Chapter 4

Taylor and Laurent Series

4.1. Taylor Series

4.1.1. Taylor Series for Holomorphic Functions. In Real Analysis, the Taylor
series of a given function f : R — R is given by:

f/,(xO) (X

fx0) + f'(x0) (x = x0) + —; " (xo)

—x0)2+T(x—xo)3+...

We have examined some convergence issues and applications of Taylor series in MATH
2033/2043. We also learned that even if the function f is infinitely differentiable
everywhere on R, its Taylor series may not converge to that function. In contrast,
there is no such an issue in Complex Analysis: as long as the function f : C — C is
holomorphic on an open ball Bs(z(), we can show the Taylor series of f:

f(z0) + f'(20) (z — z0) + @ (z—z0)* + @

(z—20)% +...
converges pointwise to f(z) on Bj(zg), and uniformly on any smaller ball. As we shall
see, it thanks to Cauchy’s integral formula. Moreover, the proof of Taylor Theorem
in Complex Analysis is also much easier than that in Real Analysis, again thanks to
Cauchy’s integral formula.

In this chapter, it is more convenient to re-label the variables in the Cauchy’s
integral formula:

gy — f(2) iy — M f(©)
f()(“) j{ymdz - f()(z) ﬁmdé-

© 2mi © 2mi

For the re-labelled Cauchy’s integral formula, we require the point z to be enclosed by
the simple closed curve 7.

Theorem 4.1 (Taylor Theorem for Holomorphic Functions). Given a complex-valued
function f which is holomorphic on an open ball Br(zy), the series:

[e0)

) (2 )
Ofn(! ) (z —z0)

n=

converges (pointwise) to f(z) for any z € Br(zo).

mI
@
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Proof. Given any z € Br(zp), we let ¢ > 0 be small enough so that |z —zg| < R —e.
For simplicity, denote R" = R —e.

By Cauchy’s integral formula, for any z € Bg/(zp), we have:

_ 1 f(©)
flz) = i j\{g—zo\:R' iz dg.

Then, the contour |z — zg| = R’ lies inside the open ball Bg(zg). The key trick to prove

the Taylor Theorem is rewriting ; asa geometric series. Recall that:

1
T =1+w+w?+... whenever |w| < 1.

We first rewrite into this form:

1 1 1 1

E—z (E—z0)—(z—2) -2z 1-22
_ 1 > (z—20\"
C_ZOnZo(C—Zo>

Z—2Z)

¢—20
Br(zp), and the red circle is |§ — zo| = R’.

Here we have used the fact that

< 1. See the diagram below. The yellow ball is

Then, whenever z € Bg/(z), the function f(z) can be expressed as:

1 1
41 z) = — 74 ‘ d
@1) @) =g f, WSO 7
o] _ n
:L% f(©) Z<Z ZO) e
27t Jig—z|=R' G — 20 ;=0 \G — 20
:L]{ if(g)(z_z())ndé'
27t Jig—z|=r' i = (& —20)"*!
Next we want to see whether we can switch the integral sign j|{ | and the infinite
¢—zo|=R’
summation Z For this we need to show uniform convergence of the series below.
n=0
i f (z—2zp)"
n=0 _ZO n+1 ‘
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We use Weiestrass’s M-test: for any ¢ on the circle {|¢ — zg| = R}, we have:

£(@) (z—z0)" G2 | G (£

(¢ —zo)* (¢ —zo)"t! |&—zo|=R/

=:Cps

Cr [z —z0l\"
- R R

i Cr/ <|z—zo|)"
/ !/
= R R
converges. Note that the above series does not depend on ¢ (the integration variable).

0 _ n
Hence by Weiestrass’s M-test, the series Z W
n=0 — <0

the circle {|¢ — zg| = R’}, thus allowing the switch between the integral sign and the
summation sign in (4.1):

Since |z — zp| < R/, the series

converges uniformly on

1 v f f(6) (z—2)"
Z) = ~— —0
IO =20 L feon Gt
o ]{ fG) )
=) -— ———2—=d¢ | (z—zp)"
nX:;;) 2 ( oz ooy ) G
© £(n)(
:Zf SO)(Z_ZO)n
n=0 n:
In the last step we have used the higher order Cauchy’s integral formula. O

Example 4.1. The function f(z) = sinz is an entire function. By straight-forward
computations, its derivatives are given by:

f'(z) = cosz f"(z) = —sinz

fO(z) = — cosz ¥ (z) = sinz

Inductively, it is easy to deduce that f(2*+1)(0) = (—1)k, and £(%)(0) = 0 for any
integer k > 0. Hence, the Taylor series of f about 0 is given by:

fo) = 5 LEVO e D

& 2k +1)! = (2k4-1)!
Z?’ Z5 Z7
R

This series converges to sin z for any z € C, because sin z is entire (i.e. holomorphic
on every ball Bg(0)).

Example 4.2. Consider the function f(z) = Log(z) which is holomorphic on
Q := C\{x+0i : x < 0}. Note that we can only apply Theorem 4.1 if the ball
Br(zp) is contained inside Q).
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Let’s take zg = 1 as an example.

o) =2 Fay=1
f(2) —21—2 £(1) = -1
06 = 5 o) =2
2x3

Inductively, we deduce that f) (1) = (=1)"~1. (n —1)! for n > 1.
Therefore, the Taylor series for f about 1 is given by:
n—1

Log(z) = Log(1 Z (n—l) (z—1)"= i (_%(z—l)”

n!

3
—_

_ 1 2, 1 3 1 4

=(z—1) 2(2 1) +3(z 1) 4(2 1)*+
Since f is holomorphic on By (1) (but not on any larger ball centered at 1), the
above Taylor series converges to Log(z) on By (1).

Example 4.3. The Taylor series for some composite functions, such as ezz, can
be derived by substitution instead of deducing the general n-th derivative of the
function. For example:

22 B A
F=ltzt o+ +.
. 2 (22)2 (22)3 (22)4
=14z + o + 30 + al +..
LA
=142+ S

Since the series for ¢* converges for any z € C, the series for ¢’ converges for any
z € C as well.
Similarly, by replacing z by 1 — z in the Taylor series for Log(z), we get:
_ 1o 15 14
Log(l—z) = —z 5% T 3% T 4F
The series for Log(z) about 1 converges when |z — 1| < 1, and so the above series
for Log(1 — z) converges when |(1 —z) — 1] < 1,ie. |z < 1.

Apart from using Theorem 4.1 to find the Taylor series of a given holomorphic
function, we can also make use of the geometric series formula directly:

1
—— =1+w+w?+... where|w| <1.
1-w
This method is particularly useful for functions whose n-th derivatives are tedious to
compute.
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Example 4.4. Consider the function:
z—2
Z) = ———-
18 = 2 +3)
We are going to derive its Taylor series about 0. First, we do partial fractions on
the function:

5 4
&= e
Then, we try to rewrite each term above in the form of £
5 5 1 _5 1
z+3 3 54+1 3 1—(-%)
5 & 2\t & 5
- 57;] (_5) - Eo(_mwzn (where |z| < 3)
4 4 1 2
z+2 2 541 1-(-3)
oo z n
—27§<—§) (where |z| < 2)
(="

0
Hence, for |z| < 2, we have:

oo 5 = (D > 1
- Z‘b(—l)"?)nHZ" — T P X‘b(—l)” (3n+1 — zn_l) z".
n= n=

To derive the Taylor series of f about other center (say 1), we can express ; +3
and - +2 into:

5 5 1
z+3 (2—1) 4 1_(_%)
> 5 -1
:Z4< Z4 > (where |z — 1| < 4)
o (-1 "
=) (z—l)
= 4n+l
4 4 4 1
2 —1 3 _
zZ+ (Z )+3 3 1_(_%)
© 4( z—l)”
=Y - (- (where |z — 1| < 3)
=3 3
> (=1)"4
:Z<3n_21 (z—1)"
n=0

£ = 0" (gt~ o ) G 1"
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Exercise 4.1. Derive the Taylor series of each function below about the given center

Z0-

@) f(z) =sin2z; zo=&

(b) f(z) =cos3z;, zp=m

(©) f(z) = e F; zg=0

@ f(z) = Log(3—22); z=1

Exercise 4.2. Find the Taylor series about 0 of the functions below up to the z*
term:

(@) f(z) =e *cosz
(b) f(z) = Log(1—¢*)

Exercise 4.3. Find the Taylor series about zj of the function below without using
Theorem 4.1. State its radius of convergence.

@ £ = Gpa=gy @0

® 0= G=n6=ay

Z():i

Exercise 4.4. Let «, B and zg be three distinct complex numbers. Consider the

function .

@) = -

e

Find the Taylor series about zy of the above function, and state its radius of
convergence.

Exercise 4.5. Let a be a fixed non-zero complex number. Consider the principal
branch of (1+ z)%:
(1 —i—Z)'X . oLog(1+z)

Show that its Taylor series about 0 is given by:

Qaop =1y §MED G0,
n=1 :

State its radius of convergence.

4.1.2. Taylor Series with Remainder Term. In Real Analysis, the Taylor Theorem
with a remainder term asserts that for any smooth (C®) function f : R — R, we have:

N1 £ .
= Z f n!(a) (x—a)”+(l\]:l_1)!/a (x_t)Nflf(N)(t)dt

=:Ry(x)

f(x)

n=0

The last integral term, commonly denoted as Ry (x), measures how fast the Taylor
series converges to f(x) as N — co. If I\%im Ry(x) — 0 for any x in an interval I, then
— 00

f"(a)

n!

the Taylor series ) | (x —a)" converges (pointwise) to f(x) for any x € I. If
n=0
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furthermore, we have:

lim sup |Ry(x)| — 0,

N—oo
then the Taylor series converges uniformly to f on I. However, it is often not easy to
show Ry — 0 as the N-th derivative f(N) may not be easy to find.

Back to Complex Analysis, we will soon derive the remainder term for the Taylor
series for holomorphic functions. One good thing about the complex version is that
the remainder involves only f, but not its derivatives, making it much easier to handle
the convergence issue of complex Taylor series. It again thanks to Cauchy’s integral
formula.

Proposition 4.2. Let f be a holomorphic function defined on Bg(zo), then for any z €
Br(z0), and any simple closed curve 7y in Br(z) enclosing both z and zg, we have:

N1 £00) (2) N
floy =y L0 o gy L g_z(_ZO) ac

n!
=:Rn(z)

n=0

Proof. We only outline the proof since it is modified from the proof of Theorem 4.1.
Using Cauchy’s integral formula, we first have:

a 2711 0% g —Z
The key step in the proof of Theorem 4.1 is to write:
1 1 1 1
z

{-z (E-2)-(z-20) &-z20 1- 5 ig

< 1, we have:

_ i (z — 2 ) "
1-— g %0 — 2
Now, to prove this proposition, we modify the above key step a bit, by considering;:

1 2z )" N-1 n
B (C—Zo) _ i (2—20>
o ¢ —zo

1- ¢—z29 n=0

Z J—
so that when 0

Z
¢ —20

We leave the rest of the proof for readers (which is a good exercise to test your
understanding of the proof of Theorem 4.1). O

Exercise 4.6. Complete the proof of Proposition 4.2.

Exercise 4.7. Consider the remainder term in Proposition 4.2:

N
2m éj—z( —zo> 4z

Let 7y be the circle |¢ — zg| = R’ such that |z — zg| < R’ < R. Show that:

/ _ N
Re@)] < e (E) sw 1f(@).

| <
R = |z =z 620/ =R
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Exercise 4.8. Let f be a holomorphic function on Bgr(zp). Using this estimate ob-

o £ (z)
tained in Exercise 4.7, deduce that the Taylor series Z i (z —z0)" converges
n=0 :

uniformly to f(z) on any smaller ball B,(zp) where 0 < r < R.

" (zo)

Remark 4.3. The uniform convergence of Z f7| (z — z0)" has many remarkable

n=0
consequences as discussed in MATH 3033/3043. For instance, one can integrate a
Taylor series term-by-term.

Exercise 4.9. Consider the Taylor series for —Log(1 — ¢):

2 3 n
—Log(l—§)=C+?+§+ +§—+ where || < 1
Show that:
Zz+ A R 1 o= (1—2)Log(l—2)+
3 x4 n(n+1) B 2)Log\S m2) T2

for any z € B1(0).

Exercise 4.10. Show that for any z € C, we have:
1)71 2n+1

? 2 =L
/oe a6 = rgn'Zn—i—l)
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4.2. Laurent Series

A Laurent series is a “power series” with negative powers of z — zg as well. The general
form of a Laurent series about z is:

o0 ain o0 »

— + an(z — zp)
L 5"
— a-2 a-1 2
=4+ (Z—Z0)2 +Z—Zo +a0+a1(z—zo)+a2(z—zo) + -

which can be abbreviated as: -
Y au(z—z0)".
n=—oo

o . o a4 =
A Laurent series is said to be convergent if both Z ﬁ and Z an(z —zp)"
=1 \* 720 =0
converge. " "

If a_, = 0 for any negative —n, then the Laurent series is a Taylor series. On the
other hand, if a_, # 0 for some negative —n, then the Laurent series is undefined
when z = z;. As such, a Laurent series is usually defined on an annular region
{r < |z — z9| < R} instead of a ball centered at zyp. From now on, we denote such an
annular region by:

Ary(z0) :={z€C:r<|z—2z| <R}
where R, € [0, o). Note that:

ARro(z0) = Br(z0)\{zo0}

Asor(z0) = C\B,(z9) forr>0
Aw(z0) = C\{z0}.

4.2.1. Examples of Laurent Series. While a Taylor series gives an analytic expres-
sion for a holomorphic function on a ball, a Laurent series gives an analytic expression
for a function that has a singularity at the center of a ball. Before we discuss a general
theorem about Laurent series, let’s first look at some examples of writing a function as
a Laurent series:

Example 4.5. Consider the function f : C\{1,2} — C defined by:
1
&= e
It is holomorphic on its domain C\{1,2}. Let’s express the above function as a
Laurent series about 1:

1 1 _ 1
z—2 (z—-1)—-1  1—(z—-1)
=—) (z—1)" where |z -1| < 1.
n=0
Hence, on € Aj(1), i.e. the green annulus in the figure below, we have:
1 1 1 & >
f(z) = : =- E-1)"=-Y -1
z—1 z-2 z—1 ,;J ,;)
1

:—2_1—1—(2—1)—(2—1)2+~~.
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—e
Ne
\
=

However, the green annulus A; (1) is not the only annulus centered at 1 on
which f is holomorphic. There is another one A 1(1) = {1 < |z — 1|} centered
at 1, i.e. the yellow annulus in the above figure, on which f is also holomorphic.
It is also possible to express f as a Laurent series on this yellow annulus:

1 1 1 1

z=2 (z-1)-1 z-1 1-1

1

_ 1 i( 1 )n (where [z —1| > 1)
z—1,=\z—-1

ad 1
=L e

n=0

Hence, on the yellow annulus A« 1(1), the function f can be expressed as the
following Laurent series:

1 1 1 1

flz) = (z—1)(z—2) :z—l.z—ZZr;)(z—l)”H'

Example 4.6. Find the Laurent series about 0 of the function:

f(z) = ez
defined on C\{0}.

Solution

First recall that the Taylor series for e is:

o0 wn

w _

e _Z%)W for any w € C.
n=

. _ 1 .
Substitute w = 7, where z # 0, we get:

1

[ee)
:ngén!z"'

N

e
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and hence:
f(z) = zze%
> 1
_ 2
—Z Z nlzh
n=0
_ i 1
- =ynizn?
N L
o 2 3z 4172

Exercise 4.11. Express the function:
1
&= ey
as a Laurent series about 0 in each of the following annuli:
A10(0), A21(0), Axp2(0).

Also, express the function as a Laurent series about 1 in each of the following
annuli:

A1p(1), Awa(1).
[Hint: First expand f into partial fractions.]

Exercise 4.12. Find all possible Laurent (or Taylor) series about 1 for the function:

flz) = zZiZZ'

For each series, state the annulus or ball on which it converges.

Exercise 4.13. Find all possible Laurent (or Taylor) series about each zp below for

the function f(z) = %
(a) zo =20
(b) zo=1
(C) Z0 = i

For each series, state the annulus or ball on which it converges.

Exercise 4.14. Show that for any w such that |w| < 1, we have:
1 - (11 — 1) wn—Z.

n
A= ) (1)
1+w)3 = 2
[Hint: use Exercise 4.5]

Hence, find all possible Laurent or Taylor series about i for the function:

)= =

For each series, state the annulus or ball on which it converges.
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Exercise 4.15. Find the Laurent series about 1 on the annulus Aoo,o(l) for the
functions:

f(z) = sinZ%1 and g¢(z) = cos

Hence, find the Laurent series about 1 on A (1) for:

z=1

z
h - i .
(z) = sin po—

Exercise 4.16. What’s wrong with the following argument?

z = S n_ 2 3 PN
1_Z—zn;oz =z zE

z 1 = 1 1
= — = — —:—1 ........
1—z 1_% ngbz” z zZ2
By subtraction, we get:
1 1 =
0=+ +-+1l+z+224---= Y 2"
72 " e

4.2.2. Existence Theorem of Laurent Series. We have learned how to express a
function into a Laurent series through examples. Next, we proved a general existence
theorem of Laurent series for any holomorphic function on any annular region.

Theorem 4.4 (Laurent Theorem). Let f be a holomorphic function defined on an annulus
Ary(z0) :=={r < |z—2z0| < R} where R,r € [0,00], then f can be expressed as a Laurent
series about zy on the annulus Ag ,(2o):

for some complex numbers c,’s.

Proof. The proof is similar to that of Taylor’s series, but is a bit trickier since an annulus
is not simply-connected and so Cauchy’s integral formula cannot be applied directly.

Fix z € Agr,(z9), we first consider a simple closed curve I' in Ag,(z9) which
encloses both z and zj (just like in the proof of Taylor’s Theorem). However, we cannot
apply Cauchy’s integral formula on the integral:

5

since f is not holomorphic on Br(zp). However, we can construct a “key-hole” contour:
C=T+L-9-L

where —v is the clockwise circle, and L is a straight-path as shown in the figure below.

We can pick I' to be the circle with radius slightly smaller than R, and « with radius
slightly bigger than r so that C encloses z.
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Under such a construction, the contour C =I'+ L — ¢ — L is a simple closed curve
and the region enclosed by C becomes simply connected. We can then apply Cauchy’s
integral formula:

(42) flo) = o § L g

2mi Jc ¢ —z
1
“wa (- ff) e

_ )
R At =g

The key idea of the proof is to express the integral over I' as a series of non-negative
powers, and the integral over 7 as a series of negative powers.

When ¢ € T, we have |z — zy| < |& — zg|, so:

1 1 1 1 1 i(z—zo)
E—z (E—z)—(z—z20) &-z0 1-32 -z, \{—2

Hence, the first integral becomes:

217'5174({:(6) 27'(1%26*20 (ig) @

In order to switch the infinite summation and the integral sign, we justify that the
series converges uniformly on ¢ € I. Suppose I has radius R’, then for any ¢ € I':

z— 29 1 (|z—2z0|\"
< — .
C*Zo < Zo) R’ ( R’ ) Sllip |f|

Note that supy |f] is finite by compactness of T. Since |z —zg| < R/, the geometric
series

o

=1 ( |z — zo| ) "
Y sup |f]
n=0 R’ R r
converges. By Weierstrass’s M-test, the series

i §f£€20 (g:?()))n

n=0
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converges uniformly on ¢ € I, so one can switch the summation and integral signs

and get:
= ¥ (5 f g de) (2= 20

The second integral can be handled similarly. The difference is that when ¢ € 7,
we have |§ — z9| < |z — 2zp| instead. We instead write:

1 1 1 1 1 ”(g—z())”

Z—20

(4.3)

27i r(f—

t—z (E—z)—(z—2) z— 2 1—5:—2’ z—20 /=

Z0
an]{C—z (:__2711?{ Oz—zo <z—zo> dé.

We leave it as an exercise for readers to argue that the series converges uniformly on
¢ € 7 so that we can switch the integral and summations signs:

Lo f@) 1
(44) ﬁﬁ@—zdﬁ_i (2n17{f ¢—z0)" )(z—zo)”“'
Combining (4.2), (4.3) and (4.4), we obtain:

f(z) = f;l (1. / f<§><¢zO>"-1d¢) o

Hence,

27t | z—2zg)
44
f(©)
* Z <2m 7{ Wdé (z =)
43)
It completes the proof by defining
— n 1 —_ = — - —_ PPN
C_y = 50 7{ f(é 20) d¢ for —n 1,-2,-3,
_1 f(©) _ o
27117{_ (E= 20y dc forn=0,1,2,3,

Exercise 4.17. Justify the claim in the above proof that the series:

Z f [
=0 zZ— Z() zZ—2p
converges uniformly on ¢ € v (and z, z are considered to be fixed).

Remark 4.5. Although from the proof of Theorem 4.4 one can express the coefficient
cy’s of a Laurent series in terms of contour integrals, we do not usually find the
coefficients this way since these contour integrals may not be easy to compute.

4.2.3. Laurent Series with Remainders. Similar to Taylor series, one can refine
Theorem 4.4 a bit by deriving the remainder terms. Using the remainder terms, one
can argue that for a holomorphic function f defined on an annulus Ag,(z9), the
Laurent series converges uniformly to f on every smaller annulus Ags /() (where
r < 1" < R’ < R). This result is remarkable as it allows us to integrate a Laurent’s
series term-by-term.
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Proposition 4.6. Let f be a holomorphic function on the annulus Ag ,(zo), where 0 < r <
R < co. Then, for each positive integer N and z € Ag ,(zo), we have:

AN
1) = (szf Fo) ) ot 2 ()

=rn(z)

+Z (zm%—f(zé(:gnﬂdg) (=2 27'1?1 (j—gz <—zo>NdC

=:Rn(z)
where T and -y are any pair of circles in Ag,(zo) centered at zy such that z is bounded
between T and .

Proof. We leave the proof of Proposition 4.6 as an exercise. It is very similar to the
proof of Proposition 4.2 for Taylor series. Readers should first digest the whole proof
of Proposition 4.2, then write up a coherent proof for this proposition. O

Exercise 4.18. Prove Proposition 4.6. Using this, show that the Laurent series
about zg for f converges uniformly on every smaller annulus Ay ,/(zg) where
r < 1" < R’ < R. [Hint: show that both remainders Ry/(z) and ry(z) converge
uniformly to 0 on Ags /(z9) as N — o.]

One practical use of uniform convergence is term-by-term integration. For example,

1 . .
2¢z, which can be expressed as a Laurent series:

zze%:z +z—|—1—|- 1 + 1
2 ' 3lz 4122
Then, to integrate f(z) over the circle |z] = 1, we can integrate the Laurent series
term-by-term:

% zze% dz
|z]=1
= z°dz + zdz +

1 1 1

2

fdz—b—j{ —dz—i—% —dz +
|z|=1 \z|—1 |z|=1 2 |z|=1 3!z |z|=1 4122

_
=0+0+0+—~+0+0 =—.
+0+ + 3' L1040+ r
Recall that for any simple closed < enclosing the origin, the contour integral

7{ z"dz
¥

From the above example, we see the significance of expressing a function as a
Laurent series. To compute a contour integral, it often amounts to finding the coefficient
c_1 of the Laurent series. It leads to the develop of residue theory to be discussed in
the next section.

consider the function f(z) =z

+..

is non-zero only when n = —1.
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4.3. Residue Calculus

In this section we discuss both theory and applications of an important topic in
Complex Analysis: residue calculus. It has many powerful applications on evaluations
of some complicated real integrals that physicists and engineers often encounter.

4.3.1. Classification of Singularities. A singular point, or singularity, refers to a
point zp at which a function f fails to be complex differentiable. For instance, 1 and 2
are singularities of the function:

1
= =ne—

It is possible for a function to have infinitely many singularities, such as:

whose singularities are 0, £, £27, etc.

Some functions even have singularities that form a “cluster”. For instance, consider:
1
h(z) = 1
z

sin
which is singular when z € {¥ : n € Z} U {0}. The singular set {% : n € Z} U {0}
form a cluster around 0, meaning there is no way to find an annulus Ag ((0) centered
at 0 such that & is holomorphic on Ag((0). Hence, it is not possible to analyze the
function h by a Laurent series about 0 on Ag (0).

In order to utilize Laurent series, we focus on those singularities that can be isolated
from others. We have the following terminology:

Definition 4.7 (Isolated Singularity). A point z is said to be an isolated singularity
for a function f(z) if there exists ¢ > 0 such that f is holomorphic on A.o(z0) =

Be(z0)\{z0}-

1
For the function g(z) = Sz’ all singularities are isolated as depicted in the
diagram below:

Around every isolated singularity zg of a function f(z), it is possible (thanks to
Theorem 4.4) to express the function f as a Laurent series on a small annulus A, o(zp):

[e9)

fz)= ) cn(z—z)".

n=—oo

Depending on the smallest n such that ¢, # 0, we have the following terminology:

o Ifc_y=c_p=c_3="---=0,then z is said to be a removable singularity of f. For
instance, 0 is such a singularity for the function:
sinz 22t 20
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e If kis a positive integer such that c_; # 0 while c_ ;1) = ¢_(x12) = --- =0, then
zp is said to be a pole of order k of f. For instance, 0 is a pole of order 3 for the
function:

sinz 1 1 z z

=R TR T

Moreover, a pole of order 1 is usually called a simple pole.

o If c_, # 0 for infinitely many negative integers —n, then z is said to be an essential
singularity. For instance, 0 is such a singularity for the function:
P U B
T T
If zp is a removable singularity for f : Br(zp)\{z0} — C, then one can define
f(z0) := co so that f extends to become a holomorphic function on Br(zp). That’s
why we can z) removable. Similarly, if zy is a pole of order n for f : Aro(zo) — C,
then (z — z9)" f(z) extends to become a holomorphic function on Bg(zp). However, a
function with an essential singularity cannot be extended to become a holomorphic
function in a similar way (that’s why we call it essential).

N

e +

To determine the order of a pole, we may simply find its Laurent series expansion.

. . . 1
However, sometimes it is not easy to do so, such as 0 for the function ——. An

alternative way to find the order of a pole is to consider the limit:
. R
Z11_>rr210(z 20)" f(2).
If k is an integer such that:

lim (z — z0)¥f(2) exists and is non-zero,
Z—2Z0

then the order of the pole zj is k. For example, since:

z
lim — =1#0,
z—0 sinz 7
1
0 is a pole of order 1 for the function sinz Hence, one can express this function as a
Laurent series on a small annulus A, (0):
1 €1 2
— = —+ct+caz+coz"+ -
sinz z
Multiplying z on both sides, we get:

z
- :c,1+coz+clzz+czz3+~~
SNz

and by letting z — 0, we can also conclude that c_; = 1. Therefore, if ¢ is a simple
close curve enclosing 0 in this small annulus A¢((0), then we have:

| (1 "1
74 - dz=;1<(+c0+clz—|—czzz—|—---) dz:%fdz—|—0+0—|—---:27ri.
Jy sinz Jy \z Jy z

Exercise 4.19. Find all isolated singularities of each function below, and classify
the nature of these singularities. For poles, state also their orders.

@) f(z) = S=2

® 5 = 2

(©) h(z) = 248 cos
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4.3.2. Residues. As illustrated in many examples, the coefficient c_; of a Laurent
series plays a special role in evaluating a contour integral. It is special in a sense that

for an integer n,
2mi ifn = -1
]{ (z—zo)dz={"" """
|z—zg|=¢ 0 otherwise

: . . c— .
Hence, to integrate a Laurent series, one only needs to integrate the term L which

can be done by Cauchy’s integral formula. In view of the special role of c_;, we define:

Definition 4.8 (Residues). Let zy be an isolated singularity of f(z) such that the
Laurent series about zg for f on some annulus A, (z) is given by:

[eo)

f(Z) = Z Cn(Z*ZO)n,

n=-—oo

then we denote and define the residue of f at zg by:
Res(f,zp) :==c_1.

Example 4.7. Find the residue of the function
22 -2z
S e N oy

at each of its isolated singularity.

Solution

The denominator has roots —1, 2i and —2i, hence they are isolated singularities
of f. In this solution, we will decompose f(z) into partial fractions. It may not be
a pleasant way finding residues, but we will later provide an easier way.

Note that f is a rational function, we can break it into partial fractions:
A B C D
f(z) = (z+1)2+ +

11 T z—2 zyai

We leave it as an exercise for readers to determine the value of A, B, C and D.
One should be able to get:

: 5, FH 5
A=ttt =at
I —

holomorphic near —1

74i 7—i
On a small annulus Ago(—1) about —1, the last two terms —2— 4+ —2_ are
’ z—2i  z+42i

holomorphic. Therefore, if one express them as a Laurent series about —1, only
non-negative powers of z 4 1 will appear, and the coefficient of ﬁ will not be
affected. Therefore, we have:
14
R -1)=——.
€s (f 4 ) 1 5

By a similar reason, we have:

741
25

and Res(f, —2i) = 72—;1

Res(f,2i) =
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Exercise 4.20. Determine all isolated singularities of the function
2
zc+1
fz) = (z+1)(z—1)%

and find the residue at each isolated singularity.

It is no doubt that partial fraction decompositions are time-consuming and not
fun (it may remind you the computational nightmare you might have encountered in
MATH 1014). Fortunately, there is a better way for finding residues for poles (does not
work for essential singularity).

If we know already that zg is a pole of order 1 (i.e. simple pole) of a function f(z),

then c
f(z)zZ _12 +eog+ci(z—z0)+ca(z—20) >+
— 29

It is then easy to see that

-1 = Jim (2~ 20)(2)

Therefore, in order to find Res(f,zg) for a simple pole zj, we simply need to compute
the above limit.

Now consider the case if zg is a pole of order k for f, then its Laurent series about
zq is given by:

C—(k-1) c—1

c_
f(z) = (zf;(o)k + (= zg)F 1 .“+z—zo +co+ei(z—z0) +ea(z—z0)2+ -

Our goal is to find c_1. By multiplying both sides by (z — zg), we can get:
(z—20)ff(2) = e+ c_k-1y(z—z0) +-++ca(z— 20)* 1+ co(z — zo) + - -
By differentiating both sides for k — 1 times, all terms involving (z — z)" withn < k—1
will disappear:
qk—1

W(Z —20)f(z) = coa(k— 1)1+ Go(z — z0) + C1(z — 20)* + -+ -
We have used the fact that %(z —z0)¥1 = (k—1)!,and ¢y, ¢}, . . . are some complex
numbers (which we do not need to know their values).
By letting z — zp, we get:
d! K
Zlgrrz}J %(z —20) f(z) = c_1(k—1)!

which provides a good way to find c_; without expanding a Laurent series:

Proposition 4.9. Suppose zg is a pole of order k < co for a function f, then we have:
Res(f,zg) = ! lim itk (z—20)*f(2)
T (k= 1)l vz dzF T 0 '

In particular, for a simple pole z(, we have:
Res(f,20) = lim (= — 20) (2).

Proof. See the preceding paragraph. g
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Example 4.8. Find the residue of the function
2
z°—2z
18 = e+ g
of each isolated singularity using Proposition 4.9.

Solution
As discussed before, the isolated singularities are —1, 2i and —2i. Observe that:

22-2z 3
li 1)2 = lim ———F = .
A E ) = m =5 7
Hence —1 is a pole of order 2. From Proposition 4.9, we have:
Res(f,—1) = — 1 1im & (24 1)2f(2)
’ C(2-1)>o1d22 !

m izz—ZZ
rs—1dz z2+4
2224+ 828 14

= 1 _——- e,

o1 (2 +4)2 25

Both 2i and —2i are simple poles, so we have:
22 -2z 741
R 2i) = li —2i = li =
estf,2) = lim = =201 (&) = I, (i) — 25
Res(f, —2i) = lim (z+2i)f(z) = lim £-2 _7-i
’ - Czo2i (z4+1)2(z—2i) 25

Example 4.9. Find the residue at 0 of each function below:
e* e —1

fz) = 8(z) = h(z) = —

sinz sin“ z

Solution

For each function, we first determine whether 0 is a pole, and find out its order.

For f(z), we consider:

z
li —lim—— - f=1-"=1#0.
zlg(lsz(Z) zlg(lJ sinz ¢ ¢ 70
Hence 0 is a simple pole for f, and Res(f,0) = 1.

For ¢(z), note that:

, 4L+ E+ o A+ E+E 4
hrr(l)g(z) :hn% 5 :11rr(1) - J— =1 < co.
z— 0z -G+ G- 01 -L 45—

Hence 0 is a removable singularity of g(z), and there is no %-term in the Laurent
series, and so Res(g,0) = 0.

For h(z):

>zeZ:15£0.

lim z%h(z) = lim ( .
z—0 z—0 \SInz
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Hence 0 is a pole of order 2 for h. By Proposition 4.9, we can find:
1 d d z%e
Res(h,0) = — lim —z?h(z) = lim — ———
es( ! ) 1'zl—r>r(l) dZZ (Z) z—r>% dz SanZ
. sin®z (2ze% + z%e*) — z%e* - 2sinz cos z
= lim v
z—0 sm- z
2,2 : _
i [ 2 (Bn s
z—=0 [ sin“z sin” z
(2—2—3,+§—5,— )—z(l—‘é—z.—i—é— )
=1+ lim 2ze* —
z—=0 sin” z
1 _1y3_ (1 _1\,5
=1+ lim 2ze* <(2'_3')Z _.(Z;_g)z i )
—0 sin” z
1 1)\ 28 1 1\ 2
=1 1 2 L - 2 L.
* 0 ze ((2! 3'> sin® z <4! 5') sin® z+ )
1 1
— 0 _ =
_1+0-e'<2! 5 H0+0+ )
=1

Exercise 4.21. For each function below, find its residue at each isolated singularity
using any method:

z2—1 1 2197 —1

1 eZZi eZzi -1
ez —1 sinz sinz

1 7 sinz
zsinz el/z z2(z — )3

Exercise 4.22. Compute the following residues:

1
R ——,0
(8) Res (2(:05,2'—2+z2 )

4.3.3. Residue Theorem. The residue Res(f,zg) of an isolated singularity z deter-

mines the value of a contour integral ?{ f(z) dz where 7y is a tiny simple closed curve so
7

that zg is the only singularity it encloses. Namely, we have % f(z)dz = 2miRes(f,zp).
r

If a simple closed curve 7 encloses more than one isolated singularities {z1,- -+ ,zn},
then we may first express the contour integral over 7 as the sum of contour integrals:

ff(z)dz: @)z + ¢ fz)dz
Y 77 JIYN

where each v; is a small simple-closed curve so that z; is the only singularity it encloses.
Then, each 7;j-integral is given by 27iRes(f,z;), and hence we have the following
theorem:
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Theorem 4.10 (Residue Theorem). Let f : Q3 — C be a complex-valued functions whose
singularities are all isolated. Let y be a simple closed curve, and zy,-- - ,zn € Q) be all the
singularities enclosed by «y. Then, we have:

%f(z) dz = 27ti iRes(f,zj).
Y j=1

Proof. Let ¢ > 0 be sufficiently such that each circle {|z — zj} = ¢}, denoted by v;,
encloses z; as the only singularity of f (see figure below).

g4!

v

Then, by the standard hole-drilling argument, we have:
Jf@dz= ¢ fEdztt§ f)dz
v T N

Each 7; encloses z; as the only singularity of f. Express f as a Laurent series on
AS,O (Zj ):

f@= Y enlz—z)".

n=—0o0

Recall that ]{ (z—z;)"dz # 0 only when n = —1, and by uniform convergence of
v
Laurent series, we get:

?{ f(z) = 2mic_y = 2miRes(f, z;).
i
Therefore, we have:
N
% f(z)dz=2miy Res(f,z;),
Y j=1

completing the proof. g
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Example 4.10. Use Residue Theorem to evaluate the contour integral:

7{ z22 -2z

— — —dz
Jiz|=r (z+1)*(z2 +4)
where R is in the range of:

(@ 0<R<1
(b)y 1<R<2
(c) 2 < R.
Solution
Denote f(z) = 22 The singularities of f are —1, 2i and —2i. We
NG ° ' |
have calculated in Example 4.8 that
14 N 7+ N 7=
Res(f, —1) = —— Res(f,2i) = Res(f, —2i) =
es(f/ ) 15 es(f/ l) 25 es(f’ l) 25
Yy
x

(a) When 0 < R < 1, the circle |z| = R does not enclose any singularities, hence

z)dz = 0.
] @
(b) When 1 < R < 1, the circle |z| = R encloses the singularity —1 only, hence
287ti
z)dz = 2miRes(f,—1) = —
e (F,-1) =15
(c) When R > 2, the circle |z| = R encloses all three singularities, hence

2|=R (z)dz = 27ti (Res(f, —1) + Res(f,2i) + Res(f, —2i))
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Example 4.11. Let N be a positive integer and yn be the square contour with
vertices (N + 3) & (N + })i. Use Residue Theorem to show:

% 1 7T2+1j{ 7 otz dz
2 3 27 Jyy 22 '
Hence, deduce that:
1 t% ! 5+ ! +- £2
32 6
Solution
Denote f(z) := Ez cotmz = w. Its singularities are the set of all integers 7.
z z%sin 7tz
First we observe that
lim z3f(z) = lim — -cosmtz =1,
z—0 z—0 SN 71z
so 0 is a pole of order 3 for f. By Proposition 4.9, its residue is given by:
1 a2 4 1 d?
Res(f,0) = 2 llg(l) 127 z°f(z) = 5 llir(l) 12T cot iz
. 7% (rzcos iz — sin 7z)
= lim —
z=0 sin” 71z
2 mz? 323
T (nz(l— ) — (mz — I —|—))
= lim —3
z—0 sin” 7tz
.9 = ”223 + higher-order terms 2
= lim 7t° - = ——.
z—0 sin® 7z 3
For any non-zero integer #, observe that:
. . m(z —n) cos mz (=) 1
Bm Gz =mf &) = B o T sz —n)) ~ 2 (1) 2
=sin 7tz
1
Hence, n is a simple pole of f (for any n # 0), and Res(f,n) = el

Now consider the contour . The singularities it encloses are:
0,£1,£2---,%+N.

" Y
(N+ j)lu

—(N+3)

2y
+ R
N|—

Y

—(N+3)i
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By Residue Theorem, we have:

N
i f(z)dz=2mi Y Res(f,n)

n=—N
. 1 1
= 27ti | Res(f,0) +2 l+272+“.+ﬁ
. 2 N 1
= 271i (—34—27;1112 .
By rearrangement, we have the desired result:

N 2
1 T 1
r;nz 6 ' 2ni ny(Z) z
The remaining task is to show:
lim 52 cotmzdz = 0.
N—oo YN z

We do so by estimating the contour integral:

When z € vy, we have |z| > N + % > N. It is also possible to show that
|cot tz| < 2 for any z € yy (this is left as an exercise). Therefore, on vy, we have

the bound:
T < 27
‘2—2 cot nz’ N
The length of vy is 8N + 4. By Lemma 3.6, we get:

7T
— cot 7z dz
N 2

completing the proof.

2
§®N+®-§§%O%Ah+m

Exercise 4.23. Complete the detail of the above example that:
|cot rz| < 2

for any z € yy. [Hint: Write z = x + yi, and find an expression for cot 77z in terms
of x and y. Then, maximize |cot 71z| on each side of the contour yy.]

Exercise 4.24. Use Residue Theorem to evaluate the following contour integrals:

1
@) |z|=3 zz+1dz
3
b) z +32—|—1dz

lzj=2 z*— 522

e +z
) ﬁzfi\:Z (z—1)4 dz

sinz
@ f g

(e) ]{ tan 71z dz where 7 is the rectangle contour with vertices:
v

(=2,0), (20), (21), (-21).
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Exercise 4.25. Let y be the square contour with vertices £(N + 1) + (N + 3) i
where N is a positive integer. Show that:

1 1 1 2 N (-1
277'[17{{ TCSCZdZZE—i_?rEl 7‘[2 .

N Z

Hence, show that:
1 1 1 -

1o — 4 — — — o=
2 3P & * 12
Exercise 4.26. Determine the residues of all isolated singularities of the function:
1
flz) = (2z —1)sinmz’
By considering a suitable contour integral of f, show that:
1 1 1 T

4.3.4. Evaluation of Real Integrals. Residues are often used to evaluate some
difficult real integrals that physicists and engineers may encounter.

Example 4.12. Evaluate the real definite integral:

27 1 "
/0 a—>bcosH

where a and b are real numbers such that 0 < b < a.

Solution

The key trick is to express the real integral as a complex integral of the circle
contour |z| = 1, which is parametrized by z = ¢! where 0 < 6 < 271

When z = ¢/ is on the contour {|z| = 1}, we have

el 4710 1 1
Q= — —  —=_ -
COSs 3 2<Z+Z>

dz = i dg — do = ,1

jett iz

Therefore, the real integral can be written as a complex integral as:
27 1 1 1 1
/S . R Y S m—s
0o a—bcosf |Z\=1a—%(z+%) iz |z|=1 bz? —2az + b

We can then use residue theory to evaluate the complex integral. The singularities
of the integrand are roots of the quadratic equation bz?> — 2az + b = 0, which are:

a—+a?—b? a++a?—b?

w1 = T and Wy = T

Note that a > b, so both roots are real. We further observe that:
w2>a+0>1 and wiw; =1,

b
and so |w1| < 1. Therefore, wj is the only singularity enclosed by the contour
|z] = 1. As wj and w; are distinct, they are simple poles, and so the contour




4.3. Residue Calculus 109

integral is given by:

% ;dz —f ! dz
2|=1bz22 —2az+ b Jizj=1 b(z — w1)(z — wy)

1
= bazwr) g, opi [1 }
Z=w1

lz|=1 z — wq b(z — wy)
. 27ti _ ]
blwy —wa) Va2 —12
Hence, the real integral is given by:
/27171 do——2i L 2T
0o a—bcosf Va2 -2 Va2 —p?

Before we proceed to the next example, let’s first prove a useful observation which
will come in handy later on.

Exercise 4.27. Show that the function ¢ is bounded on the upper-half plane, i.e.
there exists M > 0 such that |e’z| < M whenever Im(z) > 0. On the other hand,
show that the function = cosz is unbounded on the upper-half plane.

Example 4.13. Evaluate the following real integral:
© cosx
— dx.
/700 1+ x2 X
Solution

Let’s consider the following semi-circle contour:

Cr

“R Lg R

Denote Cr to be the (open) semi-circle with radius R, Ly to be the straight-
path from —R to R, and g to be the closed semi-circular path Cg + Lg. We
consider this contour because

©  cosx ) R cosx ) cosz
[P hdax= im [ gim [
—oo 14 x R—+o0 J-R 14+ x R—otooJig 1+2z
Note that:
cosz cosz / cosz
——" iz = —= iz —= 7.
yr 1422 Lg 1422 cr 1422

The r-integral can be computed using residues. If we are able to show the
Cr-integral tends to 0 as R — +oo, then one can determine our desired limit
. cos z
lim — dz.
R—+ooJig 1+ 2z

o . cos z
Unfortunately, it is not possible to bound 1o 2

cording to Exercise 4.27. One trick to get around with this issue is to consider the

as cosz is unbounded ac-
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following function instead:
iz

f(z) =

1422
When z € Lg, we have z = x + 0i and so:
el Cos X +isinx : R cosx +isinx
f@) =12 142 ./LRf(Z) TR 12 M
If we are able to find out th-rq—l f(z) dz, then one can recover the value of
—+o00 JLr

L . 1cj_S j:z by simply taking the real-part of Rl_i;r}m L f(z)dz.

By considering the contour ygr = Cr + Lg, we have:

%;Rf(Z)dZ:/LRf(Z)dZ+/(?Rf(Z)dZ'

The only singularity enclosed by g is i (when R is sufficiently large), so:

1 T
dz = 2miRes(f,i) =2mi - — = —.
- f(z)dz = 2miRes(f,i) e =
Next we show the Cg-integral converges to 0 as R — co. From Exercise 4.27,
the term e** is bounded on the upper-half plane, and so whenever z € Cg, we

have:
M M M

< < =
_|1+ZZ|_‘|Z|2_1‘ R2-1’

eiz
’1 + 22

where M is an upper bound of |¢| on the upper-half plane. Therefore, by Lemma
3.6, we get the estimate:

e’z M
/(;RHdeZ‘STERRZ—l%O asR—>+oo.

Therefore, we get:

lim f(z)dz= lim ¢ f(z)dz— lim f(z)dz

R—00 JLp R—o0 Jyp R—00./Cg
/'°° cosx+isinxdx_ s .
J—oo 1+ x2 e e’

This shows:
/°° cosx 7
e 14+x2 e

Before we give another example, we recall some fundamental facts that:

e For any z # 0, the principal argument Arg(z) is in (-7, 7).

e Log(z) =In|z| + iArg(z) for any z # 0

e Log(z) is holomorphic on C\(—co,0].
Therefore, if we apply Cauchy’s integral formula or residue theory for an integral
involving Log(z), then we need to make sure the closed curve v lies in C\(—o0,0]. As
such, we cannot apply residue methods with a semi-circle contour as in the previous

example. Nonetheless, this kind of semi-circle contour is very useful when dealing
with real integrals over (—co, 00).

To get around with this issue, we can define a different branch of logarithm by the
following. For any z # 0, we let

(4.5) Log_,/»(2) := In|z| +i0(z)
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where 6(z) is the unique angle in [~ 7, %) such that z = |z|¢/*). By doing so, we
still have ¢"°8-7/2(2) = z_ The notable difference from Log(z) is that now Log_, /,(z) is
holomorphic on C\{0 + yi : y < 0}, the yellow region below.

Figure 4.1. Domain of Log_ ,,(2)

Exercise 4.28. Determine the value of Log_, ,,(z) when:
(@) z=1

(b) z = x+ 0i where x > 0

(¢) z=x+0i where x <0

Example 4.14. Let « be a real constant in (0, 1). Evaluate the real integral:

*® 1
I'—/o wira

Solution
First observe that for any x > 0, we have:
X% = ptInx _ e“Lngn/z(x)

where Log_ , is the special branch of logarithm defined in (4.5). It prompts us
to consider a contour integral of the function:

1
f(Z) - e‘)‘LOg—n/Z(Z) (1 +Z2>.
We pick a contour as shown in Figure 4.1, where Cg and C; are semi-circles with
radii R and ¢ respectively. Since the closed contour yg . := [—R, —¢] + C¢ + [¢, R| +

Cr lies completely inside the domain of Log_ ,(z), by Residue Theorem, we
have:

1 1
dz = 27tiRes(f, i) = 27i -
T L R )

z=i
- 27ti o
- 2iea(ln\i|+%i) - e%i ’

On the other hand, the g (-integral can break down into:

(4.6)

1 —& R 1
% dz = </ +/ —l—/ + > dz
Tre eL08-n/2(2) (1 4 22) -R Joo o Je Cr/ e*08-7/2(2) (1 4 22)
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When z = x 4 0i € [¢, R], the integrand is simply:
1 1

e“Logfrr/Z(x)(]_ + xz) - x”‘(l + xz) ’

Hence,
R )
lim lim 1 dz = / ¥dx =: L
e0R—00 Je 108 x/2(2) (1 4 22) 0 x%(1+ x2)

When z = x 4 0i € [—R, —¢], the integrand becomes:
1 1 1 1

ezxLog_n/z(x)(l + xz) B ezx(ln\x|+7‘ci)(1 _|_x2) = parti . 4|x|a 1+ xz).

Hence,
—¢€ 1 1 0 1 I
lim lim dz:—./ — - dx = —.
e—>0R—o0 J—R e“Log—n/Z(Z) (1 + 22) et | oo |x| (1 =+ .Xz) ext
N——

even function

We are left to analyze the two semi-circular integrals. We will show that they
tend to0as e —+ 0and R — co.

When z € C,, we have:

1 < ‘e—tx(ln\z|+i9(z))’ R S S
M08 23 (1 4 22) | ‘1 _ |z|2‘ 1—-¢2 1-¢
By Lemma 3.6, we get:

1 — 1-a

/ dz| < £ -HEZL%O ase — 0.
Ce e”‘L"g—n/z(Z)(l +22) 1—¢2 1—¢2

Similarly when z € Cg, we have:
1 e—“(ln|Z|+i9(Z))‘ 1 R™*
o*LOg _/>(2) (1+22)|~

‘1—|z|2‘ -1
By Lemma 3.6, we have the estimate:

R—® Rlﬂx
§R2_17TR:%—>0 as R — oo.

1
/ dz
Ce g“LOg—nM(Z) (1 + ZZ)

Finally, by letting ¢ — 0 and R — o on both sides of (4.6), we get:

I
T

T - T
eTl eﬂéﬂl

Solving for I, we get:
us s us T AT

ezl (1—|—e*“7ﬁ) e2l4e 2! ZCOS% 2 2
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Exercise 4.29. Evaluate the following real integrals using residue methods:

27 1
(@) /o dewherea >b>0.

27 1

L o

(b)/ 1_2acosg+a2d9wherea€]Randa;£ 1
)/ x2 dx where a > 0.
(d)/ 2—|—1 dx where n € IN.

(e) / %abxz dx where a and b are positive real numbers

sin ax . -
) dx where 4 is a positive real number.

ln X

(g) /0 po dx where a > 0.
o 1

(h) /0 ({110 dx where « € (0,1).

Exercise 4.30. Show that for any ¢ € IR, we have:

o eitx
/ 5 dx = e~ 1,
—o0 X% + 1

Exercise 4.31. Show that:

/°° 1 _ (2n—1)u

o (1+ x2)n+1 (2n)!!




