keeps memory access local and
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Ïîâòîðÿòü:

1 Ïîëó÷èòü îáó÷àþùèé ïðèìåð (x, y)

2 Ïîëó÷èòü âåñ ïðèìåðà I .
3 Öèêë b = 1 . . .B :

1 Ñäåëàòü ëèíåéíîå ïðåäñêàçàíèå ŷwb(x) =
∑

i w
b
i xi .

2 k ∼ Poisson(1)
3 I ← Ik
4 îáíîâèòü âåêòîð âåñîâ wb ÷òîáû ŷwb(x) ñòàëî áëèæå

ê y .

Âåðíóòü : wb, b = 1 . . .B
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maximizes cache hits, and iii) Each example needs to be parsed only once for all bootstrapped sub-
models. Only the importance weight of example is modified by drawing repeatedly from a Poisson
distribution. This greatly reduces example parsing overhead.

There are two alternatives to implement online bootstrapping for non-unitary weights: i) sample the
new importance weight directly from Poisson(W ) or ii) sample from a Poisson(1) and multiply
it with W . Option i) suffers when W � 1 as it almost always rejects in this case (most weights
are zero). Option ii) is preferable and can be implemented very efficiently by a lookup table of the
Poisson(1) probabilities.2.

During prediction (testing), each example is again parsed only once and fed into N learners online.
Besides estimating statistics from these N predictions, user can specify different ensemble methods
to get one final prediction. The current implementation supports mean (for regression) and majority
voting (for classification). Implementation of other statistics including quantiles is straightforward.

4 Experiments

We show the efficiency of our online bootstrapping strategy, as well as how it helps to improve
prediction accuracy. All experiments are conducted on a single desktop. We first show speed com-
parison on two datasets. The 75K dataset contains 74746 examples and 3000 features per example
on average. For this dataset, we run 20 online passes to mitigate setting up overhead. The RCV1 [5]
training dataset contains 781265 examples and 80 features per example on average. We only run
single pass for this dataset. Running time for batch bootstrapping is estimated as t × n where n is
number of bootstrap samples and t is time for n = 1. We believe this estimation is optimistic, as
it is not even clear how to do batch resampling on large datasets. We show results in Fig. 3. It is
clear there is more performance gain for the RCV1 training dataset. Also the running time does not
differ too much with different number of bootstrapping rounds for the RCV1 training dataset. These
can be explained as a lot of computation power is spent on example parsing, while one benefit of
our approach is to avoid repetitive example parsing. Thus our strategy is particularly helpful for a
dataset with many examples.

75K Dataset RCV1 Training
Figure 3: Speed comparisons on two datasets. Lower bound is calculated (some numbers are not
shown since they are too big) for Batch BS as pure training time, excluding time to generate samples
with repetition.

Next we show that online bootstrapping may improve predictions. We train on the RCV1 training
dataset and report the online holdout validation loss3 at the end of each pass. Experiments are
conducted with 20 bootstraps and 224 bits used for learner representation. We use square loss for all
experiments. Fig. 4 shows that with bootstrapping the online validation loss is indeed lower. We save
the best model according to validation loss and test generalization on a separate test set containing
23149 examples. In Tbl. 1, we measure classification accuracy and can see that the model trained

2Only 20 entries are needed before the probability drops below machine precision
3A feature available in VW. This loss is calculated online on a consistent set of examples across passes that

are used for model evaluation but not for model updating
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with online bootstrapping performs better. We further add bootstrapping to a well tuned learner 4

and observe that online bootstrapping can improve performance upon such a competitive baseline.

Figure 4: Bootstrapping helps predictive perfor-
mance compared to a single model.

Method Error Rate
Base Learner (BL) 6.01%

BL + Online BS (N=20) 5.37%
Tuned Learner (TL) 4.64%

TL + Online BS (N=4) 4.58%

Table 1: Testing performance

Bootstrapping learns more parameters than a single model and therefore for a fixed model size
increases the chance of hashing collisions. This effectively leads to learning N simpler models versus
a single more complex model. We ran three tests on the RCV1 dataset to investigate this trade-off:
i) single model (default), ii) single model with extra quadratic features and iii) bootstrapped model
with extra quadratics. We ran multiple passes and saved the best model based on holdout loss. The
holdout loss results are summarized in Tbl. 2. We can see that on this dataset even with larger
number of features, bootstrapping helps to improve model performance.

squared loss number of features model
Model of best model per example size
default 0.0409 80 on average 224

+quadratic 0.0402 3-40K 224

+quadratic + BS 0.0340 60-800K 224

Table 2: Bootstrapping may help even in the presence of some collisions.

5 Conclusions

In this work we show a highly effective and efficient online bootstrapping strategy that we imple-
mented in the open-source Vowpal Wabbit online learning package. It is fast, feasible for large scale
datasets, improves predictions of the resulting model, and provides a blackbox-like way to obtain
uncertainty estimates that works with a variety of existing learning algorithms.

4Single pass learning with options -b 23 -l 0.25 --ngram 2 --skips 4

4

Óëó÷øåíèå êà÷åñòâà îò òåõíèêè bagging äëÿ
êëàññèôèêàöèè äàòàñåòà RCV1. Progressive validation error
è îøèáêà íà òåñòå.
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