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Íåãëàäêàÿ ðåãóëÿðèçàöèÿ

Çàäà÷à LASSO

argmin
β∈Rp

(
1

2

n∑
i=1

(βTxi − yi )
2 + λ‖β‖1

)

‖β‖1 =

p∑
k=1

|βk |

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà, L-BFGS õîðîøî
ðàáîòàþò íà ïðàêòèêå, íî òðåáóþò, ÷òîáû öåëåâàÿ ôóíêöèÿ
áûëà äèôôåðåíöèðóåìîé.

Êà÷åñòâî ðàáîòû ìåòîäà ñòîõàñòè÷åñêîãî ãðàäèåíòà
ñóùåñòâåííî çàâèñèò îò âûáîðà ïàðàìåòðîâ (òåìï
îáó÷åíèÿ, ñêîðîñòü çàòóõàíèÿ òåìïà îáó÷åíèÿ)
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Ïîêîîðäèíàòíûé ñïóñê äëÿ LASSO

Shooting: Ïîêîîðäèíàòíûé ñïóñê äëÿ LASSO

Âõîä: îáó÷àþùàÿ âûáîðêà {xi , yi}ni=1
, íà÷. ïðèáëèæåíèå β

Ïîâòîðÿòü, ïîêà íå âûïîëíåíî óñëîâèå îñòàíîâà:
1 for k = 1 ... p
2 βk ← argminβk

(
1

2

∑n
i=1

(βTxi − yi )
2 + λ‖β‖1

)

βk ← S
(∑n

i=1
xik (yi−(si−βkxik ))∑n

i=1
x2ik

, λ∑n
i=1

x2ik

)
, ãäå si = βT xi

Âåðíóòü β

S(x , λ) = sgn(x)max(|x | − λ, 0) ôóíêöèÿ soft-threshold

S(x, λ)

λ-λ
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Ïîêîîðäèíàòíûé ñïóñê äëÿ LASSO

Ýôôåêòèâíàÿ ðåàëèçàöèÿ ïîêîîðäèíàòíîãî ñïóñêà äëÿ

LASSO

Âõîä: îáó÷àþùàÿ âûáîðêà X , íà÷àëüíîå ïðèáëèæåíèå β.
s ← 0 (äëèíà s ðàâíà n)

Ïîâòîðÿòü, ïîêà íå âûïîëíåíî óñëîâèå îñòàíîâà:

1 for k = 1 ... p

2 β∗k ← S
(∑n

i=1
xik (yi−(si−βkxik ))∑n

i=1
x2ik

, λ∑n
i=1

x2ik

)
, ãäå si = βTxi

3 Îáíîâèòü êîìïîíåíòû si , òàêèå ÷òî xik 6= 0:

si ← si + (β∗k − βk)xik

4 βk ← β∗k
Âåðíóòü β

Åñëè ïîääåðæèâàòü â RAM âåêòîðà β, s = (βTxi ) òî ñëîæíîñòü
îäíîé èòåðàöèè áóäåò ðàâíà O(nnz)
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LASSO ñ âåñàìè

Åñëè îáúåêòû îáó÷àþùåé âûáîðêè èìåþò âåñà wi , òî ôóíöèÿ
ýìïèðè÷åñêîãî ðèñêà áóäåò ðàâíà

argmin
β

1

2

n∑
i=1

wi (yi − βTxi )
2 + λ‖β‖1

Â ýòîì ñëó÷àå øàã àëãîðèòìà Shooting ïðèîáðåòàåò âèä:

βk ← S

(∑n
i=1

wixik(yi − (si − βkxik))∑n
i=1

wix2ik
,

λ∑n
i=1

wix2ik

)
(1)



Îáîáùåííûå ëèíåéíûå ìîäåëè

Ìîäåëèðóåì y ∼ f (βTx)

Ïðèìåðû: ëèíåéíàÿ ðåãðåññèÿ, ëîãèñòè÷åñêàÿ ðåãðåññèÿ,
ïóàññîíîâñêàÿ ðåãðåññèÿ, ïðîáèò-ðåãðåññèÿ.

L(β) =
n∑

i=1

`(βTxi , yi )

argmin
β

(L(β) + λ‖β‖1)



Ìåòîä Íüþòîíà?

Õî÷åòñÿ äåëàòü îïòèìèçàöèþ, èñïîëüçóÿ èíôîðìàöèþ î
Ãåññèàíå

L(β + ∆β) ≈ L(β) + L′(β)T∆β +
1

2
∆βT∇2L(β)∆β

∆β∗ = argmin
∆β

(
L(β) + L′(β)T∆β +

1

2
∆βT∇2L(β)∆β

)
= −(∇2L(β))−1L′(β)

β ← β + ∆β∗
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Ìåòîä Íüþòîíà?

Íóæíî íàéòè: argminβ (L(β) + λ‖β‖1)

L(β + ∆β) =
n∑

i=1

`(yi , (β + ∆β)T xi ) ≈

≈
n∑

i=1

{
`(yi ,β

T xi ) +
∂`(yi ,β

T xi )

∂ŷ
∆βT

xi +
1

2
(∆βT

xi )
∂2`(yi ,β

T xi )

∂ŷ2
(∆βT

xi )

}
=

= C (β) +
1

2

n∑
i=1

wi (zi −∆βT
xi )

2

wi =
∂2`(yi ,β

T xi )

∂ŷ2

zi = − ∂`(yi ,β
T xi )/∂ŷ

∂2`(yi ,β
T xi )/∂ŷ2

argmin
∆β

(
1

2

n∑
i=1

wi (zi −∆βT
xi )

2 + λ‖β + ∆β‖1

)
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∂ŷ2

zi = − ∂`(yi ,β
T xi )/∂ŷ
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

P(y = +1|x) =
1

1 + exp(−βTx)

Ìèíóñ ëîã-ïðàâäîïîäîáèå (ýìïèðè÷åñêèé ðèñê) L(β)

L(β) =
n∑

i=1

log(1 + exp(−yiβTxi ))

zi =
(yi + 1)/2− p(xi )

p(xi )(1− p(xi ))

wi = p(xi )(1− p(xi ))

p(xi ) =
1

1 + e−β
T
xi



Àëãîðèòì GLMNET

Àëãîðèòì GLMNET

Âõîä: îáó÷àþùàÿ âûáîðêà {xi , yi}ni=1
, íà÷. ïðèáëèæåíèå β,

ïàðàìåòð ðåãóëÿðèçàöèè λ
si ← βTxi , ∆si ← 0 (âåêòîðà ðàçìåðà n)
Ïîâòîðÿòü, ïîêà íå âûïîëåíî óñëîâèå îñòàíîâà:

1 for k = 1 ... p
2

∆βk ← argmin
∆βk

(
1

2

n∑
i=1

wi (zi −∆βTxi )
2 + λ‖β + ∆β‖1

)
3 Îáíîâèòü êîìïîíåíòû ∆si , òàêèå ÷òî xik 6= 0:

∆si ← ∆si + ∆βkxik

4 Íàéòè α ñ ïîìîùüþ ëèíåéíîãî ïîèñêà ïî ïðàâèëó Armijo
5 β ← β + α∆β
6 s ← s + α∆s

Âåðíóòü β



Àëãîðèòì GLMNET

Öåëåâàÿ ôóíêöèÿ îïòèìèçàöèè (ðåãóëÿðèçîâàííîå ìèíóñ
ëîã-ïðàâäîáîäîáèå):

f (β) =
n∑

i=1

`(βT xi , yi ) + λ‖β‖1

Ëèíåéíûé ïîèñê ïî ïðàâèëó Armijo

Âõîä αinit , 0 < b < 1, 0 < σ < 1, 0 ≤ γ < 1

1 Ïàðàìåòð α äîëæåí áûòü ðàâåí ìàêñèìàëüíîìó ýëåìåíòó
ïîñëåäîâàòåëüíîñòè {αinit , αinitb, αinitb

2, ...}, òàêîìó ÷òî

f (β + α∆β) ≤ f (β) + ασD

D = f ′(β)T∆β +γ∆βT∇2f (β)∆β +λ (‖β + ∆β‖1 − ‖β‖1)

Âåðíóòü α

Ïðèìå÷àíèå. Â èñõîäíîì àëãîðèòìå GLMNET íå áûëî
ëèíåéíîãî ïîèñêà, îí íåîáõîäèì äëÿ ãàðàíòèè ñõîäèìîñòè
àëãîðèòìà
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Ïðèìå÷àíèå. Â èñõîäíîì àëãîðèòìå GLMNET íå áûëî
ëèíåéíîãî ïîèñêà, îí íåîáõîäèì äëÿ ãàðàíòèè ñõîäèìîñòè
àëãîðèòìà



Regularization path

Íà ïðàêòèêå îáû÷íî íóæíî íàéòè îïòèìàëüíóþ ðåãóëÿðèçàöèþ
λ, ÷òîáû êà÷åñòâî íà òåñòîâîì ìíîæåñòâå áûëî ìàêñèìàëüíûì.

Íàõîæäåíèå regularization path ñ ïîìîùüþ GLMNET

Âõîä: îáó÷àþùàÿ âûáîðêà X , óáûâàþùèé ñïèñîê {λt}T1
β ← 0
for t = 1 ... T

1 Èñïîëüçîâàòü β â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ

2 β ← ðåçóëüòàò îáó÷åíèÿ ñ ïîìîùüþ GLMNET,
ðåãóëÿðèçàöèÿ λt

3 Âåðíóòü (λt ,β)



Regularization path

Íà ïðàêòèêå îáû÷íî íóæíî íàéòè îïòèìàëüíóþ ðåãóëÿðèçàöèþ
λ, ÷òîáû êà÷åñòâî íà òåñòîâîì ìíîæåñòâå áûëî ìàêñèìàëüíûì.

Íàõîæäåíèå regularization path ñ ïîìîùüþ GLMNET

Âõîä: îáó÷àþùàÿ âûáîðêà X , óáûâàþùûé ñïèñîê {λt}T1
β ← 0
for t = 1 ... T

1 Èñïîëüçîâàòü β â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ

2 β ← ðåçóëüòàò îáó÷åíèÿ ñ ïîìîùüþ GLMNET,
ðåãóëÿðèçàöèÿ λt

3 Âåðíóòü (λt ,β)

Îáû÷íî áåðóò λt = λ0 × a−t , a < 1, ãäå λ0 - ýòî ìèíèìàëüíàÿ
ðåãóëÿðèçàöèÿ, ïðè êîòîðîé β = 0.
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Êàê ðàñïàðàëëåëèòü ìåòîäû ïîêîîðäèíàòíîãî ñïóñêà?

Ïîäõîä 1: çàäåéñòâóåì íåñêîëüêî ÿäåð CPU èëè GPU

Äåëàòü øàãè íåçàâèñèìî ïî ðàçíûì êîîðäèíàòàì.
Øàãè ìîãóò êîôëèêòîâàòü è öåëåâàÿ ôóíêöèÿ íå áóäåò
óìåíüøàòüñÿ.

Ðàñïàðàëëåëèòü âû÷èñëåíèå

β∗k ← S

(∑n
i=1

xik(yi − (si − βkxik))∑n
i=1

x2ik
,

λ∑n
i=1

x2ik

)
si ← si +

∑
i :xik 6=0

(β∗k − βk)xik
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Êàê ðàñïàðàëëåëèòü ìåòîäû ïîêîîðäèíàòíîãî ñïóñêà?

Ïîäõîä 2: èñïîëüçóåì íåñêîëüêî ìàøèí.

Åñòåñòâåííî, ÷òîáû
êàæäàÿ ìàøèíà îòâå÷àëà çà ñâîå ïîäìíîæåñòâî ïåðåìåííûõ



Êàê ðàñïàðàëëåëèòü ìåòîäû ïîêîîðäèíàòíîãî ñïóñêà?

Ïîäõîä 2: èñïîëüçóåì íåñêîëüêî ìàøèí. Åñòåñòâåííî, ÷òîáû
êàæäàÿ ìàøèíà îòâå÷àëà çà ñâîå ïîäìíîæåñòâî ïåðåìåííûõ



Êàê ðàñïàðàëëåëèòü ìåòîäû ïîêîîðäèíàòíîãî ñïóñêà?

Ðàñïðåäåëåííûé ïîêîîðäèíàòíûé ñïóñê

Âõîä: Îáó÷àþùàÿ âûáîðêà {xi , yi}ni=1
, ðàçäåëåííàÿ íà M

÷àñòåé ïî ïåðåìåííûì.
β ← 0,∆β ← 0, ãäå m - íîìåð ìàøèíû
Ïîêà íå âûïîëíåíî óñëîâèå îñòàíîâà:

1 Âûïîëíèòü ïàðàëëåëüíî íà M ìàøèíàõ:

2 Âûïîëíèòü øàãè ïî ïåðåìåííûì, ñîõðàíèòü ∆βm,
(∆(βm)Txi ))

3 Ñóììèðîâàòü âåêòîðà ∆βm, (∆(βm)Txi ) ñ ïîìîùüþ
MPI_AllReduce

4 ∆β ←
∑M

m=1
∆βm

5 (∆βTxi )←
∑M

m=1
(∆(βm)Txi )

6 Íàéòè α ñ ïîìîùüþ àëãîðèòìà ëèíåéíîãî ïîèñêà

7 β ← β + α∆β,

8 (exp(βTxi ))← (exp(βTxi + α∆βTxi ))



Ñõîäèìîñòü

Àëãîðèòì GLMNET è åãî ðàñïðåäåëåííûé âàðèàíò ñõîäÿòñÿ
äëÿ LASSO è ëîãèñòè÷åñêîé ðåãðåñèè ñ L1-ðåãóëÿðèçàöèåé.
Âåêòîð âåñîâ β ñõîäèòñÿ Q-ëèíåéíî.



Ðåàëèçàöèè

sklearn.linear_model.Lasso

sklearn.linear_model.ElasticNet

ïðîãðàììà liblinear

ïàêåò glmnet â R
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