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ADMM

Çàäà÷à óñëîâíîé îïòèìèçàöèè

x∗ = argmin
x

f (x)

ïðè îãðàíè÷åíèè Ax = b

x ∈ Rn,A ∈ Rp×n, b ∈ Rp

Ïîñòðîèì Ëàãðàíæèàí

L(x , y) = f (x) + yT (Ax − b)

y ∈ Rp - ìíîæèòåëè Ëàãðàíæà
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ADMM

Äâîéñòâåííàÿ çàäà÷à

y∗ = argmax
y

g(y)

g(y) = inf
x
L(x , y)

Óñëîâíàÿ îïòèìèçàöèÿ ñâîäèòñÿ ê áåçóñëîâíîé

x∗ = argmin
x

L(x , y∗)
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Dual Ascent

Èäåÿ: äåëàòü øàãè ïî ãðàäèåíòó y

x+(y) = argmin
x

L(x , y)

g(y) = L(x+(y), y)

∇g(y) =
∂L

∂x
(x+(y), y)

dx+

dy
+

∂L

∂y
(x+(y), y)

= 0 + Ax+(y)− b

= Ax+(y)− b

Èòåðàöèÿ àëãîðèòìà Dual Ascent:

xk+1 ← argmin
x

L(x , yk)

yk+1 ← yk + αk(Axk+1 − b)
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Dual Decomposition

Åñëè f (·) ñåïàðàáåëüíàÿ

f (x) =
N∑

i=1

fi (xi ), x = (x1, . . . , xN)

òî Ëàãðàíæèàí òîæå ñåïàðàáåëåí

L(x , y) =
N∑

i=1

L(xi , y)− yTb

Li (xi , y) =
N∑

i=1

fi (xi ) + yT (Aixi − b)

Èòåðàöèÿ àëãîðèòìà Dual decomposition:

xk+1

i ← argmin
xi

Li (xi , y
k), i = 1, . . . ,N

yk+1 ← yk + αk(
N∑

i=1

Aix
k+1 − b)
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Method of Multipliers

Íà ïðàêòèêå ëó÷øå ðàáîòàåò îáîáùåííûé Ëàãðàíæèàí

Lρ(x , y) = f (x) + yT (Ax − b) + (ρ/2)‖Ax − b‖2

Êîòîðûé ÿâëÿåòñÿ "îáû÷íûì Ëàãðàíæèàíîì" äëÿ çàäà÷è

x∗ = argmin
x

(
f (x) + (ρ/2)‖Ax − b‖2

)

ïðè îãðàíè÷åíèè Ax = b

x ∈ Rn,A ∈ Rp×n, b ∈ Rp

Èòåðàöèÿ àëãîðèòìà Method of Multipliers:

xk+1 ← argmin
x

Lρ(x , yk)

yk+1 ← yk + ρ(Axk+1 − b)
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Method of Multipliers

Ïî÷åìó αk = ρ?

Äëÿ ðåøåíèÿ (x∗, y∗) äîëæíî âûïîëíÿòüñÿ

Ax∗ − b = 0 ∇f (x∗) + AT y∗ = 0

0 = ∇xLρ(xk+1, yk)

= ∇f (xk+1) + AT (yk + ρ(Axk+1 − b))

= ∇f (xk+1) + AT yk+1
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ADMM

Çàäà÷à óñëîâíîé îïòèìèçàöèè

argmin
x ,z

(f (x) + g(z))

ïðè îãðàíè÷åíèè Ax + Bz = c

x ∈ Rn, z ∈ Rm,A ∈ Rp×n,B ∈ Rp×m, c ∈ Rp



ADMM

Ïîñòðîèì îáîáùåííûé Ëàãðàíæèàí

Lρ(x , z , y) = f (x)+g(z)+yT (Ax +Bz−c)+(ρ/2)‖Ax +Bz−c‖2

y ∈ Rp - ìíîæèòåëè Ëàãðàíæà

Èòåðàöèÿ àëãîðèòìà ADMM:

xk+1 ← argmin
x

Lρ(x , zk , yk)

zk+1 ← argmin
z

Lρ(xk+1, z , yk)

yk+1 ← yk + ρ(Axk+1 + Bzk+1 − c)



Íîðìèðîâàííàÿ ôîðìà ADMM

Ââåäåì îáîçíà÷åíèå äëÿ íåâÿçêè r = Ax + Bz − c

yT + (ρ/2)‖r‖2 = (ρ/2)‖r + (1/ρ)y‖2 − (1/2ρ)‖y‖2

= (ρ/2)‖r + u‖2 − (ρ/2)‖u‖2

ãäå u = (1/ρ)y - íîðìèðîâàííûé ìíîæèòåëü Ëàãðàíæà

Èòåðàöèÿ àëãîðèòìà ADMM, íîðìèðîâàííàÿ ôîðìà:

xk+1 ← argmin
x

(
f (x) + (ρ/2)‖Ax + Bzk − c + uk‖2

)

zk+1 ← argmin
z

(
g(z) + (ρ/2)‖Axk+1 + Bz − c + uk‖2

)

uk+1 ← uk + Axk+1 + Bzk+1
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Ñõîäèìîñòü ADMM

Ïðè âûïîëíåíèè óñëîâèé:

1 Ôóíêöèè f, g - ñîáñòâåííûå âûïóêëûå ôóíêöèè, à òàêæå
äëÿ êàæäîãî α ∈ R, ìíîæåñòâî {x ∈ dom(f ) | f (x) ≤ α}
çàìêíóòî

2 Ó Ëàãðàíæèàíà ñóùåñòâóåò ñåäëîâàÿ òî÷êà
L0(x∗, z∗, y) ≤ L0(x∗, z∗, y∗) ≤ L0(x , z , y∗)

Ìîæíî äîêàçàòü ðåçóëüòàòû ïðî ñõîäèìîñòü:

1 Íåâÿçêà ñòðåìèòñÿ ê íóëþ rk → 0

2 Öåëåâàÿ ôóíêöèè ñòðåìèòñÿ ê ìèíèìóìó
f (xk) + g(zk)→ min

3 Äâîéñòâåííàÿ ïåðåìåííàÿ ñõîäèòñÿ yk → y∗



Ïðèìåð. Óñëîâíàÿ îïòèìèçàöèÿ

x∗ = argmin
x

f (x)

ïðè îãðàíè÷åíèè x ∈ C

Èíäèêàòîðíàÿ ôóíêöèÿ ìíîæåñòâà C:

g(x) = 0, åñëè x ∈ C, èíà÷å +∞
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Ïðèìåð. Îòáîð ïðèçíàêîâ

x∗ = argmin
x
‖Ax − b‖2

ïðè îãðàíè÷åíèè card(x) ≤ c

ãäå card(x) - êîë-âî íåíóëåâûõ êîìïîíåíò x .
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Consensus

×àñòî öåëåâàÿ ôóíêöèÿ àääèòèâíà è ñîñòîèò èç íåñêîëüêèõ
êîìïîíåíò:

f (x) =
N∑

i=1

fi (x)

Ïðèìåð: ôóíêöèè ýìïèðè÷åñêîãî ðèñêà â ìàøèííîì îáó÷åíèè

ìèíèìèçèðîâàòü ïî x , z f (x) =
N∑

i=1

fi (xi )

ïðè îãðàíè÷åíèÿõ xi − z = 0, i = 1, ...,N
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Consensus

Lρ(x1, ..., xN , z , y) =
N∑

i=1

(
fi (xi ) + yTi (xi − z) + ρ/2||xi − z ||2

)

Àëãîðèòì:

xk+1

i ← argmin
xi

(
fi (xi ) + ρ/2||xi − x̄k − (1/ρ)yki ||2

)
(1)

yk+1

i ← yki + ρ(xk+1

i − x̄k+1) (2)

zk+1 ← x̄k+1 + (1/ρ)ȳk (3)

ãäå x̄k =
∑N

i=1
xi , ȳk =

∑N
i=1

yi

Øàãè (1) è (2) ðàñïàðàëëåëèâàþòñÿ.
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Consensus + regularization

Ïðèìåð:

ìíîãèå ôóíêöèè ýìïèðè÷åñêîãî ðèñêà â ìàøèííîì
îáó÷åíèè

ìèíèìèçèðîâàòü f (x) =
N∑

i=1

fi (xi ) + g(z)

ïðè îãðàíè÷åíèÿõ xi − z = 0, i = 1, ...,N

fi (xi ) - ýìïèðè÷åñêèé ðèñê ïî îáó÷àþùèì ïðèìåðàì, ëåæàùèì
íà ìàøèíå i
g(z) - ðåãóëÿðèçàöèÿ



Consensus + regularization
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Consensus + regularization

Àëãîðèòì:

xk+1

i ← argmin
xi

(
fi (xi ) + ρ/2‖xi − zk − (1/ρ)yki ‖2

)

zk+1 ← argmin
z

(
g(z) +

N∑

i=1

(
−(yki )T z + (ρ/2)‖xk+1

i − z‖2
))

yk+1

i ← yki + ρ(xk+1

i − zk+1)



Sharing

ìèíèìèçèðîâàòü
N∑

i=1

fi (xi ) + g(
N∑

i=1

xi )

ãäå xi ∈ Rn.
g(·) - îáùàÿ öåëåâàÿ ôóíêöèÿ
f (·) - èíäèâèäóàëüíûå øòðàôû

Â ôîðìå ADMM

ìèíèìèçèðîâàòü
N∑

i=1

fi (xi ) + g(
N∑

i=1

zi )

ïðè îãðàíè÷åíèÿõ xi − zi = 0, i = 1, ...,N

ãäå xi ∈ Rn, zi ∈ Rn



Sharing

ìèíèìèçèðîâàòü
N∑

i=1

fi (xi ) + g(
N∑

i=1

xi )

ãäå xi ∈ Rn.
g(·) - îáùàÿ öåëåâàÿ ôóíêöèÿ
f (·) - èíäèâèäóàëüíûå øòðàôû
Â ôîðìå ADMM

ìèíèìèçèðîâàòü
N∑

i=1

fi (xi ) + g(
N∑

i=1

zi )

ïðè îãðàíè÷åíèÿõ xi − zi = 0, i = 1, ...,N

ãäå xi ∈ Rn, zi ∈ Rn



Sharing

Çà÷åì ýòî âñå íóæíî?

Åñëè ðàçìåðíîñòü x âåëèêà, òî

x = (1, ...2, 7, ..., 1, 3, ..., 9)

x1 = (1, ...2, 0, ..., 0, 0, ..., 0)

x2 = (0, ...0, 7, ..., 1, 0, ..., 0)

x3 = (0, ...0, 0, ..., 0, 3, ..., 9)

x = x1 + x2 + x3
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Sharing

xk+1

i ← argmin
xi

(
fi (xi ) + (ρ/2)||xi − zki + uki ||2

)

zk+1

i ← argmin
z

(
g(

N∑

i=1

zi ) + (ρ/2)
N∑

i=1

||zi − uki − xk+1

i ||2
)

uk+1

i ← uki + xk+1

i − zk+1

i

Çàäà÷à ADMM â ïîñòàíîâêå sharing ÿâëÿåòñÿ äâîéñòâåííîé ê
consensus



Ðàçäåëåíèå îáó÷àþùåé âûáîðêè

Ïî îáó÷àþùèì ïðèìåðàì - consensus

Ïî ïåðåìåííûì - sharing

Îäíîâðåìåííî ïî ïðèìåðàì è ïåðåìåííûì (Parikh, Boyd,
2011).
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Ïðèìåíåíèÿ

Ïðèìåíåíèÿ äëÿ çàäà÷ ìàøèííîãî îáó÷åíèÿ:

Ëèíåéíàÿ ðåãðåññèÿ ñ L1/L2 ðåãóëÿðèçàöèåé

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ ñ L1/L2 ðåãóëÿðèçàöèåé

Ëèíåéíûé SVM

Group LASSO

Graphical LASSO

Ìîæíî ïðèìåíÿòü äëÿ íåâûïóêëûõ öåëåâûõ ôóíêöèé
(ñõîäèìîñòü íå ãàðàíòèðîâàíà). Íàïðèìåð, äëÿ
non-negative matrix factorization



Ïðàêòè÷åñêèå êîììåíòàðèè

Íà ñêîðîñòü ñõîäèìîñòè ñóøåñòâåííî âëèÿåò ïàðàìåòð ρ.
Âàðèàíòû:

1 Ïîäîáðàòü îïòèìàëüíîå ρ, ñäåëàâ íåñêîëüêî èòåðàöèé

2 Àäàïòèâíî ìåíÿòü ρ â çàâèñèìîñòè îò íåâÿçêè (ìîæíî
äîêàçàòü ñâåðõëèíåéíóþ ñõîäèìîñòü, åñëè ρk → +∞)

3 ρ = 1 ÷àñòî ðàáîòàåò íåïëîõî

Àëãîðèòì ADMM îáëàäàåò íåïëîõîé íà÷àëüíîé ñõîäèìîñòüþ,
íî ìåäëåííî ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ. Â ìàøèííîì
îáó÷åíèè íàì íóæíî íå íàéòè ìèíèìóì öåëåâîé ôóíêöèè ñ
òî÷íîñòü 10−6, à ÷òîáû êà÷åñòâî ïðîãíîçà íà òåñòå áûëî
âûñîêèì. Òàê ÷òî OK.
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Algorithm 1 Global consensus ADMM in MPI.

initialize N processes, along with xi,ui, ri,z.

repeat
1. Update ui := ui + xi − z.
2. Update xi := argminx

(
fi(x) + (ρ/2)‖x − z + ui‖2

2

)
.

3. Let w := xi + ui and t := ‖ri‖2
2.

4. Allreduce w and t.
5. Let zprev := z and update z := proxg,Nρ(w/N).

6. exit if ρ
√

N‖z − zprev‖2 ≤ εconv and
√

t ≤ εfeas.
7. Update ri := xi − z.

its implementation is in general much more scalable than simply

having each subsystem send its results directly to an explicit central

collector.

Next, in steps 5 and 6, all processors (redundantly) compute the

z-update and perform the termination test. It is possible to have the

z-update and termination test performed on just one processor and

broadcast the results to the other processors, but doing so complicates

the code and is generally no faster.

10.3 Graph Computing Frameworks

Since ADMM can be interpreted as performing message-passing on a

graph, it is natural to implement it in a graph processing framework.

Conceptually, the implementation will be similar to the MPI case dis-

cussed above, except that the role of the central collector will often be

handled abstractly by the system, rather than having an explicit central

collector process. In addition, higher-level graph processing frameworks

provide a number of built in services that one would otherwise have to

manually implement, such as fault tolerance.

Many modern graph frameworks are based on or inspired by

Valiant’s bulk-synchronous parallel (BSP) model [164] for parallel

computation. A BSP computer consists of a set of processors net-

worked together, and a BSP computation consists of a series of

global supersteps. Each superstep consists of three stages: parallel
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that is, it takes a key-value pair and emits a list of intermediate

key-value pairs. The engine then collects all the values v′
1, . . . ,v

′
r that

correspond to the same output key k′ (across all Mappers) and passes

them to the Reduce functions, which performs the transformation

(k′, [v′
1, . . . ,v

′
r]) 3→ (k′′,R(v′

1, . . . ,v
′
r)),

where R is a commutative and associative function. For example, R

could simply sum v′
i. In Hadoop, Reducers can emit lists of key-value

pairs rather than just a single pair.

Each iteration of ADMM can easily be represented as a MapRe-

duce task: The parallel local computations are performed by Maps,

and the global aggregation is performed by a Reduce. We will describe

a simple global consensus implementation to give the general flavor

and discuss the details below. Here, we have the Reducer compute

Algorithm 2 An iteration of global consensus ADMM in Hadoop/ MapReduce.

function map(key i, dataset Di)
1. Read (xi,ui, ẑ) from HBase table.
2. Compute z := proxg,Nρ((1/N)ẑ).
3. Update ui := ui + xi − z.
4. Update xi := argminx

(
fi(x) + (ρ/2)‖x − z + ui‖2

2

)
.

5. Emit (key central, record (xi,ui)).

function reduce(key central, records (x1,u1), . . . ,(xN ,uN ))

1. Update ẑ :=
∑N

i=1 xi + ui.
2. Emit (key j, record (xj ,uj , ẑ)) to HBase for j = 1, . . . ,N .

ẑ =
∑N

i=1(xi + ui) rather than z or z̃ because summation is associa-

tive while averaging is not. We assume N is known (or, alternatively,

the Reducer can compute the sum
∑N

i=1 1). We have N Mappers, one

for each subsystem, and each Mapper updates ui and xi using the

ẑ from the previous iteration. Each Mapper independently executes

the proximal step to compute z, but this is usually a cheap opera-

tion like soft thresholding. It emits an intermediate key-value pair that

essentially serves as a message to the central collector. There is a sin-

gle Reducer, playing the role of a central collector, and its incoming

values are the messages from the Mappers. The updated records are
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ ñ L1-ðåãóëÿðèçàöèåé. Sharing + MPI.
Äàòàñåò "epsilon"
0.4× 106 ïðèìåðîâ, 2000 ïðèçíàêîâ,N = 16, size = 16Gb
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