Chapter 3

Contour Integrals

We start discussing complex integrations in this chapter. Given a function f : O C C —
C and a C! curve v in the domain of f, the contour integral of f over <y is denoted by:

/7f<2) dz.

We will learn how they are defined and how they can be computed soon. In the first
glance, it appears quite similar to line integrals in Multivariable Calculus. However,
when combining with properties of holomorphic functions, there are many beautiful
and amazing results concerning complex contour integrals which did not appear in
line integrals. One notable result is Cauchy’s integral formula, an elegant theorem
which leads to many important results in Complex Analysis and beyond.

3.1. Complex Integrations

3.1.1. Contour Integrals. Consider a C! curve 7 in C parametrized by:
z(t) = x(t) +iy(t), t€ [a,b].
The differential dz is regarded as:

dz = %dt = (X'(t) + iy (t)) dt.

For example, if <y is the unit circle centered at the origin, then it is parametrized by:

z(t) = cost +isint = e, te (0,27

it ,
Hence, we have dz = d;et ) dt = ie't dt.

Definition 3.1 (Contour Integrals). Let f : (3 — C be a continuous function on the
open domain Q) C C, and <y be a C! curve in Q. Suppose v is parametrized by

z(t) = x(t) +iy(t), t€ [a,b],
then the contour integral of f over < is denoted and defined by:

/' F(2) dz = /'bf(z(t)) 2(1) dt.
. . -
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Remark 3.2. If 1y is a piecewise C! curve, meaning that it can be decomposed into
Y = Y1+ ...+ 7 where each of vq,...,7; is C!, and that the whole curve v is
continuous, then we define:

/ f@dz= [ f@)dz+...+ [ f(z)dz
Ty ’n M
Furthermore, if y is closed, we usually denote the contour integral by:

ﬁf(z) dz.

Example 3.1. Compute the line integral ]{ f(z) dz for each of the functions below.
g

Here v is the circle with radius 2 centered at the origin.

@ f(z) =22
®) ) = -
(© f(z)=z2
Solution

7 can be parametrized by:
z(t) = 2¢",t € [0,271].
Therefore dz = 2ie'* dt.

(a)
27T N2
}{zzdz—/ (26”) - 24e't dt—/ 8iedt dt
v 0 O —
ZZ
=2
= 8i {1.€3it:|t !
3 Ji—o
8 6711 0) _ 8 _
§(e —e)_§(1 1) =0
(b)
1 2 1 . =271
%fdz:/ —.-Zie”dt:/ idt = 27i.
Jyz 0o 2t t=
Q)

27 . . 27
%Zdz = / 2e . 2et dt = / 4dt = 8mi.
v 0 0

Remark 3.3. In part (a) of the above example, we have used the fact that % (%33” ) =

% and also Fundamental Theorem of Calculus. In general, just like in the real case, if
F(t) is a differentiable function of ¢ on [a,b] such that F'(t) = ¢(t) on [a, b], then we
have

/tt:b (1) dt = F(b) — F(a).

=a
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However, we sometimes need to be more careful when applying this. Try to find out
what’s wrong with the calculation below:
27

}1{ ! dz = /m ! ie't dt = —lLo (1—2¢")
L1227 Jo 1—2et® T T2 .
1

=5 (Log(—1) —Log(—1)) = 0???

Example 3.2. Consider the line segment L from a point z; to a point z; in C.
Compute the following contour integral (in terms of z; and zp):

/ e“ dz.
L

Solution
First we parametrize L:
z(t) = (1 —t)z; +tzp, t€[0,1].

Then, we have dz = (z, — z1) dt, and so:

1
/ e“dz = / et n) (2, — 20 dt
L 0
1

=] |: ezl+t(22_zl) . (ZZ — Zl)
Z3 — 21 0
= %2 — 1,
Y

Figure 3.1. the path in Example 3.1

Exercise 3.1. Compute the contour integrals

f.lzdz, j{idz and 7{|z| dz
% v v

where v =T'1 4+ Ly +1I'; + L is the curve in Figure 3.1.

3.1.2. Primitive Functions. In Calculus I, we learned that if F/(x) = f(x) on
x € [a,b], then:

/ﬂbf(x) dx = F(b) — F(a).

This is the celebrated Fundamental Theorem of Calculus. In Complex Analysis, we
have an analogous result:



56 3. Contour Integrals

Theorem 3.4. Let f : Q) — C be a continuous function defined on an open domain Q) C C,
and vy be a piecewise C' curve in Q) with starting point z and ending point zo. IfF : Q — C
is a (single-valued) holomorphic function on Q) such that F'(z) = f(z) for every z € Q, then
we have:

| f@)dz = F(z2) ~ F(z).
v

Proof. First assume that vy is C'. Suppose the path < can be parametrized by:
z(t) = x(t) +iy(t), t€ [a,b].

Then, we have dz = z/(t) dt, and hence:

b
[f@az= [ rem) -2
¥ Ja

b
:/ F(2(t)) 2 (1) dt
a H,—/
fz(1)
b d
:/ EF(z(t))dt (chain rule)

= F(z(b)) — F(z(a))
= F(z2) — F(z1).

If v is only piecewise C!, we can decompose v = 1 + - - - + Y, so that each 7; is C.
Then, one can argue as above for each <;, and finally obtain the desired result by
adding a telescope sum. O

Remark 3.5. If such an F(z) in Theorem 3.4 exists, then we call F(z) a primitive function

of f(z).

The above theorem is particularly useful when the anti-derivative of f is easy to
find. For example, if 7y is any continuous piecewise C! path from z; to z, we can find

easily that:
/22d2_|:23:|22_zg_z%
v 3 z1 3

/762 dz = [e*]72 = e — ™.

In particular, if C is a closed path, then we have:

?{zzdz:o and erdz:o.
C C

Exercise 3.2. Let 1 be the path which starts from (0,0), first to (1,1), then to
(0,2). Let 7, be the path which starts from (0,0), then straight to (0,2). Verify the
following by direct computations:

nz nz
cos —dz = / cos — dz.
/Yl 2 72 2
Then, verify that Theorem 3.4 gives the same result.

However, it is important to note that Theorem 3.4 requires the curve <y to be inside
Q (on which F/(z) = f(z) holds). Let’s consider the function f(z) = 1. Although we
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usually simply write £Log(z) = 1, it is only true for z € C\{x +0i : x < 0} since
Log(z) is not continuous on the negative x-axis.

Therefore, we can only apply Theorem 3.4 when the curve 7 lies inside () :=
C\{x + 0i : x < 0}. For instance, we still have

1
f 1o
1 Z

where 7 is the unit circle centered at 2 4 0i with radius 1. This closed curve 7, is
contained inside Q).

However, it is incorrect to claim sz % = 0 where 7, is the unit circle centered at the

origin. The reason is that this closed curve passes through the negative x-axis (hence
not contained inside (). In fact we can directly verify that:

1
?{ — = 27ti.
T2 2

y

AR
NI

Fortunately, we can still apply Theorem 3.4 on f(z) = le

T

hen the integration

w
curve 1y does not pass through the origin. The reason is that F(z) = —% is a primitive

function for f such that F/(z) = f(z) holds on C\{0}. Therefore, we have:

1
e
v Z

for any closed curve 7 not passing through the origin. Also, for a path L in C\{0}
connecting z; to zp, we have:

/1d2_{_1r_1_1
L z2 z],, = Zy’

Exercise 3.3. Consider the path v parametrized by:

z(t) = c0s°033 ¢ 1 j5in2033 t,  wheret € [0, 7]

1 .
Find the contour integrals [y Sio1E dz and /7 (1+4iz)108 gz,

Exercise 3.4. Evaluate the integral / |z| dz where 7 is each of the following:
g

(a) a line segment joining —i to i.
(b) a counter-clockwise semi-circular path joining —i to i

Does it exist an entire function F : C — C such that F/(z) = |z| for any z € C?
Why or why not?
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Exercise 3.5. First verify that on an appropriate domain, we have:

d 1
—i (Log(i —Log(i — = .
dzl( og(i+z) — Log(i — z)) T2
Using this, show that:
j{ %dz:Owhenr<1.
|z|=r 14z

In your solution, explain clearly where the condition r < 1 is needed.

3.1.3. Integral Estimates. Estimation of a contour integral is an important tech-
nique in Complex Analysis. It will appear in many parts of the course. If we know an
upper bound for |f(z)| on the curve 7, and the upper bound for the length of -, then

we are able to bound the contour integral [ f(z)dz without calculating it.

gt
Lemma 3.6. Let f : (3 — C be defined on an open domain ). Suppse 7y is a curve in Q) such
that:

o |f(z)| < Mforany z € vy, and
o the arc-length of <y is bounded above by L.

Then, we have:

< ML.

[ ez
o
Proof. There is a nice trick in the proof that readers are recommended to learn. Let
= / f(z)dz.

v

Express I in polar form: I = |I| e, then we have e =T = |I| which is real! Suppose y
is parametrized by z(t) = x(t) + iy(t) where a <t < b, then:

e ] = e_iQLf(z) dz = Le_igf(z) dz
= /ah {Re (e*’lef(z)) +iIm (e*ief(z))} (x(t) + iy (t)) dt
= /ﬂb {Re (e*ief(z)) x'(t) — Im (e’ief(z)) y’(t)} dt.

The last equality above follows from the fact that e 1 is real.

Then, we use Cauchy-Schwarz’s inequality to bound the integrand:
[Re (e7f(2)) () — Im (e 7®£(2)) /(1)
< \/(Re (e7£(2))) + (Im (e 0£(2)))*/ (v(1)% + (' (1))?
= e £ )] 2] = IfF @) [ (O] < M|Z @)

Finally, we get:
. b
et < [ m[2(1)] = mL,
a

and hence |I| < ML, completing the proof. O
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Remark 3.7. If we estimate the integral in a more direct way by writing

/Wf(z) dz

f = u+1iv and then consider the following;:

'/W.f(z) dz '/7.(”+iv)(dX+idy)‘ _

b
/ (ux" —oy") +i(vx" +uy’) dt‘

2

= \/(/gb(ux’ —vy’)dt>2+ (/ab(vx’ +uy’)dt) .

then after applying Cauchy-Schwarz’s inequality to each integral, the best we can
achieve is

< V2ML,

fyf(z) dz

which is weaker than the result in Lemma 3.6.

Example 3.3. Find an upper bound for the contour integral:

1
7{ ez dz|.
|z[=1

Solution

For any z € C such that |z| = 1, we have:
1 X iV . .
of = e 2R IR — oK — XY

1
ez| = <el =e.

Here we have used the fact that —1 < x < 1 along the curve |z| = 1.
Therefore, by Lemma 3.6, we have:

1
]{ ezdz| < 2w e .
L M

Example 3.4. Show that:

1
m {1 a0
R oo lz2|=R (z —1)2 z

Solution

We are interested in the limit when R — 400, so we can assume R > 1 so that
the contour circle |z| = R does not pass through 1 (at which the integrand is
undefined).
On the contour |z| = R, we have |z — 1| > R — 1 (draw a diagram to convince
yourself on that), so we have:
1
(z—1)?

_ 1 1
lz—1 ~ (R—1)?
N——

M

The length of the contour |z| = R is 2rR. Hence, by Lemma 3.6, we get

e

on |z|] = R.

<2nR-

(R=1)>
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27R
From elementary calculus, we have lim ﬂ = 0, and the desired result

R—+o0 (R — 1)2
follows from the squeeze theorem.

Exercise 3.6. Let f : C — C be a continuous function, and consider a fixed point
« € C. Show that:

f(z) 27TR
< hen R ,
Mzuzz—adz S Roja D 1f(@)] when R > af

Exercise 3.7. Suppose f : C — C is a continuous function such that:

f2)] _

lim sup =—= =0.

Show that:

lim L? dz = 0.
R—+o0 ‘zl:R Vi

Exercise 3.8. Let f : C — R be a continuous real-valued function such that |f(z)| <
1 for any z € C. Show that:

< 4.

‘ 7\4421 F(2) dz

[Hint: Define I = f(\l f(z) dz, then write I = |I| €. |
z|=1
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3.2. Cauchy-Goursat’s Theorem

In this section, we will prove a very fundamental theorem in Complex Analysis, the
Cauchy-Goursat’s Theorem, which asserts that if f : (3 — C is a holomorphic function

on a simply-connected domain (), then the contour integral f f(z) dz must be zero for
g
any closed curve 7 in (). The statement of the theorem sounds simple, but the proof is
quite delicate. We will discuss the proof of this theorem in detail.
Cauchy-Goursat’s Theorem is fundamental because it is used to prove the Cauchy’s
integral formula, which provides a very elegant way for computing contour integral of

the form f % dz and leading many exciting results. We will see later in the course
yz—

that the Cauchy integral formula is the heart of complex analysis.

Theorem 3.8 (Cauchy-Goursat’s Theorem). Let (3 C C be a simply-connected open
domain, «y be any closed piecewise C! curve in Q, and f : O — C be any holomorphic
function defined on (), then we have:

ﬁf(z)dz =0.

Using Cauchy-Goursat’s Theorem, we can immediately conclude that all the inte-
grals below over any closed curve v € C are zero, without performing any calculation:

}1{ e“dz, % sinzdz, }{ Z22dz, etc.
0% Jy 0%

Both conditions of () being simply-connected and f being holomorphic on () are
essential. If () is not simply-connected, say () = C\{0}, Cauchy-Goursat’s Theorem
does not hold. Here is a quick counter-example:

ffiz|—1 %dz =27 # 0.

Moreover, the holomorphic condition on f is also necessary, and here is a counter-
example:

j{ zdz = 2mi # 0.
|z]=1
We will prove this theorem soon. The proof consists of several steps:

Step 1: First prove a special case when the contour v is a triangle (while () is any
simply-connected open domain);

Step 2: Then prove a special case when () is convex (while v is any closed piecewise
C! contour).

Step 3: Use results from previous steps to deduce the general case: () is any simply-
connected open domain, and 7y is any closed piecewise C! contour.

3.2.1. Step 1: Cauchy-Goursat’s Theorem for Triangle Contours. Let’s begin

by assuming that T is a triangle contour in (). We bisect each side of the triangle T to
create four smaller triangles Tlm, Tz(l), T3(1) and Tf) as shown in the Figure 3.2.
By cancellations of common sides, we have:

: 4
)I{Tf(z) dz = ]; .7%(1) f(z) dz.
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/Tél) \

—

)
e \\ iy Z o A\

Figure 3.2. Divide the contour T into 4 triangles
Triangle inequality then shows:
§ )4z
T

Let T be the triangle among all Tj(l)’s (where j = 1,2, 3,4) with the largest value

}é.(l) f(z)dz

4
<L
j=1

$ 0 f(2)d2

of , then one has:

§4‘}{T(1)f(z)dz

Lﬁﬂ@ﬂ

Repeat the above procedure on T(1): sub-divide T(!) into four congruent triangles

fT@ f(z) dz| and

Tj(z) (where j = 1,2,3,4), and pick the one with the largest value of

label it as T(®). Then, one has:

fT(l)f(z) dz ?{T(Z) f(z)dz

Continuing this process, we obtain a sequence of triangles:

7©) 71) T(2) T7()

7 7 7 VAR

<4 < 47

= ’%Tf(z)dz

7§T<2> f(z)dz

(where we denote TO) .= T) such that

(3.1) ‘ﬁ(o) f(z)dz ﬁ(w) f(z)dz

Denote AU) to be the closed triangular region enclosed by T'/). Then, we have:

< 4" for any n > 0.

A 5 AN 5 AR 5

By Exercise 1.29, there is at least one point zy contained inside all of A(").

j{ﬂ") f(z)dz

‘ ?4 o f(z) dz‘ is arbitrarily small, concluding that it must be zero. To achieve our goal,
T

Our goal is to bound the RHS term 4" of (3.1), so as to show that

we recall that f is holomorphic on (), and in particular, it is complex differentiable
at zg (which is a point in all of A(")’s). By considering the derivative f’(z), and by
rearrangement:

f/(ZO) = lim M E— lim f(Z) _f(ZO) _f/(ZO)(Z — ZQ) —o

Z—2Z0 z — ZO Z—2Z0 z — ZO
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For simplicity, denote the numerator by E(z) := f(z) — f(zo0) — f'(z0)(z — z0), then we
have:

(3.2) Jim L&)

Z—z0 Z — ZO

=0.

Since the function f(zg) + f'(z0) (z — zo) has a primitive function zf (zo) + £ (220) (z—z0)?
(note that zy is a fixed point), we have

o E@dz= 17~ f0) = flz0)c=20)] dz = § f()dz.

Therefore, to bound the RHS of (3.1), we can consider the integral of E(z) instead,
which is very small according to (3.2).

Now, given any ¢ > 0, by (3.2), there exists 6 > 0 such that whenever z € B;(zp),
E(z)
zZ—2Zp
“converging” to the point zy. Hence, for sufficiently large 1, A’ must lie inside the

ball B;(zp), and so |E(z)| < €|z — zg| for any z € A" C Bg(zp).

we have < e. Recall that {A() nep is a strictly decreasing sequence of triangles

Recall that |z —zp| is the distance between z and zj, both of which are in A1),
By elementary geometry, the distance between any two points in a triangle must be
bounded by the perimeter of the triangle. Hence, we have for any z € A",

eL
(3.3) |E(z)| < ée|z—zg| < €Ly = 270
where L,, denotes the perimeter of the triangle T(").
Using (3.3), we can apply Lemma 3.6 to show:
el eL3
%T(n) E(Z) dZ S 27 . LI’Z — 47

Finally, by considering (3.1), we have proved:

j{Tf(z) dz fT(’O f(z)dz ]{T(”) E(z)dz

Since ¢ > 0 is arbitrary, by letting ¢ — 0T, we get:

fo(z)dz =0,

LZ
<4n — 4" §4"-€470:5L3.

completing Step 1.
Exercise 3.9. Using the result proved so far, show that Cauchy-Goursat’s Theorem

holds for any closed polygon .

Exercise 3.10. Show that if AABC is contained inside a simply-connected open
set () on which f is holomorphic, then we have:

/L(A,Q FENEE= | OV / o D)

Here L(A, B), for instance, is the straight path from A to B.

Exercise 3.11. Which part in the proof of Step 1 will break down if f is not
holomorphic? Also, why will the proof break down if () is not simply-connected?
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3.2.2. Step 2: Cauchy-Goursat’s Theorem for Convex Domains. Now we are
given any closed piecewise C! curve 7 (not necessarily a triangle) in an open convex
domain (). We want to show that if f : (3 — C is holomorphic, then

7{7]‘(2) dz = 0.

We show that by finding a primitive function F : Q — C such that F/(z) = f(z) on
(), then this step is proved using Theorem 3.4. To define such a function F, we first fix
a point zg € Q, and denote L(zp,z) to be the straight path from z; to z. Note that by
convexity of (), such a path must be contained in (). Next, we define:

Fe)= [ f@de

We claim that F/(z) = f(z) by showing that the quotient W tends to f(z)
asw — 0.
z+w
z
Z0

From Step 1 (note that zp, z and z + w form a triangle), we know that:

W B v (./L(z0,2+w) fleydae= 'A(ZO’Z) ) dg)

w
1
= L SOV
By observing that | f(2)d2 = [f(2) 85" = w(z), we haves
z,z+w
F(z4+w)—F(z) 1 1 3
Gay FEENEE L f@di= g [ @ - f@) + A i

= 2 S PO~ FEN dE +1(2)

w

1 ~
The next task will be to show that — / (f(&) — f(z))dg tends to 0 as w — 0.
W JL(z,z+w)
For any € > 0, by the continuity of f, there exists 6 > 0 such that whenever ¢ € B;(z),

we have |f(¢) — f(z)| < e. In particular, if |w| < §, then the path L(z,z +w) C Bs(z),
and so for any ¢ € L(z,z + w), we have:

f(@) - f2)] <e
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Applying Lemma 3.6 on the integral /( )(f(g) — f(z))d¢, we have:
L

z,z+w

fo @S0 <0 Jul
(zz+w) N
length of contour

which implies

;J/L(z,zﬂu) (f(&) — f(2)) dC‘ < & (whenever 0 < |w| < ), or equiva-

lently,

1
lim — — dé¢ =0.
tim o [ PO =S g
Finally, from (3.4), we conclude:
lim F(z+w) — F(z)
w—0 w

=fz) = Fl2)=f(2).

This shows f(z) has a primitive function on (2, and hence

ﬁf(z)dz:O

for any closed curve 7 in (), completing Step 2.

Remark 3.9. It is worthwhile to note that the whole argument in Step 2 remains valid
as long as f is continuous on (), and that

]{Tf(z)dz:o

for any triangle T in the domain (). These two conditions are enough to prove, using
the same argument, that F'(z) = f(z) on (), even if we don’t assume f is holomorphic.
This observation will be important in the proof of Morera’s Theorem in later section.

Exercise 3.12. Discuss: In the above proof, we require () to be convex so that
L(zg,z) is contained in ). Now suppose () is not convex, but is polygonally
path-connected, and we define F as:

Fe)=[  f@d

where (2, z) is any polygonal path from z( to z. Can we still claim that F'(z) =
f(z) with the same proof? If not, where does the proof break down?

3.2.3. Step 3: Completion of the Proof. We have by far proved that Cauchy-
Goursat’s Theorem holds when at least one of the conditions holds:
(i) v is a closed polygon; or
(i) Q) is convex.
Now we deduce the general case based on these special cases.
Given any simply-connected domain ) and any closed piecewise C! curve v C Q,

and a holomorphic function f : (3 — C, the key idea to show 7{ f(z)dz = 0 is to break
J

the region enclosed by < into small rectangles {R;} jli , and “partial rectangles” {7, }M
(see Figure 3.3). By breaking the region into small enough of these rectangles and
partial rectangles, we may assume that these partial rectangles are contained inside
an convex subset of (). This is intuitively true, but the proof involves some deep
knowledge on analysis and topology beyond the scope of this course.



66 3. Contour Integrals

/ N

\

\

A

' |
/

P4

Figure 3.3

For each rectangle R; and partial rectangle 7y, results from Steps 1 and 2 show
7{ f(z)dz :f f(z)dz=0.
Rj Tk
Note that by cancellation of common sides, we can see:

ﬁf(z)dzI;ﬁjf(Z)dZ-F;ﬁkf(z)dz:0.

It completes the proof of Cauchy-Goursat’s Theorem.

Exercise 3.13. Consider a holomorphic f = u +iv : ) — C on a simply-connected
domain Q, and a closed piecewise C! curve vy in Q. Now, we further assume
that f is Cl ie. g—z, g—;, g—;’ and g—;’ are all continuous on C!, show that then
Cauchy-Goursat’s Theorem can be easily proved using Green’s Theorem.
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3.3. Cauchy'’s Integral Formula |

Cauchy-Goursat’s Theorem requires that the function f involved is defined and holo-
morphic in the region enclosed by the closed curve y. When the integrand has some
“singularities” such as f(z) = %, Cauchy-Goursat’s Theorem may not hold.

Consider the closed curves 7 and 7y, shown below:

y

A

T2

A
NN

T

For 71, there is no issue to apply Cauchy-Goursat’s Theorem by taking () to be the
green region, and it shows
1
?{ -dz=0
Mz

since % is holomorphic on the green region. However, we cannot do the same for 5.
Any simply-connected region containing <y, must contain 0 at which % is undefined. In
this section, we will introduce Cauchy’s integral formula to deal with contour integrals

of the form ]{ M dz.
v

zZ—n

Theorem 3.10 (Cauchy’s Integral Formula). Let f : (0 — C be a holomorphic function
defined on a simply-connected domain ), and -y be a simple closed curve in ). Then, we

have:
17 f(z) gr — {f(rx) if v encloses «

2mi Jyz—a 0 if 7y does not enclose a

For instance, given an entire function f : C — C, a point «, and two closed curves
71 and 2 below. Cauchy’s Integral Formula asserts that:

&dz =0 whereas Mdz = 27tif (a).
ni—«& nZETa

T2

1

It is a very powerful theorem as it tells us that the evaluation of some contour
integrals can be done by just substituting a point into the numerator function. Let’s
first see some examples, and then we will prove the theorem.
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3.3.1. Elementary Examples. We first illustrate the use of Cauchy’s integral
formula by a toy example:

j{ dz — fﬁd _ J2mi-1=2mi if v encloses 0
N 0 if v does not enclose 0

Here we take f(z) = 1 which is an entire function on C.

Example 3.5. Evaluate the following contour integrals:

@) lzj=2 (z + 31)(2 —1) az

z
(b) f|z|:4 (z+3i)(z —1) az
(©)

e
——d
|lzj=2 22 +1 z

Solution

(@) The integrand has two singularities: z = —3i and z = i. First observe that
the curve |z| = 2 enclose i only, and hence near the simply-connected region
|z| < 2, the function f(z) := ;F5 is holomorphic. Apply Cauchy’s integral
formula with this f, we get:

Z z+3z : Z
fiz\:z (Z+3i)(zii)dz fiﬂ zzild _2n1.2+3i z=i
i
i+3 2’
(b) Note that the curve |z| = 4 enclose both singularities —3i and i of the inte-

grand. We cannot apply Cauchy’s integral formula by writing the integrand
as either:

=271 -

z zZ

z+3i. or z—i y

zZ—1 z + 3i
The way out is to do partial fractions for the denominator. Let A and B be
complex numbers such that:

1 A B

G+30)(z—0) z43i Tz-7
We need to solve for A and B:
1 _ A(z—i)+ B(z +3i)
(z+3i)(z—i)  (z+3i)(z—1i)
1= (A+B)z+ (—Ai+3Bi)

Equating coefficients, we need A + B = 0 and (—Ai + 3Bi) = 1. Solving these

equations, we get A = }Ii and B = —%i, and hence:
1; 1;
1 gl 7l

(z+3i)(z—i) z+3i z—i
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Now applying Cauchy’s integral formula:
1. 1

z 171 521
e 42 :% T
ffiz\ﬁ; (z+43i)(z—1i) lz|=4z2+3i z—1i

= 27i <[1zz} — [1zi} )
4 z=—3i 4 z=i

(1 N

= 271i <4 (—3i)i 2 ) = 271i.

(c) The integrand has z2 + 1 as the denominator. Be careful that it can be zero in
Z

the complex world and so Zze? is NOT holomorphic everywhere. By partial

fractions, we get:

1 1 _1r1 1
2Z24+1  (z—i)(z+i) 2i\z—i z+i)’
Hence, Cauchy’s integral formula shows:
e* 1 e* e*
———dz = —.% - — - ) dz
j\{z|:2 22 +1 2i Jiz|=2 <z—z z+z>
1 , ,

= — 27 - (e’ - e*’>

2i
=7 ((cos1+isinl) — (cos1 —isinl))

= 27misin1.

Exercise 3.14. Use Cauchy’s integral formula to evaluate the following contour
integrals:
1
a -dz
@ |z|=2 2% + i
1
b ——— dz
®) |z—emit|=2 22+

1
© ?{z\:z Sz

Try to do the problems in a rather fedious way using partial fractions. We will
provide another approach soon.

Exercise 3.15. Let f : () — C be a holomorphic function defined on a domain ()
containing B, (). Prove the following Mean-Value Identity:

f(a) = % Oznf(oc + re?) de.

3.3.2. Proof of Cauchy’s Integral Formula. The proof of Cauchy’s integral for-
mula is a reminiscence of the proof of generalized (i.e. with holes) Green’s Theorem in
Multivariable Calculus. Fix « € C and consider a simple closed curve < enclosing «.
We want to find out the value of the integral:

.Mdz
Jyz—a

We drill a circular hole near « in the region enclosed by 7, so that the following
“key-hole” contour I'; is produced.
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The contour I'e = ¢+ L — dB¢(a) — L encloses a simply-connected region on which

fz)

is holomorphic (since z # a in this key-hole region). Therefore, we have:

o f L f SO e [ SO S S

r.zZ—u yzZ—« LZ—a z—a|=¢ Z — & LZ—w
orientation!
Y CVR N P
yzZ—« lz—a|=e Z — &
Therefore, we have 2) dz = f f(2) dz for any sufficiently small ¢ > 0.
vyZ— K |zfp¢‘:gZ*0(

To prove the desired result, we try to figure out the contour integral over the circle
|z — a| = e. The key trick is to write f(z) = f(z) — f(a) + f(«), so that:

(35) 7‘{ JB) 4, - ]{H‘ZE (f &) - f ("‘)> dz

z—a|=e Z — & z—« z—u

— 4 f@) =) 4, +f(o<)]‘{ LI

|z—a|=¢ Z— K z—n|=¢ Z — &

The second integral can be computed directly by parametrizing the circle: z = a + ee',

where t € [0,271]:
1 1
f dz = / — ~eie'! dt
|z—a|=e Z — & 0 ¢

27
- / idt = 2i.
0

For the first term, we claim that it tends to 0 as ¢ — 07 since f is complex differentiable

at z = «, and so
;il;rl}c f(zi:{:(“) :f,(“)'

By definition of limit, there exists 6 > 0 such that whenever z € Bs(a) we have:

‘f(Z)—f(a)

== f(a)

Z—n

<1,

and hence

£O=10) 1) =

zZ—Wu
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As a result, when ¢ < J, the contour |z — «| = ¢ lies completely inside the ball Bs(«),
then by Lemma 3.6, we have:

‘]{ f(z) = f(a)
|z—a|=¢

Z—K

< M-2me —0ase— 0T,

Finally, from (3.5), we have:

lim fz) dz = 27if ().
e=0t J]z—a|=e 2 — &
Recall that f M dz = f M dz for any sufficiently small € > 0, so we
n yZ— WK |z—a‘:gz—0(
ave:
1@ dz = lim & dz = 2rtif (),
yZ—KQ e=0t J|z—a|=e Z — &

completing the proof of Cauchy’s integral formula.

3.3.3. Cauchy’s Integral Formula with Multiple Holes. We have seen how to

apply Cauchy’s integral formula on fractions such as which is not defined on

1
, , 7241
z =iand z = —i. If a simple closed contour 7 encloses both singularities, then we

1 1 1
performed partial fractions so that the fraction becomes — ( . — )
2i\z—1 z+i

Sometimes, partial fractions can be time-consuming especially when there are
many singularities. However, using the hole-drilling technique demonstrated in the
proof of Cauchy’s integral formula, we can break down the contour integral into a
sum of several contour integrals, each of which is over a contour that encloses only one
singularity. Let’s look at some examples.

Example 3.6. Evaluate the contour integral:
z
j\{z|:4 (z+3i)(z—1)

without using partial fractions.

Solution

The two singularities are z = —3i and z = i, both are contained inside the contour
|z| = 4. Draw two little circles with small radii e around each singularity and
consider the key-hole contour:

I'=v1+ Ly —0Be(—3i) — L1+ 2+ Ly — 9Be(i) — Ly
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Then, the key hole contour I' encloses a simply-connected region not con-
taining any singularity of the integrand. Therefore, Cauchy-Goursat’s Theorem
asserts that

h =g =0

On the other hand, by cancellation of the common sides, we have:

b=t e e
r 7 72 |z+3i|=¢ |z—i|=¢ |z|=4 |z+3i|=e |z—i|=¢

Therefore,

dz

- f{ (z+ 31 (z+3i)(z—1)
‘ z
J)z|=4 z+31)(z—z) |z+3i|=¢ (24 31)(z — i)
_ 7{ 4
|z—i|=¢ (Z + 3i) (Z - Z)
Therefore, we can break the required integral into the sum of two integrals:
z z

. z
7|{z|:4 R ?\{zm:g R a ﬁifﬂ:g Cra—n "

Since ¢ is very small, the funct10n

dz

z . .
- is holomorphic on |z + 2i| < ¢, and so

Cauchy’s integral formula asserts that

Z . .
z dz — o - —3i _ 37Ti

e e = .
|z43i|=¢ (z + 31)(z — i) |243i|—¢ 2 — (—31) Bi—i 2

For the second integral, we have:

z i gyl
%dz—]{ =5 dz = 27ti - .= —
7\42714\:5 (z+3i)(z—1i) |z—i|=e 2 — i i+3i 2

Adding up the results, we get:

jf P LT o
z|=4 (z+3i)(z — 1) 2 2

Example 3.7. Evaluate the contour integral:

1
——d
7{2\:223—1 :

without using partial fractions.

Solution
First factorize the integrand:
1 1
-1 (z-1)(z—w)(z—w?)
where w := ¢’% is the cubic root of unity. There are three singularities, namely
1, w and w?, all are enclosed by the given contour |z| = 2. By mimicking the
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hole-drilling argument, one can arrive at:
1

7\{z|:2 (z-1)(z-w)(z-w?)

1 1

“heE o T e T o

1
- fi‘z_w2|—g (z—1)(z - w)(z — w?) 4z

dz

1 1
_ (z—w)(z—w?) dz + (z=1)(z—w?) dz + (2—1)(2—2«1) dz
|z—1|=¢ z—1 |z—w|=¢ zZ—w |z—w2‘:s z—w
= 2711 L + ! + !
o 1T-w(1-w?) (w-1)(w—-w?) (w?-1)(w?—-w)

We leave it as an exercise to show that the final answer is 0. [Hint: use the fact
that 1 + w + w? = 0]

Exercise 3.16. Evaluate the following contour integrals:

@) |z—2460123:-1
1
®) f @@y
EZ
CR Y
Z
@ e

Exercise 3.17. Let 1 be a positive integer, and w := ¢?™/" denote the n-th root of
unity. Express the contour integral:

1
d
7\{74:2 1%

Exercise 3.18. Given any real constant a2 € R, by considering the contour integral

in terms of w.

eaz
jé‘. . dz, prove the following integration formula:
z|=1

T
/ "% cos(asinf) d = 7.
0
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3.4. Cauchy’s Integral Formula Il

Recall that Cauchy’s integral formula asserts that if f : {3 — C is holomorphic on a
simply-connected domain () and - is a closed curve in (), then we have:

fw) = = f LB

2w Jyz—w
if v encloses a.

f(z)
(z—a)(z—p)
Cauchy’s integral formula in a modified way: either by partial fractions, or by a
hole-drilling argument illustrated in the previous section.

f(2)

However, if the integrand is of the form ,
z—a)?

the hole-drilling argument do not work well (think about why). Indeed, the contour

f(z)

integral ]{ Z—a)? dz is related to f'(a), and this fact has many deep and surprising
v (z—

If the integrand is of the form whenever « # B, we can still use

then both partial fractions and

consequences as we will see later. These include the celebrated Liouville’s Theorem
(which implies Fundamental Theorem of Algebra).

Our goal is to prove and discuss the following higher-order Cauchy’s integral
formula:

Theorem 3.11 (Higher-Order Cauchy’s Integral Formula). Let f : ) — C be a holo-
morphic function defined on a simply-connected domain Q), and « be any point in Q). Then,
for any simple closed curve <y enclosing a, the n-th derivative of f at « is equal to:

£ (a) = n!ﬁ(f(z)dz n=0,1,2,...

S 2mi Sy (z—a)n T

Corollary 3.12. If f is holomorphic on an open domain Q), then f is complex differentiable
for infinitely many times on Q, i.e. f") exists on Q for any n > 0.

The corollary is a very remarkable and surprising result. In Real Analysis, there are
many functions which are differentiable for one time but not the second time or further.
However, this theorem and the corollary assert that once f is complex differentiable on
a simply-connected domain (say an open ball), then it is infinitely differentiable on that
domain!

3.4.1. Elementary Examples. Again, we will first see some examples of using
the higher-order Cauchy’s integral formula, then we will give a proof for it. As a quick

example:
1
— dz.
7\{4:1 z2

One way of evaluating it is to argue that its primitive function is —%, which is well
defined and holomorphic near the contour |z| = 1. Then by Proposition 3.4, the contour
integral is 0.

Let’s see how to obtain the same result using Theorem 3.11 (with n = 1, and
flz) =1

1=0.
z=0

L% 1.4
27 Jizj=1 2117 dz
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Example 3.8. Evaluate the contour integral using higher-order Cauchy’s integral
formula:
o2
]{ — dz.
lz[=1 2

Solution

In practice, it may be helpful to write the higher-order Cauchy’s integral formula

as: . omi
]{Y(Zf(a))nﬂdz:z ()(a).

Let f(z) = €%* which is entire, then f'(z) = 2¢%* and f”(z) = 4¢**. By
Theorem 3.11 (with n = 2), we get:

2z 2z
e e
—dz = ?{ —d
%723 S A G R
2wy, 2m
Example 3.9. Evaluate the contour integral:
1

foos T2y

dz.

Solution

The contour |z| = 3 encloses two singularities of the integrand, namely —i and 2i.
By the hole-drilling technique, we can pick a small € > 0 such that:

e R S R -
2=3 (z+1)2(z =203 \Jjztil=e  Jjz—2ij=e) (z+1)2(z—2i)3
Then we calculate each integral on the RHS individually:

f ; dz = _(z=2i) dz
|z+i|=e (z+1)2(z — 2i)3 z+il=e (z41)1H1

_awid| 1 2m
1 dz|,_(z—2iP3 33
1
1 (z+i)?
———dz = ———dz
7\{z—2i\:s (z +1)*(z —2i)° j2—2i|=e (z — 2)>H
i |
20 dZ? |,y (z+1)2
= 711 {6 }
(z+10)* ]
_ 2mi
=5
Therefore,
/ 1 w2
le|=3 (z+1i)2(z—2i)3 " 3% 38 7



76 3. Contour Integrals

Exercise 3.19. Evaluate the following contour integrals:

(@) sinz .
jz1=2 (z — 7)?

el .

(b) 7{ ‘ m dz where t > 0 is real.
z|=3

(c) b <2+z + i) @ dz, where f is entire and f(0) = 1.

Exercise 3.20. Evaluate the contour integral (where 7 is a positive integer):

2n
% <z + 1) 1 dz.
|z[=1 z

27 (2n—1)!!
2n _
/o cos™" 0do = 2717(2”)” .

Hence, show that:

Exercise 3.21. Let f : 3 — C be a holomorphic function defined on a simply-
connected domain Q. Suppose Br(zp) C (, show that:
[

" (z0)| < 2 sup If()]

|z—2zp|=R

for any integer n > 0.

3.4.2. Proof of Higher Order Cauchy’s Integral Formula. Now we discuss the
proof of Theorem 3.11. From the (zeroth order) Cauchy’s integral formula, we know:

f) = o § FB

27'(1 v zZ— oc
where « is a point on the domain ), and + is a simple closed curve in () enclosing «.

/

Note that if w € C is very small, « + w will still be enclosed by v, and so we have:

fla+w) = ﬁ %7 Goa—w) _fizl ) dz.

Our first goal is to show Theorem 3.11 holds for f'(«), i.e. n = 1. Recall that:
f/(ﬂé) — llm f(DC+w> _f(ﬂé)

w—0 w
We will use the zeroth order Cauchy’s integral formula to evaluate such a limit:

(3.6) F0) = — Tim < f(z)dz—jif(z)> dz

2miw—0w \Jyz—a—w Z—«

1 1 1
ﬁ&}?oj{f w< zx—w_z—oc) daz.

By straight-forward computation, we get:

1 11N 1
w\z—a—w z—a (z—a—w)(z—a)
f(z)
(z—a—w)(z—ua
from « and & + w when w is small, and that the holomorphic function f is bounded
on v by Extreme-Value Theorem. The length of v is also bounded. Using Lebesgue

The integrand of (3.6) becomes

, which is bounded as z € 7 is away
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Dominated Covergence Theorem (commonly called LDCT in short), we can switch the
limit and the integral sign of (3.6), and get:

£ = g Ims 05 (s )

1 g f(z)
_ﬁ.ﬁzgg})@—“_w)(z_“)dz
_ 1 f(2)

_ﬁﬁ (z—a)zdz’

proving Theorem 3.11 when n = 1.

The second and higher order cases of Theorem 3.11 can be proved by induction.
Assume the theorem holds for some integer n:

() = M 7{ e,
f(e) 27ti Jy (z — a)ntl :
for any a enclosed by . When w is very small, &« + w is also enclosed by 7, hence it is
also true that: )
(n) _n }{ flz
fia+w) 21 Jy (z — o —w)nHl dz.
Our next goal is to determine f("+1)(a) from the definition:

f(nJrl)(a) — lim f(n)(“ + w) _f(n)(“) ]

w—0 w

We leave it as an exercise:

Exercise 3.22. Follow the outline listed below, and complete the inductive proof
of Theorem 3.11:

(a) Show that:

1 1 _ 1
w\(z—a—w)"tl (z—a)rt]
1 & 1

T z—a—w)(z—a) ];) (z—a—w)i(z—a)"J
(b) Using the induction assumption and LDCT, show that
f(n+l) (2)
| n
— = 4 lim /) L dz.
27 Jyw—0 (z—a —w)(z — &) D Ge-a-—w)(z—a)

(c) Finally, complete the proof.

3.4.3. Liouville’s Theorem. We now discuss an important consequence (Liou-
ville’s Theorem) of the higher order Cauchy’s integral formula. Using this theorem, one
can give a very short and elegant proof that every non-constant complex polynomial
must have at least one root!

Theorem 3.13 (Liouville’s Theorem). Any bounded entire function must be constant.

Proof. The proof is a consequence of 1st-order Cauchy’s integral formula. Suppose
f:C — Cis a entire function and that there exists M > 0 such that |f(z)| < M for any
z e C.
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Take an arbitrary a € C, and consider the contour |z — a| = R. By Theorem 3.11

with n = 1, we know:
L f(z)
(&) = — — = dz.
fiw) 27t j{,zf,u:zz (z—a)?
Then on the contour, we have:

f) | .M
(z—a)?2| — R¥
and by Lemma 3.6, we can estimate that:
: f(z) M 2aM
L _dz| <2nR- — = ——.
j{\zfud:R (z— 0()2 - R2 R

Therefore, we have for any « € C and R > 0:

1 f(2) 1 2nM
! == ————dz| < —-—— = 0asR .
|f (a)] ‘Zni ?{Z%':R o) z‘ S5 g 0asR— e
This shows f’ = 0, and hence f is a constant function. g

Exercise 3.23. Why is it necessary that f is entire in the proof of Liouville’s
Theorem? Which step will it break down if f is holomorphic only on a proper
subset of C?

Exercise 3.24. Prove the following general version of Liouville’s Theorem: Suppose
f : € — C is an entire function, and there exists M > 0 and a nonnegative integer
k such that:

|f(z)| < M|z|* forany z € C.

Show that f is a polynomial of degree at most k.

Exercise 3.25. Suppose f : C — C is an entire function satisfying:

lim sup M =0.
R_H'OO\Z\ZR R

Show that f is a constant function.

Liouville’s Theorem is a “luxury" for holomorphic functions. There are many
non-constant bounded functions f : R — R that are (real) differentiable everywhere,
while Liouville’s Theorem says there is no non-constant bounded functions f : C — C
which are complex differentiable everywhere.

The theorem has many surprising consequences. One of them is:

Corollary 3.14 (Fundamental Theorem of Algebra). Every non-constant complex poly-
nomial p(z) = anz" + a, 12"~ + ...+ a1z + ag must have at least one complex root.

Proof. We prove by contradiction. If p(z) has no root, then ﬁ is an entire function.
Note that |p(z)| — oo as |z| — oo, we have: ﬁ — 0 as |z| — co. In particular, ﬁ is
bounded. By Liouville’s Theorem, ﬁ is constant, which is a contradiction. O
Remark 3.15. There are many proofs of Fundamental Theorem of Algebra, at least
one in almost all important fields in mathematics. There is one in Topology using

the concept of homotopy. There is even one geometric proof using Gauss-Bonnet’s
Theorem in Differential Geometry! Ironically, despite the name of the theorem, a purely
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algebraic proof has not yet been found. The most purest algebraic proof uses Galois
Theory, but that proof is based on the fact that every real number has a real cubic root
(which has to be justified using Intermediate-Value Theorem in Real Analysis).

Exercise 3.26. In the proof of Fundamental Theorem of Algebra (Corollary 3.14),
we used the fact that |p(z)| — oo as |z| — co. Although this fact is intuitively
clear since the dominant term a,z" of p becomes very large when |z| — oo, try
to prove this fact in a more rigorous way. Hint: try to show that if p(z) =
anz" 4+ a,_12""1 4 ... + ag, then

-1
lp()] = [21" (|anz| — |an-| = ... — |ao])
whenever |z| > 1.

Exercise 3.27. Using Liouville’s Theorem, show that if the image of an entire
function f : C — C is disjoint from an open ball Bs(zp), then f is a constant
function.

The above exercise gives a very powerful way for showing certain entire function
must be constant. For example, if f : C — C is entire and maps C onto the upper-half
plane in C, then the image of f is disjoint from many open balls such as By 5(—i).
Hence it must be a constant.
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3.5. Morera’s Theorem

Before we stated Morera’s Theorem, let’s recall the proof of Cauchy-Goursat’s Theorem.

Using the holomorphic condition on f, Step 1 shows that f f(z)dz = 0 for any triangle
T

contour T in the domain. Using this fact, Step 2 shows F(z) := / os) f(&)dg, where
L(zp,z
L(zo, z) is the straight path from a fixed point zj to z, is a primitive function for f, i.e.
F'(z) = f(z) on the convex domain Q.
It is a nice observation that the proof in Step 2 requires only two facts about f,
namely:

(1) f is continuous on (; and
) f f(z)dz = 0 for any triangle T in Q.
T

Under these two conditions, the entire argument in Step 2 is still valid even if we don’t
assume that f is holomorphic on Q. Step 2 shows F'(z) = f(z) on ), hence proving

j{ f(z)dz = 0 for any closed curve v in Q.
v

The result that F'(z) = f(z) on Q) has another implication: since the primitive func-
tion F is holomorphic on ) (and its derivative is f), the higher order Cauchy’s integral
formula (Theorem 3.11) and Corollary 3.12 tell us that F is complex differentiable on ()
for infinitely many times. Certainly, it shows f = F’ is also complex differentiable on
Q) for infinitely many times too. In particular, f is holomorphic on Q.

To summarize, the preceding discussion proves the following remarkable result:

Theorem 3.16 (Morera’s Theorem). If f : (3 — C is a continuous function on an open
domain Q), and

%Tf(z)dZZO

for any triangle contour T in Q), then f is holomorphic on Q).

Remark 3.17. Although convexity of the domain is needed in Step 2 of the proof
of Cauchy-Goursat’s Theorem, we do not need to assume () is convex when using
Morera’s Theorem. It is because complex differentiability is a local property. One can
first restrict f on an open ball B¢(zp) which is convex, then prove f is holomorphic on
Be(zp). Simply repeat the same argument on all other open balls in the domain. It will
show f is holomorphic on the whole Q).

In practice, it seems more difficult to verify 7{ f(z) dz = 0 for any triangle T than
T

to show f is holomorphic directly. Nonetheless, Morera’s Theorem can come in handy
if we want to show holomorphicity of a function which is not quite explicit. In the last
chapter, we may encounter functions defined in an integral form, such as the Gamma’s

function: .
I'(z) = / e tdt.
0

It is almost impossible to find an explicit, integral-free expression. Nonetheless, it is
possible to show it is a holomorphic function using Morera’s Theorem. The key idea is

to show that f I'(z) dz = 0 for any triangle T in the domain under consideration.
T
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Example 3.10. Define f : Q) := {z : Re(z) < 0} — C by:

) ezt
f(z):/o t—l—ldt'

Show that f(z) is holomorphic on Q.

Solution

First we show that f is defined on (): for any z € (Y and t € [0, o0), we have:
zt
t+1
(as usual, we denote z = x + yi). Note that:

’ < ‘ezt’ < et

00 o
/ etdr = [1€Xt:| = 1 < co.
0 x|y X

oo ozt
Hence, / dt is integrable.
o t+1

It is quite difficult to find an explicit formula for f(z), let alone its derivative.
To show it is holomorphic, we are going to use Morera’s Theorem: given any

triangle T in ), we want to show / f(z)dz=0.
T

/Tf(z)dz:/T/Oootfldtdz

=8} zt
B / / te—i— 1 dzdt (Fubini’s Theorem)
0 T

© ) et ) )
= /0 Odt (since s holomorphic)
=0

To justify the legitimacy of using Fubini’s Theorem, we require the integral

o ezt ezt 1
I8!

1 +1 x
ezt

sothat//
tJo |t+1

X
when z is on any triangle T C Q.

oo
dt |dz| to be finite. To verify this, we consider / ;
J0

1
dt |dz| < / 3 |dz|, which is finite since x is away from 0
T

Hence by Morera’s Theorem, f is holomorphic on Q.

Exercise 3.28. Define f : C\[0,1] — C by:

f(z) = /01 t\i dt.

Show that f is holomorphic on its domain.

Exercise 3.29. Suppose {f,}:" ; is a sequence of holomorphic functions on an
open domain (2, and that f,; converges uniformly to f on (). Show that the limit
function f is also holomorphic on Q).

81
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Exercise 3.30. Recall that the Riemann’s zeta function ¢ : Q) — C is defined on
O := {z:Re(z) > 1} and by:

= 1 =1
g(Z) = Z E - Zl ezlnn'
n=

n=1

(a) Show that the series ) % converges uniformly on Q) := {z : Re(z) > 1+¢}
n=1
for any ¢ > 0.

(b) Show that ¢ is holomorphic on Q).



