Chapter 3

Tensors and Differential
Forms

“In the beginning, God said, the
four-dimensional divergence of an
antisymmetric, second-rank tensor
equals zero, and there was light.”

Michio Kaku

In Multivariable Calculus, we learned about gradient, curl and divergence of a
vector field, and three important theorems associated to them, namely Green’s, Stokes’
and Divergence Theorems. In this and the next chapters, we will generalize these
theorems to higher dimensional manifolds, and unify them into one single theorem
(called the Generalized Stokes” Theorem). In order to carry out this generalization and
unification, we need to introduce tensors and differential forms. The reasons of doing
so are many-folded. We will explain it in detail. Meanwhile, one obvious reason is that
the curl of a vector field is only defined in IR? since it uses the cross product. In this
chapter, we will develop the language of differential forms which will be used in place
of gradient, curl, divergence and all that in Multivariable Calculus.

3.1. Cotangent Spaces

3.1.1. Review of Linear Algebra: dual spaces. Let V be an n-dimensional real
vector space, and B = {e, ..., e, } be abasis for V. The set of all linear maps T : V — R
from V to the scalar field R (they are commonly called linear functionals) forms a vector
space with dimension rn. This space is called the dual space of V, denoted by V*.

Associated to the basis B = {e;}}' ; for V, there is a basis B* = {e}}!" ; for V*:
. 1 ifi=j
efle) =13 .7
0 ifi#j
The basis B* for V* (do Exericse 3.1 to verify it is indeed a basis) is called the dual basis
of V* with respect to B.
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Exercise 3.1. Given that V is a finite-dimensional real vector space, show that:

(a) V* is a vector space
(b) dim V* = dim V/
(c) If B = {e;}}'; is a basis for V, then B* := {ef}!" , is a basis for V*.

Given T € V* and that T(e;) = a;, verify that:

T =

1=

*
al'ei o

1

3.1.2. Cotangent Spaces of Smooth Manifolds. Let M" be a smooth manifold.
Around p € M, suppose there is a local parametrization F(uq,...,u,). Recall that
the tangent space T,M at p is defined as the span of partial differential operators

a n
{au(p)} . The cotangent space denoted by T,; M is defined as follows:
i i=1

1=

Definition 3.1 (Cotangent Spaces). Let M" be a smooth manifold. At every p € M,
the cotangent space of M at p is the dual space of the tangent space T, M, i.e.:

oM = (T,M)".

The elements in T, M are called cotangent vectors of M at p.

Remark 3.2. Some authors use T, M* to denote the cotangent space. Some authors

(such as [Lee13]) also call cotangent vectors as tangent covectors. O
a n
Associated to the basis B, = {au(p)} of T,M, there is a dual basis B}, =
i i=1

{(du')p, ..., (du"),} for T;M, which is defined as follows:

’ 3 i
(du'), ((—,uj(P)) = 0jj = {(1) ;z #;.

As (dui)p is a linear map from T, M to R, from the above definition we have:

; n p) n
(du )P <21 a]au](p)> = 2101151] = 4.
J= =

Occasionally (just for aesthetic purpose), (dui) , can be denoted as du' |p. Moreover,

whenever p is clear from the context (or not significant), we may simply write du’ and
9
Wli'

Note that both 55, and B, depend on the choice of local coordinates. Suppose
(v1,...,v,) is another local coordinates around p, then by chain rule we have:

9 L ow d
dv; k:Z:1 dv; iy
9 oo 9
ouj k; uj duy’
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We are going to express dv’ in terms of du/’s:

(3 (& 9o
il 9 ) _ 4,
4 (E)u]-) a (,;a 90,

n avk d
dv (E)vk

\/v

Uk(s

|
§J°JHM= HM

This proves the transition formula for the cotangent basis:

3.1) do' = Z 0v;

du k
auk

Example 3.3. Consider M = R? which can be parametrized by
Fi(xy) = (x,y)
Fa(r,0) = (rcosf,rsinb).

From (3.1), the conversion between {dr,d6} and {dx,dy} is given by:

dx a—xd + a—xdG

= (cos 6) dr — (rsin@) 46

ay dy
dy = =2 dr + =2 d6

= (sinf) dr 4 (rcos0) db

Exercise 3.2. Consider M = R® which can be parametrized by:
Fi(xy,2) = (x,y,2)
Fo(7,0,2) = (rcosf,rsinb, z)
Fs(p,¢,0) = (psin¢g cos6, psin¢gsiné, p cos ¢)
Express {dx,dy,dz} in terms of {dr,d6,dz} and {dp,d¢,d6}.

Exercise 3.3. Suppose F(uy,...,u,) and G(vy,...,v,) are two local parametriza-
tions of a smooth manifold M. Let w : M — TM be a smooth differential 1-form
such that on the overlap of local coordinates we have:

w—Za dul = Zbdv

Find a conversion formula between aj's and b;’s.
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3.2. Tangent and Cotangent Bundles

3.2.1. Definitions. Let M be a smooth manifold. Loosely speaking, the tangent
bundle (resp. cotangent bundle) are defined as the disjoint union of all tangent (resp.
cotangent) spaces over the whole M. Precisely:

Definition 3.4 (Tangent and Cotangent Bundles). Let M be a smooth manifold. The
tangent bundle, denoted by TM, is defined to be:

™ = ({r} x T,M).
peEM
Elements in TM can be written as (p, V) where V € T, M.
Similarly, the cotangent bundle, denoted by T*M, is defined to be:
M= | ({p} x T;;M) .
peEM

Elements in T*M can be written as (p,w) where w € T; M.

Suppose F(uy,...,u,) : U — M is a local parametrization of M, then a general
element of TM can be written as:

n ii
<P/ LV aui(P)>

and a general element of T*M can be written as:

n .
(p, Y a; du’ ) .
i=1 P

We are going to explain why both TM and T*M are smooth manifolds. The local
parametrization F(u,...,u,) of M induces a local parametrization F of TM defined

by:
F(ul,.‘.,un)> ‘

(3.2) F:UXR"— TM
Likewise, it also induces a local parametrization F* of T*M defined by:
(3.3) FF:UXR" = T*M

(ul,...,u,,)> '

It suggests that TM and T*M are both smooth mamfolds of dimension 2 dim M. To do
so, we need to verify compatible F’s induce compatible F and F*. Let’s state this as a
proposition and we leave the proof as an exercise for readers:

n . a
Lou VY v Fluy, ..., uy), Y Vi —
(ul Up )'_>< (M1 un) 1; aui

(Ur,..., up;ay,...,a4,) — (F Uy, ..., U Zaldu

Proposition 3.5. Let M" be a smooth manifold. Suppose F and G are two overlapping smooth
local parametrizations of M, then their induced local parametrizations F and G defined as in
(3.2) on the tangent bundle TM are compatible, and also that F* and G* defined as in (3.3)
on the cotangent bundle T* M are also compatible.

Corollary 3.6. The tangent bundle TM and the cotangent bundle T* M of a smooth manifold
M are both smooth manifolds of dimension 2 dim M.
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Exercise 3.4. Prove Proposition 3.5.

Exercise 3.5. Show that the bundle map 7 : TM — M taking (p,V) € TM to
p € M is a submersion. Show also that the set:
Y :={(p,0) e TM:p e M}

is a submanifold of TM.

3.2.2. Vector Fields. Intuitively, a vector field V on a manifold M is an assignment
of a vector to each point on M. Therefore, it can be regarded asamap V: M — TM
such that V(p) € {p} x T, M. Since we have shown that the tangent bundle TM is also

a smooth manifold, one can also talk about C¥ and smooth vector fields.

Definition 3.7 (Vector Fields of Class C¥). Let M be a smooth manifold. A map
V : M — TM is said to be a vector field if for each p € M, we have V(p) = (p, V) €
{r} x T,M.

If V is of class C¥ as a map between M and TM, then we say V is a C¥ vector field.
If V is of class C*°, then we say V is a smooth vector field.

Remark 3.8. In the above definition, we used V(p) to be denote the element (p, V) in
TM, and V), to denote the vector in T, M. We will distinguish between them for a short
while. After getting used to the notations, we will abuse the notations and use V), and
V(p) interchangeably. O

Remark 3.9. Note that a vector field can also be defined locally on an open set O C M.
In such case we say V is a CK on O if the map V : O — TM is CK. O

Under a local parametrization F(uq,...,u,) : U — M of M, a vector field V: M —
TM can be expressed in terms of local coordinates as:

Vip) = (p, L Vo) ai,(p)) .

1

The functions V' : F(i{) € M — R are all locally defined and are commonly called the
components of V with respect to local coordinates (uq,...,uy).

Let ?(ul, u VL V") be the induced local parametrization of TM defined
as in (3.2). Then, one can verify that:
F(ul,...,un)>

= (ul,...,un;Vl(F(ul,...,un)),...,V”(F(ul,...,un))> .

n
o ~ - 0
F 1oVoF(u1,...,un) =F1 (F(ul,...,un), ZVZ(F(m,...,un)) s

i=1

Therefore, FloVo F(uq,...,uy) is smooth if and only if the components Vi’s are all
smooth. Similarly for class C¥. In short, a vector field V' is smooth if and only if the
components V' in every its local expression:

v(p) = (p, L Vi) ;’u,(p))

1

are all smooth.
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3.2.3. Differential 1-Forms. Differential 1-forms are the dual counterpart of vector
fields. It is essentially an assignment of a cotangent vector to each point on M. Precisely:

Definition 3.10 (Differential 1-Forms of Class C¥). Let M be a smooth manifold. A
map w : M — T*M is said to be a differential 1-form if for each p € M, we have
w(p) = (pwp) € {p} x T, M.

If w is of class C¥ as a map between M and T*M, then we say w is a C¥ differential
1-form. If w is of class C*, then we say w is a smooth differential 1-form.

Remark 3.11. At this moment we use w(p) to denote an element in {p} x T,M,
and wp to denote an element in T,M. We will abuse the notations later on and
use them interchangeably, since such a distinction is unnecessary for many practical
purposes. U

Remark 3.12. If a differential 1-form w is locally defined on an open set O C M, we
may say w is CK on O to mean the map w : O — T*M is of class C*. g

Under a local parametrization F(uy,...,u,) : U — M of M, a differential 1-form
w : M — T*M has a local coordinate expression given by:

)

where w; : F(U) C M — R are locally defined functions and are commonly called the
components of w with respect to local coordinates (1, ..., u,). Similarly to vector fields,
one can show that w is a C* differential 1-form if and only if all w;’s are smooth under
any local coordinates in the atlas of M (see Exercise 3.6).

w(p) = (p, éwm du

Exercise 3.6. Show that a differential 1-form w is C* on M if and only if all
components w;’s are CK under any local coordinates in the atlas of M.

Example 3.13. The differential 1-form:

__Y X
2+ dx+x2+y2

dy
is smooth on R?\ {0}, but is not smooth on RR?. O

3.2.4. Push-Forward and Pull-Back. Consider a smooth map ® : M — N be-
tween two smooth manifolds M and N. The tangent map at p denoted by (®.), is
the induced map between tangent spaces T,M and Tg(,)N. Apart from calling it the
tangent map, we often call ®, to be the push-forward by ®, since ® and ®, are both
from the space M to the space N.

The push-forward map &, takes tangent vectors on M to tangent vectors on N.
There is another induced map ®*, called the pull-back by ®, which is loosely defined as
follows:

(Q*w)(V) = w(®.V)
where w is a cotangent vector and V is a tangent vector. In order for the above to make
sense, V has to be a tangent vector on M (say at p). Then, ®.V is a tangent vector in
To(p)N. Therefore, ®*w needs to act on V and hence is a cotangent vector in TjM;
whereas w acts on @,V and so it should be a cotangent vector in T:I‘)(p)N . It is precisely
defined as follows:
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Definition 3.14 (Pull-Back of Cotangent Vectors). Let & : M — N be a smooth map
between two smooth manifolds M and N. Given any cotangent vector wg(,,) € Tg, (r) N,

the pull-back of w by ® at p denoted by (P*w) p is an element in T, M and is defined
to be the following linear functional on T, M:

(CID*w)p :Ty,M — R
(q)*w)p (Vp) = We(p) ((q’*)p(vp))

Therefore, one can think of ®* is a map which takes a cotangent vector wg,) €
T&‘)(p)N to a cotangent vector (®*w), on TyM. As it is in the opposite direction to
@ : M — N, we call ®* the pull-back whereas &, is called the push-forward.

Remark 3.15. In many situations, the points p and ®(p) are clear from the context.
Therefore, we often omit the subscripts p and ®(p) when dealing with pull-backs and
push-forwards. O

Example 3.16. Consider the map ® : R — R?\ {0} defined by:
®(6) = (cosb,sinb).
Let w be the following 1-form on R?\ {0}:

___ Y x
w = x2+y2dx+x2+y2dy'
First note that
X Y
— —
9 _82_8(C050)i+8(sin9)i__ i—{—x—
d) "0 a8 ox ' 00 oy Jox Yoy

Therefore, one can compute:
. )\ ] 8 d
e (o) = (o (ap)) = (o5 23
v (w35) ()

=1.
Therefore, ®*w = d6. O

Example 3.17. Let M := R?\{(0,0)} (equipped with polar (r,8)-coordinates) and
N = R? (with (x, y)-coordinates), and define:

®:M— N
®(r,0) := (rcos,rsinf)

One can verify that:
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Hence, we have:

We conclude:
®*dx = cosOdr — rsin0do.

O

Given a smooth map ® : M"™ — N", and local coordinates (u1,...,un,) of M
around p and local coordinates (v1,...,v,) of N around ®(p). One can compute a
local expression for ®*:

(3.4) O do' = }n 9 4
) ~ Ju;
j=1""1
where (v1,...,vy) is regarded as a function of (uy,...,u,) via the map ® : M — N.

Exercise 3.7. Prove (3.4).

Exercise 3.8. Express ®*dy in terms of dr and df in Example 3.17. Try computing
it directly and then verify that (3.4) gives the same result.

Exercise 3.9. Denote (x1,x2) the coordinates for R? and (y1,2,y3) the coordinates
for R3. Define the map @ : R? — R3 by:

D(x1, x2) = (x1%2, X2x3, X321).
Compute ®*(dy'), ®*(dy?) and ®*(dy?).

Exercise 3.10. Consider the map ® : R%\ {0} — RIP? defined by:
P(x,y,z)=[x:y:z]

Consider the local parametrization F(uy,uy) = [1 : uy : up] of RIP2. Compute
®*(du') and ®* (du?).
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3.3. Tensor Products

In Differential Geometry, tensor products are often used to produce bilinear, or in
general multilinear, maps between tangent and cotangent spaces. The first and second
fundamental forms of a regular surface, the Riemann curvature, etc. can all be
expressed using tensor notations.

3.3.1. Tensor Products in Vector Spaces. Given two vector spaces V and W,
their dual spaces V* and W* are vector spaces of all linear functionals T : V — R and
S : W — R respectively. Pick two linear functionals T € V* and S € W*, their tensor
product T ® S is a map from V x W to R defined by:

T®S:VxW-—=R
(T®S)(X,Y):=T(X)S(Y)
It is easy to verify that T ® S is bilinear, meaning that it is linear at each slot:
(T®S) (@X1+a2Xa, b1Y1 + bYs)
= a1by (T ® S)(Xq, Y1) + a2b1 (T ® S) (X2, Y1)
+ a1 (T® S)(X3,Y2) + axbr (T ® S) (X1, Ya2)

Given three vector spaces U, V, W, and linear functionals T;; € U*, Ty € V* and
Tw € W¥, one can define a triple tensor product Ty ® (Ty ® Ty ) by:

TuR(Ty @ Tw) : U x (VxW) =R
(Tu® (Tv @ Tw))(X, Y, Z) := Tu(X) (Ty © Tw)(Y, Z)
= Tu(X) Ty (Y) Tw(Z)
One check easily that (Ty ® Ty) ® Tw = Ty ® (Ty ® Ty ). Since there is no ambiguity,
we may simply write Ty ® Ty ® Tw. Inductively, given finitely many vector spaces

V1,..., Vi, and linear functions T; € V;*, we can define the tensor product T1 ® - - - @ Tj
as a k-linear map by:

T QT : Vi x---xVp, =R
(M@ @T)( Xy, ..., Xi) = T1(X1) - Te(Xx)
Given two tensor products T; ® S1: VX W - Rand T, ® S5 : VX W — R, one
can form a linear combination of them:
(MRS +u(Th®S5): VxW—=R
(a1(Th ® S1) + a2(T2 ® $2) ) (X, Y) == a1 (Th ® $1) (X, Y) + a2(T2 @ $2) (X, Y)

The tensor products T @ S with T € V* and S € W* generate a vector space. We denote
this vector space by:

V QW :=span{T®S:Te€V*and S € W*}.

Exercise 3.11. Verify that a (T® S) = (aT) ® S = T ® (aS). Therefore, we can
simply write aT ® S.

Exercise 3.12. Show that the tensor product is bilinear in a sense that:
T® (151 +a25) =TS+ T® S,

and similar for the T slot.
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Let’s take the dual basis as an example to showcase the use of tensor products.
Consider a vector space V with a basis {e;}! ;. Let {e}! | be its dual basis for V*.
Then, one can check that:

(ef ®ej)(ex, 1) = ef (e) e (er)
= 0k 0ji
_J1 ifi=kandj=1
~ |0 otherwise

n
Generally, the sum ) | Ajjef ® e;-k will act on vectors in V by:

=1
n n
Z Al] i Z K€k, Zﬁlel
ij=1 k=1 I=1
n n n
Z AjjorBi(ef @ef)(ex er) Z Ajjai 6l = Y Aoy
ijkI=1 i,j,kI=1 ki1=1

n
In other words, the sum of tensor products ) | Ajjef ® ef is the inner product on V
ij=1
represented by the matrix [Ay] with respect to the basis {e;}"" ; of V. For example,

n
when Ay = dy, then Z Ajjef ® ¢ = Y ef @ef. 1t is the usual dot product on V.
i,j=1 i=1

Exercise 3.13. Show that {e} ® e _, is a basis for V* ® V*. What is the dimen-
sion of V* @ V*?

Exercise 3.14. Suppose dimV =2. Let w € V* ® V* satisfy:
w(er,e1) =0 w(e, ) =3
w(ey,e1) =—3 w(ey,e) =0

Express w in terms of e}’s

To describe linear or multilinear map between two vector spaces V and W (where
W is not necessarily the one-dimensional space IR), one can also use tensor products.
Given a linear functional f € V* and a vector w € W, we can form a tensor f ® w,
which is regarded as a linear map f @ w : V — W defined by:

(f@w)(v) = f(v)w.

Let {e;} be a basis for V, and {f;} be a basis for W. Any linear map T : V — W
can be expressed in terms of these bases. Suppose:

— ig.
= Z Aifj.
]
Then, we claim that T can be expressed using the following tensor notations:

=) Alef ®f;
L
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Let’s verify this. Note that a linear map is determined by its action on the basis {e;}
for V. It suffices to show:

(ZA]e ®f> (ex) = T(eg).

Using the fact that:
(ef ®fj)(ex) = ej (ex)fj = ducj,

one can compute:
(Z Alet @ f) ZA] (ex)
72A5,kf 72Af =T(e

as desired.
Generally, if T1,..., T € V* and X € V, then
e --0hhoX
is regarded to be a k-linear map from V x ... x V to V, defined by:
M RN /IX:VX..xV-=>V
k
(e @heX)(Yy,...,Ys) =T1i(Y1) - Ti(Vi) X

Example 3.18. One can write the cross-product in R® using tensor notations. Think
of the cross product as a bilinear map w : R3 x R3 — RR? that takes two input vectors
u and v, and outputs the vector u x v. Let {ej, e, e3} be the standard basis in R3 (i.e.
{i,j, k}). Then one can write:
w=e] Qe Vez—e, Ve] Ve
+eyResRe; —e3Ve; Veg
+e3Re]Rey—e] VWez e

One can check that, for instance, w(eq, e;) = e3, which is exactly e; X ey = e3. O

3.3.2. Tensor Products on Smooth Manifolds. In the previous subsection we take
tensor products on a general abstract vector space V. In this course, we will mostly
deal with the case when V is the tangent or cotangent space of a smooth manifold M.

Recall that if F(uy,...,uy,) is a local parametrization of M, then there is a local
n

d
coordinate basis {E)u(p)} for the tangent space T, M at every p € M covered by F.
i j=1

N ]
The cotangent space T, M has a dual basis {duf |p}, ) defined by du; (au) = Jj; at
= i
every p € M.
Then, one can take tensor products of du'’s and a i S to express multilinear maps be-
n . .
tween tangent and cotangent spaces. For instance, the tensor product g = Z gijdul ®d,
ij=1
where g;;’s are scalar functions, means that it is a bilinear map at each point p € M
such that:

2(X,Y) = Zlg,] (du' @ du/)(X,Y) Zlgl]du ) dul (Y)
i, i,
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for any vector field X,Y € TM. In particular, we have:

9 9
8 aui'auj _gl]'

We can also express multilinear maps from T,M x T,M x T,M to T,M. For
instance, we let:

n

Z deu @dw @ du* @ — I
y ou;’
ijkI=1

Then, Rm is a mutlilinear map at each p € M such that:

Rm(X,Y,Z) Z Rijjdu' (X) dul (Y )duk(Z)g.
1

It is a trilinear map such that:

3 9 9o noo

We call g a (2,0)-tensor (meaning that it maps two vectors to a scalar), and Rm a
(3,1)-tensor (meaning that it maps three vectors to one vector). In general, we can also
define (k,0)-tensor w on M which has the general form:

n
wp = Z Wiy (p) dU't| @ --- @ du'®
igeip=1 P P

S ; ; 9 9
Here wj,;,...;, 's are scalar functions. This tensor maps the tangent vectors (a w )

to the scalar wj,;,. ;, at the corresponding point.

Like the Rm-tensor, we can also generally define (k, 1)-tensor () on M which has
the general form:

n

, . 4 9
O, = Z Q]Hm.(p)dull ®- - @du'*] @ —(p)

111 1 .
A o P p o U
where Q]- o ’s are scalar functions. This tensor maps the tangent vectors (83-' e, 33 _ >
1 Ik
to the tangent vector 2] . au at the corresponding point.

Note that these g;;, Rl- il Winiz--iy and Qél. are scalar functions locally defined on

lz...ik
the open set covered by the local parametrization F, so we can talk about whether they

are smooth or not:
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Definition 3.19 (Smooth Tensors on Manifolds). A smooth (k,0)-tensor w on M is a
k-linear map wy : TyM x ... x T,M — R at each p € M such that under any local

k
parametrization F(uy,...,u,) : U — M, it can be written in the form:

wp — Z wl]lz 1k dull ® e ® duzk
11 ..... Zk 1 p p
where w;,;,. ;. 's are smooth scalar functions locally defined on F(U/).
A smooth (k,1)-tensor () on M is a k-linear map Q) : TyM x ... x T,M — T,M at

k
each p € M such that under any local parametrization F(uy,...,u,) : U — M, it can

be written in the form:
n

- 4 ‘ Py
Qp = ] Z Qé]izmik(p) dut P®® du'k p®$(p)
i1, g, j=1 ]

where Qfl ip. i, S are smooth scalar functions locally defined on F(if).

Remark 3.20. Since T, M is finite dimensional, from Linear Algebra we know (T, M)**
is isomorphic to T, M. Therefore, a tangent vector %( p) can be regarded as a linear
functional on cotangent vectors in T; M, meaning that:

J <du]‘ ) = 5,]
p P

ou;
Under this interpretation, one can also view a (k,1)-tensor () as a (k + 1)-linear
map Qp : TyM x ... x T,M XT;M — R, which maps (dull,...,dif e ) to (V)

iqip.. i

k
However, we will not view a (k, 1)-tensor this way in this course.
Generally, we can also talk about (k,s)-tensors, which is a (k + s)-linear map
Qp: TyMx ... x M x TyMx ... x T;M — R taking (du'l,...,du', 52—, 52)

4 auh 4

k s
to a scalar. However, we seldom deal with these tensors in this course. O

Exercise 3.15. Let M be a smooth manifold with local coordinates (u1, 13). Con-
sider the tensor products:
0
Ty=du'®du* and Tp,=du'®-—.
8u2
Which of the following is well-defined?

@7 (55)

®) T» (aa)
© T (
(

(d) T»

)
)

)
50)

ouy’
&
uy
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Exercise 3.16. let M be a smooth manifold with local coordinates (uq, ug). The
linear map T : T,M — T, M satisfies:

(2\_2 2
ou; ) oup  Oup

r( )29 _29
dup ) oup Oup’
Express T using tensor products.

One advantage of using tensor notations, instead of using matrices, to denote a
multilinear map between tangent or cotangent spaces is that one can figure out the
conversion rule between local coordinate systems easily (when compared to using
matrices)

Example 3.21. Consider the extended complex plane M := C U {o0} defined in Exam-
ple 2.12. We cover M by two local parametrizations:

FI:RZ->CcM Fp: R? = (C\{0})U {0} c M

(xy) = x+yi (u,v) —

U+ vi

The transition maps on the overlap are given by:

_p-1 _ X ¥
(u,v) =F, oF1(x,y) = (x2+y2'_x2+y2)
1 u (Y
(x,y) =F oFa(u,0) = <u2+02'_u2+02>

Consider the (2,0)-tensor w defined using local coordinates (x,y) by:
w=e ) dx @ dy.

Using the chain rule, we can express dx and dy in terms of du and dv:

iy — d u (w2 +v?)du — u(2udu + 2vdo)

o\ +2) (u? +0v2)?
v? — u? 2uv
(u? +v2)2 ! (u? 4 02)2 ¢
by — d v _ (¥* +0*)do — v(2udu + 20 dv)
y= 2ro2) (2 + 02)2

2uv 02— u?

T 2022 i+ (u?+ UZ)ZdU

Therefore, we get:
2uv(u? — v?)
2

_ (12 — 0?)?

du®@du + ———=17

(u? +v2)* (u2 +02)4

4u’v? 2uv(u? — v?)

_ MY pedy s 2O Y
(21 optt Ot T Ty

dx ® dy = du ® dv
dv ® dv

Recall that w = e~ (4 dx ® dy, and in terms of (u,v), we have:

1
ef(szryZ) —e 242,
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Hence, in terms of (u,v), w is expressed as:
L (2uo(u® — v?) (u? — v?)?

v {Mdu(@du—kwdu@dv
duv? 2uv(u? — v?)

(u?+ 02)4dv wdut (u? 4 v2)4

w = 37 uZ 02

+ dv@dv}

O

Exercise 3.17. Consider the extended complex plane C U {co} as in Example 3.21,
and the (1, 1)-tensor of the form:

Q= @) gr i
9y

Express ) in terms of (u,v).

Generally, if (u1,...,u,) and (v, ...,v,) are two overlapping local coordinates on
a smooth manifold M, then given a (2,0)-tensor:

g =Y gdu' @du
ij
written using the u;’s coordinates, one can convert it to v,’s coordinates by the chain
rule:

. . ou: 8u/
= Zgi]'du’ Qdu = Zgl-]- (; ay[idv“) ® <2 ayﬁdvﬁ)
1,] L] ;B
us
=) Zgij%ﬁ do* @ doP
Py U 0Vg

ij
Exercise 3.18. Given that u;’s and v,’s are overlapping local coordinates of a

smooth manifold M. Using these coordinates, one can express the following
(3,1)-tensor in two ways:

. . 9 ~ d
- L a4t ] ke 2 — 7 ® B Y )
Rm ijZk:ZRdeu QR du ® du ®8u1 M;Z;'UR'XMEIU ® doP ® dov ®avr]

Express Rﬁ'jk in terms of RZM’S.

Exercise 3.19. Given that u;’s and v,’s are overlapping local coordinates of a
smooth manifold M. Suppose g and h are two (2,0)-tensors expressed in terms of
local coordinates as:

g=Y gidu' @dw =Y Zopdv" ® doP
ij w,p

h=Y hjdu' @dw =Y hypdo® @ doP.
i,j B

Let G be the matrix with g;; as its (i, j)-th entry, and let g be the (i, j)-th entry of
G~!. Similarly, define g*f to be the inverse of Sup- Show that:

Y g*hjdu' @ du =Y §*h. g dv® @ doP.

] wp
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3.4. Wedge Products

Recall that in Multivariable Calculus, the cross product plays a crucial role in many
aspects. It is a bilinear map which takes two vectors to one vectors, and so it is a
(2,1)-tensor on R3.

Also, there is no doubt that determinant is another important quantity in Multi-
variable Calculus and Linear Algebra. Using tensor languages, an n x n determinant
can be regarded as a n-linear map taking n vectors in IR" to a scalar. For instance, for
the 2 x 2 case, one can view:

a b
det

as a bilinear map taking vectors (a,b) and (c,d) in IR? to a number ad — bc. Therefore,
it is a (2,0)-tensor on R?; and generally for n x n, the determinant is an (1, 0)-tensor
on R".

Both the cross product in R? and determinant (1 x 1 in general) are alternating, in
a sense that interchanging any pair of inputs will give a negative sign for the output.

For the cross product, we have a X b = —b X a; and for the determinant, switching any
pair of rows will give a negative sign:

a bl _ b a

c d| |d c|’

In the previous section we have seen how to express k-linear maps over tangent
vectors using tensor notations. To deal with the above alternating tensors, it is more
elegant and concise to use alternating tensors, or wedge products that we are going to
learn in this section.

3.4.1. Wedge Product on Vector Spaces. Let’s start from the easiest case. Sup-
pose V is a finite dimensional vector space and V* is the dual space of V. Given any
two elements T, S € V*, the tensor product T ® S is a map given by:

(T®S)(X,Y)=T(X)S(Y)
1f)or any X,Y € V. The wedge product T A'S, where T,S € V*, is a bilinear map defined
g TAS:=T®S-5®T
meaning that for any X,Y € V, we have:
(TAS)(X,Y)=(T®S)(X,Y)—(S®T)(X,Y)
= T(X)S(Y) = S(X) T(Y)
It is easy to note that TAS = =S AT.

Take the cross product in R3 as an example. Write the cross product as a bilinear
map w(a,b) :=a x b. Itis a (2,1)-tensor on R? which can be represented as:

w=e]®e;Vez—e;RVe] Ve3
+e;Rey e —ezRe; Qe
+eiRel ey —e] e Qe
Now using the wedge product notations, we can express w as:
w=(e]Ne;) @es+ (3 \e3) @er + (3 M\ e)) @ e

which is a half shorter than using tensor products alone.
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Now given three elements T;, Tp, T3 € V*, one can also form a triple wedge product
Ty A Ty A T3 which is a (3,0)-tensor so that switching any pair of T; and T; (with i # j)
will give a negative sign. For instance:
TlATz/\ng—Tz/\Tl/\Tg and T1AT2/\T3:—T3/\T2AT1.
It can be defined in a precise way as:
TTALAT; =TT LT3—T1 T3 T,
+LheGeTh -HeThheT;
+THTTRT, —T3 T, ®T;

Exercise 3.20. Verify that the above definition of triple wedge product will result
inTHh ANTp, N T3 = —-T3 AT, A Tq.

Exercise 3.21. Propose the definition of T7 A T; A T3 A T;. Do this exercise before
reading ahead.

We can also define T; A T; A T3 in a more systematic (yet equivalent) way using
symmetric groups. Let S3 be the permutation group of {1,2,3}. An element o € Sz is a
bijective map ¢ : {1,2,3} — {1,2,3}. For instance, a map satisfying c(1) =2, 0(2) =3
and ¢(3) = 1 is an example of an element in S3. We can express this ¢ by:

1 2 3 .
(2 3 1) or simply:  (123)

A map T € S3 given by 7(1) =2, 7(2) = 1 and 7(3) = 3 can be expressed as:

1 2 3 .
<2 1 3> or simply:  (12)

This element, which switches two of the elements in {1,2,3} and fixes the other one, is
called a transposition.

Multiplication of two elements 01,0, € S3 is defined by composition. Precisely,
0107 is the composition 07 o 0». Note that this means the elements {1,2,3} are input
into o7 first, and then into ¢y. In general, 0909 # 0207. One can check easily that, for
instance, we have:

(12)(23) = (123)
(23)(12) = (132)

Elements in the permutation group S, of n elements (usually denoted by {1,2,...,n})
can be represented and mutliplied in a similar way.

Exercise 3.22. Convince yourself that in S5, we have:
(12345)(31) = (32)(145) = (32)(15)(14)

The above exercise shows that we can decompose (12345)(31) into a product of
three transpositions (32), (15) and (14). In fact, any element in S, can be decomposed
this way. Here we state a standard theorem in elementary group theory:

Theorem 3.22. Every element o € S, can be expressed as a product of transpositions:
0 =TT...T. Such a decomposition is not unique. However, if c = 71Ty . . . Ty is another
decomposition of o into transpositions, then we have (—1)F = (—1)".

Proof. Consult any standard textbook on Abstract Algebra. O
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In view of Theorem 3.22, given an element ¢ € S, which can be decomposed into
the product of r transpositions, we define:

sgn(o) := (—1)".
For instance, sgn(12345) = (—1)3 = —1, and sgn(123) = (—1)? = 1. Certainly, if T is a
transposition, we have sgn(ct) = —sgn(0).
Now we are ready to state an equivalent way to define triple wedge product using
the above notations:

TIANT, NT3 := Z Sgn(U)Tg(l) & Tg(z) & T0(3).

0ES;

We can verify that it gives the same expression as before:

Y sgn(0)Ty) @ Tya) @ T3

0ES3

=T"heLheT;s c=id
-~ LT VT3 o= (12)
- TeTheh o= (13)
— T3, o =(23)
tLeTsoT o = (123) = (13)(12)
TTeT T o= (132) = (12)(13)

In general, we define:

Definition 3.23 (Wedge Product). Let V be a finite dimensional vector space, and V*
be the dual space of V. Then, given any T, ..., Ty € V*, we define their k-th wedge
product by:
TyN-- - NTy = Z sgn(o) Tg(l) ®"'®Ta(k)
TESK
where S; is the permutation group of {1,...,k}. The vector space spanned by
Ty A--- ANTi's (where Ty, ..., Ty € V*) is denoted by NV,

Remark 3.24. It is a convention to define A°V* := R. O

If we switch any pair of the T;’s, then the wedge product differs by a minus
sign. To show this, let T € Si be a transposition, then for any o € S, we have
sgn(ooT) = —sgn(c). Therefore, we get:

TT(l) VANRIRWAN TT(k) = 2 Sgl’l(U’)Tg(T(l)) ®...8 TO’(T(k))

oEeSk
== Z sgn(c o T)Toor(l) ®...® Taor(k)
U’ESk
==Y sgn(0) Ty ® ... @ Tppr (where ¢/ := o 1)
UESk
=-—Ti AN ANTt.

The last step follows from the fact that o o o T is a bijection between Sy and itself.

Exercise 3.23. Write down T7 A T, A T3 A Ty explicitly in terms of tensor products
(with no wedge and summation sign).
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Exercise 3.24. Show that dim AfV* = CZ, when n = dimV and 0 < k < n, by
writing a basis for AKV*. Show also that AKV* = {0} if k > dim V.

Exercise 3.25. Let {e;}! ; be a basis for a vector space V, and {e/}" ; be the
corresponding dual basis for V*. Show that:

&3 43 — A e
(ei1 ARRENA eik) (eh" 20 ’efk> = ‘511]1 51k]k'

Remark 3.25. The vector space AXV* is spanned by Ty A - - - A Ty's where Ty, ..., Ty € V*.
Note that not all elements in V* can be expressed in the form of T; A --- A T. For
instance when V = R* with standard basis {e;}%_;, the element ¢ = e A e} + e} Ae} €
A2V* cannot be written in the form of T; A T» where Ty, T, € V*. It is because
(i AT)) N(Ty ATp) =0forany Ty, T, € V*, while o Ao =2ej Aes Nej Aej #0. O

In the above remark, we take the wedge product between elements in A2V*. It is
defined in a natural way that for any Ty,... Ty, S1,...,S, € V¥, we have:
(TiA- - ATON(SIA-AS)=T1 A AT AST A+ A S,

% ENTVH eNkFry=

and extended linearly to other elements in ARV* and ATV*. For instance, we have:
(Tl/\Tz—l-Sl/\Sz)/\ c =T1ANTh,ANc+51A\S;Ao.

EAZV et enkt2y

While it is true that Ty AT, = =T, A Ty for any Ty, T, € V*, it is generally not true
that o Ay = —5 A where 0 € AKV* and 5 € A"V*. For instance, let Ty,...,Ts € V*
and consider o = T7; A T and # = T3 A Ty A Ts. Then we can see that:

oA =TT NTo NTz3 ATy AN Ts
=-—TIANT3ANTLANTs N'T, (switching T, subsequently with T3, Ty, T5)
=T3AT,ANTs AT AT, (switching T; subsequently with T3, Ty, T5)
=nANo0.

Proposition 3.26. Let V be a finite dimensional vector space, and V* be the dual space of V.
Given any o € AKV* and 7 € N'V*, we have:

(3.5) cAn=(-Dyno.
Clearly from (3.5), any w € ASV"V* commutes with any o € AFV*,

Proof. By linearity, it suffices to prove that case c = T1 A---ATrand 5 = Sy A--- A5,
where T;, S; € V*, in which we have:

CAR=TyA--ATgAS{A---AS,

In order to switch all the T;’s with the S;’s, we can first switch Ty subsequently with
each of 51,..., S, and each switching contributes to a factor of (—1). Precisely, we have:

YN ATeASIA - AS, = (-1)Ty AN ATp_1 ASTA - ASp A T

By repeating this sequence of switching on each of T;_4, Tx_», etc., we get a factor of
(—1)" for each set of switching, and so we finally get the following as desired:

TyA - ATeASIAAS =[(=1)FS1 A AS,ATIA -+ ATy
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From Exercise 3.24, we know that dim A"V* = 1 if n = dim V. In fact, every
element ¢ € dim A"V* is a constant multiple of e] A - - - A e}, and it is interesting (and
important) to note that this constant multiple is related to a determinant! Precisely, for
eachi =1,...,n, we consider the elements:

Z al]e ev*

where a;; are real constants. Then, the wedge product of all w;’s are given by:

(Z al]l ]1) (Z az]Z ]2) (2 an]” ]n>
=1 J2=1 jn=1

= Z a1j, A2j, - - a”]ne ARRRNAN }kn
J1se-sjn distinct

= ) Me(1)820(2) - - - Ao (m)€r(1) N Aoy

Wi A Awy

oEeSy,
Next we want to find a relation between e* (1) A e:;(n) andej A---Aej,. 0 €Sy, by
decomposing it into transpositions ¢ = 13 o - - - o T}, then we have:
&) N ANy = Eqonon (1) N AN oo (n)
j— *
- ( 1) €001 (1) ARREEA €001 (n)

= (Do) A A o og ()

D eq @y A A

Therefore, we have:

Wi A Nwy = ( Z sgn(a)ala(l)azg(z) .. 'amr(n)> ef A+ Aep.

oeS,
Note that the sum:
2 Sgn(a)ala(l)aza(z) < Apg(n)
eSS,
is exactly the determinant of the matrix A whose (i, j)-th entry is a;;. To summarize,
let’s state it as a proposition:

Proposition 3.27. Let V* be the dual space of a vector space V of dimension n, and let
{ei}I_; be a basis for V, and {e} }!_, be the corresponding dual basis for V*. Given any n
n
elements w; = Zi ai]«e;f € V*, we have:
]:
Wi A ANwy, = (detA) e] A--- Aep,

where A is the n X n matrix whose (i, j)-th entry is a;j.
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Exercise 3.26. Given an n-dimensional vector space V. Show that wy, ..., w, € V*
are linearly independent if and only if wy A - -+ A wy, # 0.

Exercise 3.27. Generalize Proposition 3.27. Precisely, now given
n
w; = Zai]-e}k ev*
j=1

where 1 <7 <k < dimV, express wi A -+ - A wy in terms of e’s.

Exercise 3.28. Regard det : R” x R” — R as a multilinear map:

det(vy,...,vp) = |v1 -+ Vvyul.
| |

Denote {e;} the standard basis for R”. Show that:
det=el A---Aej.

3.4.2. Differential Forms on Smooth Manifolds. In the simplest term, differential
forms on a smooth manifold are wedge products of cotangent vectors in T*M. At each
point p € M, let (uy,...,uy) be the local coordinates near p, then the cotangent space

T; M is spanned by {dul oo, du” |p , and a smooth differential 1-form « is a map

p 7
from M to T*M such that it can be locally expressed as:

)

where «; are smooth functions locally defined near p. Since the based point p can
usually be understood from the context, we usually denote a by simply:

a(p) = (p, lezxi(p) du

Since T;; M is a finite dimensional vector space, we can consider the wedge products
of its elements. A differential k-form w on a smooth manifold M is a map which assigns
each point p € M to an element in AF T, M. Precisely:

Definition 3.28 (Smooth Differential k-Forms). Let M be a smooth manifold. A smooth
differential k-form w on M is a map wy : TyM X ... x TyM — R at each p € M such

k times
that under any local parametrization F(uy,...,u,) : U — M, it can be written in the

form: ;
w = Z Wiyiy-eiy dut A - A du'
it edp=1
where wj ;, ;s are smooth scalar functions locally defined in F(U ), and they are
commonly called the local components of w. The vector space of all smooth differential
k-forms on M is denoted by AKT*M.

Remark 3.29. It is a convention to denote AOT* M := C*®(M, R), the vector space of all
smooth scalar functions defined on M. O
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We will mostly deal with differential k-forms that are smooth. Therefore, we will
very often call a smooth differential k-form simply by a differential k-form, or even simpler,
a k-form. As we will see in the next section, the language of differential forms will unify
and generalize the curl, grad and div in Multivariable Calculus and Physics courses.

From algebraic viewpoint, the manipulations of differential k-forms on a manifold
are similar to those for wedge products of a finite-dimensional vector space. The major
difference is a manifold is usually covered by more than one local parametrizations,
hence there are conversion rules for differential k-forms from one local coordinate
system to another.

Example 3.30. Consider R? with (x,y) and (r,8) as its two local coordinates. Given a
2-form w = dx A dy, for instance, we can express it in terms of the polar coordinates
(r,0):

_ox d

x
dx—§dr+£d9

= (cos8) dr — (rsinf) df

dy = 3—‘1}{ dr + ?)% dae
= (sin ) dr + (r cos 6) d6
Therefore, using dr Adr = 0 and d60 A d0 = 0, we get:
dx Ady = (rcos? 0)dr Adf — (rsin®)dé A dr
= (rcos? 6 +rsin®0) dr A do
=rdr Ade.

Exercise 3.29. Define a 2-form on R by:
w=xdyNdz+ydzNdx +zdx \dy.
Express w in terms of spherical coordinates (p, 6, ¢), defined by:

(x,y,2z) = (psingcos b, psin ¢ sinb, p cos ¢).

Exercise 3.30. Let w be the 2-form on R?" given by:
w=dx' Ndx® +dx3 Adxt + .+ AP A de*

Compute w A - - - A w.
N—_———

n times

Exercise 3.31. Let (uy,...,uy,) and (v, ..., v,) be two local coordinates of a smooth
manifold M. Show that:

dul A - Adu :detw
d(v1,...,0n)
Exercise 3.32. Show that on R?, a (2,0)-tensor T is in A?(R?)* if and only if
T(v,v) = 0 for any v € R5.
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3.5. Exterior Derivatives

Exterior differentiation is an important operations on differential forms. It not only
generalizes and unifies the curl, grad, div operators in Multivariable Calculus and
Physics, but also leads to the development of de Rham cohomology to be discussed in
Chapter 5.

3.5.1. Definition of Exterior Derivatives. Exterior differentiation, commonly de-
noted by the symbol d, takes a k-form to a (k + 1)-form. To begin, let’s define it on
scalar functions first. Suppose (u,...,u,) are local coordinates of M", then given any
smooth scalar function f € C*(M, R), we define:

v Of
(3.6) df = ; Su;

Although (3.6) involves local coordinates, it can be easily shown that df is independent
of local coordinates. Suppose (v1,...,v,) is another local coordinates of M which
overlap with (u1,...,uy). By the chain rule, we have:

Z of Jdog
aul 1 duk ou;
dok = Z a”" ‘du

which combine to give:
af i__ af Jv i
Zauld ;kzav au; Za kd”
Therefore, if f is smooth on M then df is a smooth 1-form on M. The components of
df are %’s, and so df is analogous to V f in Multivariable Calculus. Note that as long
as f is C* just in an open set &/ C M, we can also define df locally on U since (3.6) is a
local expression.

Exterior derivatives can also be defined on differential forms of higher degrees. Let
« € AN'T*M, which can be locally written as:

n
a = 2 w; du'
i=1

where «;’s are smooth functions locally defined in a local coordinate chart. Then, we
define:

ow;
3.7) da —Zdtxl/\du —Zzauzd]/\du
i=1 i=1j=1""]
Using the fact that du/ A du' = —du' Adu/ and du’ A du’ = 0, we can also express da as:

. o . .
da = Z (80(1 — zx]> du Adu'.
1<joicn \OUj Ol
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Example 3.31. Take M = IR? as an example, and let (x,y,z) be the (usual) coordinates
of R3, then given any 1-form & = Pdx + Qdy + Rdz (which is analogous to the vector
field Pi + Qj + Rk), we have:

de =dP Ndx+dQ Ady+dR Adz
(an —l—apdy—i-apd)/\dx—i—( Qd +8Qdy+de>/\dy

ox ay ) ox ay )
+ (aRd +8Rdy+aRdz) Ndz
9 %
a—Pcly/\alaﬂ—a—alz/\abﬂ—a—de/\aly+a—de/\dy
ay oz ox
oR oR
+ ng/\dZ‘F@dy/\dZ
_[(9Q 0P oR oP oR 9Q
_<8x ay) dx A dy (ax 5 )d A dx +(8y 8) dy Ndz
which is analogous to V x (Pi+ Qj + Rk) by declaring the correspondence {i, j, k} with
{dy Ndz,dz Ndx,dx A dy}. O

One can check that the definition of da stated in (3.7) is independent of local
coordinates. On general k-forms, the exterior derivatives are defined in a similar way
as:

Definition 3.32 (Exterior Derivatives). Let M" be a smooth manifold and (u, ..., uy)
be local coordinates on M. Given any (smooth) k-form

n
w = Z w]l]k dut N A du]k’
Jirejk=1
we define:
n . .
(3.8) dw:= Y dwj..j Adwt AN dudk
Jire =1
n n aw . . .
— Z Zﬂdul/\duh/\.../\du]k
. Y = u;
Jioe Jg=1i=1
In particular, if w is an n-form (where n = dim V), we have dw = 0.

Exercise 3.33. Show that dw defined as in (3.8) does not depend on the choice of
local coordinates.

Example 3.33. Consider R? equipped with polar coordinates (r,0). Consider the
1-form:

w = (rsin @) dr.
Then, we have

dw = Mdr/\dr—kwdﬂ/\dr
or 00
=0+ (rcos0)dd Ndr
—(rcos@)dr A db.
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Exercise 3.34. Let w = Fy dy Adz + Fdz A dx + F3dx A dy be a smooth 2-form on
R3. Compute dw. What operator in Multivariable Calculus is the d analogous to
in this case?

Exercise 3.35. Let w, 7,0 be the following differential forms on R3:

w=xdx—y,dy
n=zdx ANdy+xdyNdz
0 =zdy

Compute: w Ay, w Ay A0, dw, dy and d6.

3.5.2. Properties of Exterior Derivatives. The exterior differentiation d can hence
be regarded as a chain of maps:
AT M -5 AT M L 2T M D L AT L AT ML
Here we abuse the use of the symbol d a little bit — we use the same symbol 4 for all

the maps A\FT*M 4y AMF1T*M in the chain. The following properties about exterior
differentiation are not difficult to prove:

Proposition 3.34. For any k-forms w and 1, and any smooth scalar function f, we have the
following:

(1) d(w+1n) =dw+dy

(2) d(fw) =df Nw+ fdw

Proof. (1) is easy to prove (left as an exercise for readers). To prove (2), we consider

local coordinates (uq,...,u,) and let w = Z Wiy, dut A+ Aduk. Then, we
Jurejk=1
have:
n nog )
d(fw) = ‘ 2 Z " (fwj,.. ]k)du Adult A - A dude
Jlreoje=1i=1""1
n n
= ) af +f TOne ) dugi At A - A dude
a Wi ji ou:
jlr-“/jk:l i=1 !

n af i n ) )
= a—du’ A Z Wiy ooy dut A\ - A dulk
=1 Ui jl, Je=1

+f Z E h ]kdu Adult A - A dudk
Jireje=li=

as desired. O

Identity (2) in Proposition 3.34 can be regarded as a kind of product rule. Given a
k-form « and a r-form B, the general product rule for exterior derivative is stated as:

Proposition 3.35. Let & € NT*M and B € N'T*M be smooth differential forms on M,
then we have:
daAB) =da AB+ (—1)*andp.
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Exercise 3.36. Prove Proposition 3.35. Based on your proof, explain briefly why
the product rule does not involve any factor of (—1)".

Exercise 3.37. Given three differential forms «, f and < such thatda =0, dp =0
and dvy = 0. Show that:

d(@ABAy)=0.

An crucial property of exterior derivatives is that the composition is zero. For
instance, given a smooth scalar function f(x,y,z) defined on R3, we have:

af = fdx+ fdy+ fd

Taking exterior derivative one more time, we get:

(0 of 9 of 0 of
al(df)—<axa dx +ayaxdy+a o dz)/\dx

+ (e @+ oy y 0 33y s) My
+<aang ”aaygf i+ 55 )Adz
:<aig_{;_ai/g£> dx/\dy+(;zgi—£cg£) dz \Ndx

Since partial derivatives commute, we get d(df) = 0, or in short d>f = 0, for any scalar
function f. The fact that d*> = 0 is generally true on smooth differential forms, not only
for scalar functions. Precisely, we have:

Proposition 3.36. Let w be a smooth k-form defined on a smooth manifold M, then we have:
w = d(dw) = 0.

Proof. Let w = Z Wiy dult A -+ A duk, then:

Jirerjk=1
n n 8w- . i i .
dw = e gyt A duit A A dudk,
L Y,
Jioejx=1i=1 !
Pw = i imdui/\duh/\...Adujk
i1 je=1i=1 aui

= Z ZZ 5 g]"du Adul Adult A - A dudk
jrge=1i=11=1 W19

For each fixed k-tuple (ji, ..., ji), the term 1;1 W du' A du' can be rewritten as:

2
Z 9 Wieji 0* Wik dul A du
1<iZi<n ou;0u; ou;ou;

which is zero since partial derivatives commute. It concludes that d2w = 0. O
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Proposition 3.36 is a important fact that leads to the development of de Rham
cohomology in Chapter 5.

In Multivariable Calculus, we learned that given a vector field F = Pi+ Qj + Rk
and a scalar function f, we have:
VxVf=0
V- (VxF)=0
These two formulae can be unified using the language of differential forms. The
one-form df corresponds to the vector field V f:

_ U e g
af = axdx+8ydy+azdz

oL
Vf—axl-i—ayj-i—azk

Define a one-form w = Pdx 4+ Qdy + Rdz on R3, which corresponds to the vector field
F, then we have discussed that dw corresponds to taking curl of F:

_(9Q 9P _(9R 9P 9R _9Q
dw-(ax 8y> dx Ndy <8x az>dz/\dx+<ay aZ>dy/\dz

_(0Q 0P dR JPY . oR 0Q).
v (Gw)e (G oE)e (R

If one takes w = df, and F = V£, then we have dw = d(df) = 0, which corresponds to
the fact that V x G = V x Vf = 0 in Multivariable Calculus.

Taking exterior derivative on a two-form § = Ady Adz + Bdz Adx + Cdx A dy
corresponds to taking the divergence on the vector field G = Ai + Bj + Ck according to
Exercise 3.34:

0A 9B dC
dﬁ— (8x+8y+82> dX/\dyAdZ
0A 0B dC
G=[=4+2Z 4=
v (ax + oy + az>
By taking B = dw, and G = V X F, then we have df = d(dw) = 0 corresponding to
V-G = V- (V xF) =0 in Multivariable Calculus.

Here is a summary of the correspondences:

Differential Form on R3 Multivariable Calculus
F5,,2) F5,9,2)
w=Pdx+Qdy+ Rdz F=Pi+Qj+ Rk
B=AdyNdz+BdzANdx+Cdx Ndy G = Ai+ Bj+Ck
af Vf
dw V X F
ap V-G
d?f=0 VxVf=0
d?w =0 V- (VxF)=0

3.5.3. Exact and Closed Forms. In Multivariable Calculus, we discussed various
concepts of vector fields including potential functions, conservative vector fields,
solenoidal vector fields, curl-less and divergence-less vector fields, etc. All these
concepts can be unified using the language of differential forms.

As a reminder, a conservative vector field F is one that can be expressed as F = V f
where f is a scalar function. It is equivalent to saying that the 1-form w can be
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expressed as w = df. Moreover, a solenoidal vector field G is one that can be expressed
as G = V x F for some vector field F. It is equivalent to saying that the 2-form § can
be expressed as f = dw for some 1-form w.

Likewise, a curl-less vector field F (i.e. V x F = 0) corresponds to a 1-form w
satisfying dw = 0; and a divergence-less vector field G (i.e. V - G = 0) corresponds to a
2-form B satisfying dp = 0.

In view of the above correspondence, we introduce two terminologies for differen-
tial forms, namely exact-ness and closed-ness:

Definition 3.37 (Exact and Closed Forms). Let w be a smooth k-form defined on a
smooth manifold M, then we say:

e w is exact if there exists a (k — 1)-form 7 defined on M such that w = dy;
e w is closed if dw = 0.

Remark 3.38. By the fact that d*> = 0 (Proposition 3.36), it is clear that every exact form
is a closed form (but not vice versa). O

The list below showcases the corresponding concepts of exact/closed forms in
Multivariable Calculus.

Differential Form on RR® Multivariable Calculus

exact 1-form conservative vector field
closed 1-form curl-less vector field
exact 2-form solenoidal vector field
closed 2-form divergence-less vector field

Example 3.39. On RR3, the 1-form:
x =yzdx +zxdy + xydz

is exact since & = df where f(x,y,z) = xyz. By Proposition 3.36, we immediately get
da =d(df) =0, s0 a is a closed form. One can also verify this directly:

da = (zdy +ydz) Ndx + (zdx + xdz) Ady + (ydx + xdy) ANdz
=(z—z)dxANdy+ (y—y)dzANdx+ (x —x)dy ANdz = 0.

Example 3.40. The 1-form:

— y x
o= oy dx + PR dy

defined on R?\{(0,0)} is closed:

0 Yy 0 x
dzxay< x2+y2) dy/\dx-l—ax<x2_'_y2> dXAdy

2 _ .2
Yy =X

————=dx ANd
(2422

2,2
Yo —x
= S——=dyANdx+
2+ 22
=0
as dx A dy = —dy A dx. However, we will later see that « is not exact.

Note that even though we have & = df where f(x,y) = tan™* %, such an f is NOT

smooth on R?\{(0,0)}. In order to claim & is exact, we require such an f to be smooth
on the domain of «. O
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Exercise 3.38. Consider the forms w, 1 and 6 on R3 defined in Exercise 3.35.
Determine whether each of them is closed and/or exact on R3.

Exercise 3.39. The purpose of this exercise is to show that any closed 1-form w on
R® must be exact. Let

w=P(x,y,z)dx+ Q(x,y,z)dy + R(x,y,z) dz
be a closed 1-form on R3. Define f : R®> — R by:

=
fey2) = [ (Pt ty, 12) + yQUtx, ty, 2) + 2R (tx, ty, 12)) dt
t=0
Show that w = df. Point out exactly where you have used the fact that dw = 0.

3.5.4. Pull-Back of Tensors. Let’s first begin by reviewing the push-forward and
pull-back of tangent and cotangent vectors. Given a smooth map ® : M — N between
two smooth manifolds M™ and N", its tangent map P, takes a tangent vector in
TpM to a tangent vector in Tq)(p)N. If we let F(uq,...,uy) be local coordinates of M,

G(v1,...,v,) be local coordinates of N and express the map & locally as:

(Ul,...,Un) :G_lquOF(ul,...,um),

then @, acts on the basis vectors {8(1} by:
i

o, (2)=2_y%o
* aui au,‘ ].aul' aU]

The tangent map ®. is also commonly called the push-forward map. It is important to
note that the v;’s in the partial derivatves TZ can sometimes cause confusion if we talk

about the push-forwards of two different smooth maps®: M —+ Nand ¥: M — N.
Even with the same input (i1, ..., uy), the output ®(uy, ..., uy) and ¥(uy, ..., u,) are
generally different and have different v;-coordinates. To avoid this confusion, it is best

to write:
P (auz> B Z du;  Jv;
j ]
¥ <3ul> 7; du;  0v;

Here each v; in the partial derivatives TZ]‘ are considered to be a locally defined function

taking a point p € N to its vj-coordinate.

For cotangent vectors (i.e. 1-forms), we talk about pull-back instead. According to
Definition 3.14, ®* takes a cotangent vector in T&;(p)N to a cotangent vector in Ty M,

defined as follows:
®*(dv')(X) = dv' (®.X) for any X € T,M.
In terms of local coordinates, it is given by:
; (v o®) , .
* (A 1 j
d* (do') ]Ziauj dul.
The pull-back action by a smooth ® : M — N between manifolds can be extended
to (k,0)-tensors (and hence to differential forms):
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Definition 3.41 (Pull-Back on (k,0)-Tensors). Let ® : M — N be a smooth map
between two smooth manifolds. Given T a smooth (k,0)-tensor on N, then we define:

(qD*T)p (Xl,. -'/Xk) = T‘P(p) (q)*(Xl),,qD*(Xk)) for any X1, .- -/Xk € TpM

Remark 3.42. An equivalent way to state the definition is as follows: let Ty, ... Ty € TN
be 1-forms on N, then we define:

(1@ @T) = (') @+ @ (PTi).

O
Remark 3.43. It is easy to verify that ®* is linear, in a sense that:
®*(aT +bS) = ad*T + bd*S
for any (k,0)-tensors T and S, and scalars a and b. O

Example 3.44. Let’s start with an example on R?. Let ® : R? — R® be a map defined
by:

D(x1,x7) = (exlﬂz,sin(x%xz),xl) :

To avoid confusion, we use (x1,x7) to label the coordinates of the domain R?, and use
(y1,Y2,y3) to denote the coordinates of the codomain IR®. Then, we have:

o () o (o) - (32

— ay! (W 9 (ypo®) 3 A(yz0®) a>

8x1 8y1 ax1 ayz axl ay3
a (]/l (e} q)) a

= L = —p¢

X1+x2 exl +x2
8x1 8x1

Similarly, we have:

d a(yl @) CD) 0
* 1 I — 2 oxitxp L xtxp
@ (dy ) (BJQ) aJCQ axze ¢ '

Therefore, ®*(dy') = eX1t¥2dx! 4 eM1+%24dx? = e"17%2(dx! + dx?). We leave it as an
exercise for readers to verify that:

®*(dy?) = 2x1x3 cos(x3xp) dx! + x% cos(x3x7) dx®
O (dy®) = dx?
Let f(y1,Y2,y3) be a scalar function on IR?, and consider the (2,0)-tensor on R3:
T = f(y1,y2,y3) dy' @ dy’
The pull-back of T by & is given by:
T = f(y1,y2,y3) ®*(dy') © @ (dy?)
= f(®(x1,x2)) (e"ﬁ"z (dx! + dx2)) ® (lexz cos(x3xp) dx! + x% cos(x3x7) dxz)

The purpose of writing f(y1,v2,y3) as f(P(x1,x2)) is to leave the final expression in
terms of functions and tensors in (x, x2)-coordinates. g

Example 3.45. Let ¥ be a regular surface in R®. The standard dot product in R3 is
given by the following (2, 0)-tensor:

w=dx@dx+dyQdy +dz @ dz.
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Consider the inclusion map ¢ : & — R3. Although the input and output are the same
under the map ¢, the cotangents dx and /*(dx) are different! The former is a cotangent
vector on R3, while *(dx) is a cotangent vector on the surface Z. If (x,y,z) = F(u,0)
is a local parametrization of %, then /*(dx) should be in terms of du and dv, but not dx,
dy and dz. Precisely, we have:

l <aF) & AUoF) _oF

ou)  ou’  du  ou

\ IF\ OF\\ _, [oF

() () - (3)
_ dx 0 dyd 0z 0
dx<auax+8uay+auaz)

Similarly, we also have /*(dx) (?95) = g—i, and hence:

f(dx) = g—z du + g—z do.

As a result, we have:

Fw = 1"(dx) @ " (dx) + " (dy) @ " (dy)" (dz) @ 1" (dz)
= (axdu—l—axdv> ® <axdu+axdv)
u v u v
+ a—ydu+a—ydv ® a—ydu—i—a—ydv
Ju v u v
+ (azdu+azdv> ® (azdu—l—azdv) .
u v u v

After expansion and simplification, one will get:

. oF oF oF oF oF oF oF oF
Ffw= E-Edu@)du—l-@ . %du®dv+% . £d0®du+ e %dm@dv,
which is the first fundamental form in Differential Geometry. O

Exercise 3.40. Let the unit sphere S? be locally parametrized by spherical coordi-
nates (6, ¢). Consider the (2,0)-tensor on R®:

w=xdy®dz
Express the pull-back (*w in terms of (6, ¢).

One can derive a general formula (which you do not need to remember in practice)
for the local expression of pull-backs. Consider local coordinates {u;} for M and {v;}
for N, and write (vy,...,v,) = ©(uy,...,uy) and

T = Z Tiy.ip (01, -+, On) dv'' @ - - ® do'*.
' 1
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The pull-back ®*T then has the following local expression:

n . .
(B9 ®T= Y Ty.(v1,...,00) P (d0")® - @P*(do')

i] ,e .,lk:l

_ Y T. (P - 807,1 duh . - % duk
= Y T (®ur,..um)) | ) 5 ®---@| ) 5 T
i1, =1 jlil J1 jk:l Jk
L 0v; 0v; ; .
= Z Z Til"'ik(qD(ul""’um))auz'l #du]l(@"'@dujk.
i],...,ik:l jl,...,'k:l A Tk

In view of T; ..; (v1,...,04) = Tj;..;, (P(u1,...,um)) and the above local expression,
we define

P fi=fod
for any scalar function of f. Using this notation, we then have ®*(fT) = (®*f) ®*T
for any scalar function f and (k,0)-tensor T.

Exercise 3.41. Let ® : M — N be a smooth map between smooth manifolds M
and N, f be a smooth scalar function defined on N. Show that

*(df) = d(D*f).

In particular, if (vq,...,v,) are local coordinates of N, we have ®*(dv/) = d(P*v/).

Example 3.46. Using the result from Exercise 3.41, one can compute the pull-back
by inclusion map ¢ : & — R3 for regular surfaces ¥ in IR?. Suppose F(u,v) is a local
parametrization of X, then:

f(dx) =d("x) =d(xo1).

Although x o1 and x (as a coordinate function) have the same output, their domains
are different! Namely, x o/ : & — R while x : R — RR. Therefore, when computing
d(x o), one should express it in terms of local coordinates (u,v) of X

d(xo1) d(xo1) . ox ox

o du + e dv—ﬁdu+%dv.

d(xor) =
O

Recall that the tangent maps (i.e. push-forwards) acting on tangent vectors satisfy
the chain rule: if ® : M — N and ¥ : N — P are smooth maps between smooth
manifolds, then we have (¥ o @), = ¥, o ®,. It is easy to extend the chain rule to
(k,0)-tensors:

Theorem 3.47 (Chain Rule for (k,0)-tensors). Let ® : M — Nand ¥ : N — P be
smooth maps between smooth manifolds M, N and P, then the pull-back maps ®* and ¥*
acting on (k,0)-tensors for any k > 1 satisfy the following chain rule:

(3.10) (Yod)" =d*o¥™.

Exercise 3.42. Prove Theorem 3.47.

Exercise 3.43. Denote id)s and idry, to be the identity maps of a smooth manifold
M and its tangent bundle respectively. Show that (idps)" = idry. Hence, show
that if M and N are diffeomorphic, then for k > 1 the vector spaces of (k, 0)-tensors
®KT*M and ®@¥T*N are isomorphic.
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3.5.5. Pull-Back of Differential Forms. By linearity of the pull-back map, and the
fact that differential forms are linear combinations of tensors, the pull-back map acts
on differential forms by the following way:

qD*(Tl/\---/\Tk) =P*TyN--- NPT}
for any 1-forms T1, ..., Tk.

Example 3.48. Consider the map @ : R> — R? given by:

N—

@ (x1,%0) = (¥3 — x2,23).
~—
(y1.y2)

By straight-forward computations, we have:

O (dy') = 2xy dxt — dx?

O* (dy?) = 3x, dx?
Therefore, we have:

O (dyt Ady?) = ©F(dyt) A D (dy?) = 6x1xp dxt Adx?.

Note that 6x1x; is the Jacobian determinant det[®.]|. We will see soon that it is not a
coincident, and it holds true in general. O

Although the computation of pull-back on differential forms is not much different
from that on tensors, there are several distinctive features for pull-back on forms. One
feature is that the pull-back on forms is closely related to Jacobian determinants:

Proposition 3.49. Let & : M — N be a smooth map between two smooth manifolds. Suppose
(u1, ..., um) are local coordinates of M, and (vy, ..., v,) are local coordinates of N, then for
any 1 <iy, ..., 0 < n, we have:

(B11)  @*(dot A AdoR) = Y det M dult A - - - A dulk.
1<j; < <jx<m 1’ 7k
In particular, if dim M = dim N = n, then we have:
(3.12) O*(do' A --- Ado") = det[®,]dul A--- Adu”
where [®.] is the Jacobian matrix of ® with respect to local coordinates {u;} and {v;}, i.e.
o(vy,...,0p)
[@.] = A(uy, ..., up)’

Proof. Proceed as in the derivation of (3.9) by simply replacing all tensor products by
wedge products, we get:

<I>*(dvll/\---/\dv”<): Z ( Ui, .“auvlkdu]l/\.../\du]k>
j = T

1 dv; d0v; , )
= Z a”...ailkduh/\.../\du]k
j],...,jk:l ujl ujk
J1s--Ji distinct

The second equality follows from the fact that dujt A --- A duk = 0 if {ji,...,ji} are
not all distinct. Each k-tuples (jy, ..., jx) with distinct j;’s can be obtained by permuting
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a strictly increasing sequence of j’s. Precisely, we have:

{(ji,---jk) : 1 <j1,...,jk <mandjj,...,j) are all distinct}
= U Aoy o) 1< 1 <j2 <o < jg <}

(TGSk

Therefore, we get:

O*(dv' A - - A dolk)

0v; ov ;
= Z Z ( ! % dyle) AL A du]J(k)>
1<ji<..<jy<m €S a”]}ru) a”]&(k)
9v; ov; . '
= Z Z Sgn(g’) 3 2 S 5 03 dwt A - A dudk
1<j1<...<jy<m 0€S Ujoy Yisthy
dv; dv; v;
By observing that ) sgn(c)=—1— --- —%— is the determinant of L ,
ou;j ou;j (r
oES) Jo(1) Jo(k) Ja 1<p,q<k

the desired result (3.11) follows easily.

The second result (3.12) follows directly from (3.11). In case of dim M = dim N = n
and k = n, the only possible strictly increasing sequence 1 < j; < ... < j, < nis

Gi,---rjn) = (1,2,...,n). 0

Proposition 3.50. Let ® : M — N be a smooth map between two smooth manifolds. For
any w € AKT*N, we have:

(3.13) P*(dw) = d(P*w).

To be precise, we say ®*(dyw) = dpy(P*w), where dy : N'T*N — AMIT*N and
dy 2 AET*M — AMFIT* M are the exterior derivatives on N and M respectively.

Proof. Let {u;} and {v;} be local coordinates of M and N respectively. By linearity, it

suffices to prove (3.13) for the case w = fdv'l A --- Adov’k where f is a locally defined
scalar function. The proof follows from computing both LHS and RHS of (3.13):

dw =df Ado'' A - Ado'

O (dw) = ®*(df) AP (dv) A --- A D*(do'*)

= d(O*f) Ad(D*0N) A - Ad(DFIK).
Here we have used Exercise 3.41. On the other hand, we have:
O*w = (O f) D (dol) A - - - A D*(dolk)
= (®*f)d(P ) A - Ad(D*0K)

A(D*w) = d(D*f) Ad(P* V1) A - - Ad(D* o)

+ O fd (d(cp*vfl) A A d(cp*zﬂ'k))

Since d> = 0, each of d(®*v'1) is a closed 1-form. By Proposition 3.35 (product rule)
and induction, we can conclude that:

d (d(cp*vfl) A---Ad(cp*vfk)) =0

and so d(®*w) = d(®* f) Ad(D*0"1) A --- Ad(D*vik) as desired. O
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Exercise 3.44. Show that the pull-back of any closed form is closed, and the
pull-back of any exact form is exact.

Exercise 3.45. Consider the unit sphere S? locally parametrized by
F(6, ¢) = (sin ¢ cos6,sin ¢ sin b, cos ¢).
Define a map @ : $> — R3 by ®(x,y,z) = (xz,yz,2?), and consider a 2-form

w = zdx N dy. Compute dw, ®*(dw), P*w and d(P*w), and verify they satisfy
Proposition 3.50.

3.5.6. Unification of Green'’s, Stokes’ and Divergence Theorems. Given a sub-
manifold M™ in R", a differential form on R” induces a differential form on M™. For
example, let C be a smooth regular curve in R® parametrized by r(t) = (x(t),y(t),z(t)).
The 1-form:

a=aydx+aydy+a.dz

is a priori defined on IR?, but we can regard the coordinates (x,y,z) as functions on the
curve C parametrized by r(t), then we have dx = i—f dt and similarly for dy and dz. As

such, dx can now be regarded as a 1-form on C. Therefore, the 1-form a on R3 induces
a 1-form « (abuse in notation) on C:

= () 5t ay (r(8) 2t ac(r(0) %

= (ma(r )+ () Y () G )

In practice, there is often no issue of using « to denote both the 1-form on R®
and its induced 1-form on C. To be (overly) rigorous over notations, we can use the
inclusion map ¢ : C — R3 to distinguish them. The 1-form a on R? is transformed into
a 1-form *a on C by the pull-back of . From the previous subsection, we learned that:

M(dx) =d(i*x) =d(x o).

Note that dx and d(x o 1) are different in a sense that x o1 : C — R has the curve C as
its domain, while x : R3> — R has R as its domain. Therefore, we have:

d(xo1) dx

d(xor) = S= 2 dt = ot

In short, we may use (*(dx) = dx dt to distinguish it from dx if necessary. Similarly,

we may use (*a to denote the induced 1-form of « on C:
. dx dy dz
o= (a0 G + 0y () G+ 0sle(0) 5 ) .

An induced 1-form on a curve in R is related to line integrals in Multivariable
Calculus. Recall that the 1-form a = ay dx + &y, dy + &, dz corresponds to the vector field

F = ayi+ayj+azk on R3. In Multivariable Calculus, we denote dr = dxi + dyj + dzk
and

F-dr = (axi+ ayj + azk) - (dxi +dyj + dzk) = a.
The line integral / F - dr over the curve C C R® can be written using differential form

notations:

/ F-dr= / or more rigorously: / ra.
c
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Now consider a regular surface M C IR®. Suppose F(u,v) = (x(u,0),y(u,v),z(u,v))
is a smooth local parametrization of M. Consider a vector G = Bxi + Byj + Bzk on R
and its corresponding 2-form on RR>:
B = Bxdy Ndz + Bydz Ndx + B, dx N dy.

Denote : : M — R3 the inclusion map. The induced 2-form (*B on M is in fact related
to the surface flux of G through M. Let’s explain why:

F(dy Ndz) = (Fdy) A (1Fdz) =d(y o) Ad(z o)

(Y g % 92 iy %2
— (G au+ o) n (o du+ 5o o)

_(dyodz 0zdy
= (auav_auav> du N dv

_ . 9yz)
= det 3(u,0) du N do.

Similarly, we have:

* )
*(dz Ndx) = det 3w, 0) dund
" — et 20Y)

(dx Ndy) = det 3(u,0) du A dv

All these show:
(Y, 2) 9(z,x) 9(x,y)
*g
B = (,Bxdet 3(,0) +ﬁydet8(u,v) + B, det 3, 0) du A dv
Compared with the flux element G - NdS in Multivariable Calculus:
oF oF

oF 9
G-NdS = (Bxi+ Byj + Pzk )'gFig,ﬁ £ aF’d udo
G \LN,_U-/ s 7
B . ) (]//Z) ( .X) . a(x/ y)
= (Bxi+ By + Bzk) - (det (u,v)l+det d(u U)J - det a(u,v) k)
Ay, z) d(z,x) a(x,y)
= (B ) et S et )

the only difference is that /*§ is in terms of the wedge product du A dv while the flux
element G - NdS is in terms of dudv. Ignoring this minor difference (which will be
addressed in the next chapter), the surface flux / / G- NdS can be expressed in terms

M
of differential forms in the following way:

G-NdS:// i ly: // *
/ /M Mﬁ or more rigorously " B

Recall that the classical Stokes” Theorem is related to line integrals of a curve
and surface flux of a vector field. Based on the above discussion, we see that Stokes’
Theorem can be restated in terms of differential forms. Consider the 1-form a =
ax dx + ay dy + az dz and its corresponding vector field F = ayi + ayj + a;k. We have
already discussed that the 2-form da corresponds to the vector field V x F. Therefore,
the surface flux of the vector field V x F through M can be expressed in terms of
differential forms as:

//M(v X F)-NdS — //M o (da) = //Md(l*(x).
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If C is the boundary curve of M, then from our previous discussion we can write:

/F-dr:/t*tx
C C

The classical Stokes” Theorem asserts that:

/CF-dr:/M(VxF)NdS

which can be expressed in terms of differential form as:

/C.l*(x://Md([*(x) or simply: /C(X://Md“'

Due to this elegant way (although not very practical for physicists and engineers) of
expressing Stokes” Theorem, we often denote the boundary of a surface M as dM, then
the classical Stokes” Theorem can be expressed as:

/ oc:/ du.
JoM M

Using differential forms, one can also express Divergence Theorem in Multivariable
Calculus in a similar way as above. Let D be a solid region in R® and 9D be the
boundary surface of D. Divergence Theorem in MATH 2023 asserts that:

/aDG-NdS:///DVGdV,

where G = Byi + B,j + B:k. As discussed before, the LHS is /a B where f =
D
Bxdy ANdz + Bydz Adx + B dx A dy. We have seen that:

9P« aﬁy 9B
g = ( 3y + s dx Ndy Ndz,
which is (almost) the same as:

_ (9Bx , 9By 9B
\Y GdV-(a + 3y + s dxdydz.

Hence, the RHS of Divergence Theorem can be expressed as / / / dp; and therefore
D

we can rewrite Divergence Theorem as:

St = Il

Again, the same expression! Stokes” and Divergence Theorems can therefore be unified.
Green’s Theorem can also be unified with Stokes” and Divergence Theorems as well.
Try the exercise below:

Exercise 3.46. Let C be a simple closed smooth curve in R? and R be the region
enclosed by C in R2. Given a smooth vector field F = Pi + Qj on R?, Green’s

Theorem asserts that:
/ F.dr= / / < ) dxdy.

Express Green’s Theorem using the language of differential forms.
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3.5.7. Differential Forms and Maxwell’s Equations. In Maxwell’s theory of elec-
tromagnetism, the electric field E = Eji + Ej + Ezk and the magnetic field B =
B1i+ Byj + Bsk satisfy the following partial differential equations:

oB

V XE= 5 (Faraday’s Law)

V-B=0 (Gauss’ Law for Magnetism)

There are two more equations (namely Gauss’ Law for Electricity and Ampére’s Law)
which we will not discuss here.

These two equations can be rewritten using differential forms in a very elegant
way. First regard the E-field and B-field as differential forms on R* with (x,y,2,t) as
coordinates:

E = Eldx+E2dy+E3dz
B=BidyANdz+ Bydz ANdx + Bzdx Ndy
Note that E;’s and B;’s may depend on ¢ although there is no dt above.
Exercise 3.47. Consider the 2-form F := E A dt + B. Show that the Faraday’s Law
coupled with the Gauss” Law for Magnetism is equivalent to this single identity:
dF =0

where d is the exterior derivative on R%.



