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r e s t a r t ;
wi th (DEtools ) :

Planar pendulum.

Start with a particle at (x,y) with gravity.

T := (xd^2+yd^2)*m/2;

U  :=  m*g*y ;    #watch  the  s ign

L  : =  T - U ;

Put in the constraint with a lagrange multiplier.

L := L + lambda*(x^2+y^2-a^2);

Write the equations in these cordinates
v a r s  : =  [ x , x d ,  y ,  y d ,  r ,  r d ,  t h e t a ,  t h e t a d , l a m b d a ] ;

f u n s  : =  [ x ( t ) ,  d i f f ( x ( t ) , t ) ,  y ( t ) , d i f f ( y ( t ) , t ) ,  r ( t ) ,  d i f f ( r ( t ) ,
t ) ,  t h e t a ( t ) ,  d i f f ( t h e t a ( t ) , t ) , l a m b d a ( t ) ] ;

f f  : =  ( x , y ) - >  x = y ;

t o f u n s  : =  z i p ( f f , v a r s , f u n s ) ;

t o v a r s  : =  z i p ( f f , f u n s , v a r s ) ;

L ;

d L _ x d : =  d i f f ( L , x d ) ;

d L _ x  : =  d i f f ( L , x ) ;
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d L _ y d  : =  d i f f ( L , y d ) ;

d L _ y  : =  d i f f ( L , y ) ;

dL_lambda :=  di f f (L , lambda);

dL_lambda_t := subs(tofuns, dL_lambda);

eq1 :=  0  =  dL_lambda_t  ;

dL_xd_t  :=  subs(tofuns,  dL_xd);

dL_x_t  :=  subs( tofuns,  dL_x) ;

eq2  :=  d i f f (dL_xd_ t , t )=dL_x_ t ;

dL_yd_t:=subs(tofuns,dL_yd);

dL_y_t:=subs(tofuns,  dL_y);

eq3:=  d i f f (dL_yd_t , t )=dL_y_t ;

eq1;  eq2;  eq3;

Let's do it in polar coordinates
n e w _ x  : =  r * s i n ( t h e t a ) ;

new_y  :=  - r *cos ( the ta ) ;

new_x_t := subs(tofuns,new_x);

d t_new_x_ t  :=  d i f f (new_x_ t , t ) ;

new_xd := subs(tovars,dt_new_x_t);

new_y_t := subs(tofuns,  new_y);



(41)(41)

>  >  

>  >  

(43)(43)

>  >  

>  >  

(46)(46)

>  >  

>  >  

(31)(31)

(34)(34)

(40)(40)

(45)(45)
>  >  

(44)(44)

(42)(42)

>  >  

(33)(33)

(12)(12)

>  >  

>  >  

(36)(36)

(37)(37)

>  >  

>  >  
(35)(35)

>  >  

>  >  

(38)(38)
>  >  

(39)(39)

>  >  

>  >  

(47)(47)

>  >  

(32)(32)

d t_new_y_ t  :=  d i f f (new_y_ t , t ) ;

new_yd := subs(tovars,  dt_new_y_t);

L1 := subs([x=new_x,xd=new_xd, y=new_y, yd=new_yd], L);

L 1 : = s i m p l i f y ( L 1 , t r i g ) ;

d L 1 _ r  : =  d i f f ( L 1 , r ) ;

d L 1 _ r d  : =  d i f f ( L 1 , r d ) ;

d L 1 _ t h e t a  : =  d i f f ( L 1 , t h e t a ) ;

d L 1 _ t h e t a d  : =  d i f f ( L 1 ,  t h e t a d ) ;

dL1_lambda := di f f (L1, lambda);

#### f ind Euler-Lagrange equations

eqn1 := 0 = dL1_lambda;

dL1_r_ t  :=  subs( to funs ,  dL1_r ) ;

dL1_rd_t  :=  subs( tofuns,  dL1_rd) ;

eqn2  :=  d i f f (dL1_rd_ t , t )=dL1_r_ t ;

dL1_theta_t  :=  subs(tofuns,dL1_theta) ;

dL1_thetad_t  :=  subs(tofuns,  dL1_thetad);

e q n 3  : =  d i f f ( d L 1 _ t h e t a d _ t , t )  =  d L 1 _ t h e t a _ t ;

eqn1; eqn2; eqn3;
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# #  f r o m  f i r s t  e q n ,  s u b s t i t u t e  a  f o r  r

e q n 2  : =  s u b s ( r ( t ) = a ,  e q n 2 ) ;

eqn2  :=  s impl i fy (eqn2) ;

e q n 3  : =  s u b s ( r ( t ) = a ,  e q n 3 ) ;

eqn2; eqn3;

# in  th is  case ,  eqn3  is  the  equat ion  o f  mot ion .   We can  so lve  eqn2
for lambda
lam:=solve(eqn2,  lambda( t ) ) ;

expand(lam);

#  d o e s  a n y  o f  t h a t  l o o k  f a m i l i a r ?

eqn3;

eqn3 :=eqn3/(m*a^2);

### put in some numbers and solve the DE.

DE :=  subs(a=1 ,  g=9 .8 ,  eqn3) ;

I C p : =  t h e t a ( 0 ) = 0 ;

I C v  : =  D ( t h e t a ) ( 0 ) = 1 ;

dsolve( {DE, ICp, ICv} ) ;

##  go  for  a  numer ic  so lu t ion
sol :=dsolve({DE, ICp, ICv} ,  numer ic ,  output= l is tprocedure) ;
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t h e t a f u n  : =  s u b s ( % , t h e t a ( t ) ) ;

p l o t ( t h e t a f u n ,  0 . . 2 ) ;

t h e t a _ d _ f u n  : =  s u b s ( s o l ,  d i f f ( t h e t a ( t ) , t ) ) ;

t f u n  : =  s u b s ( s o l , t ) ;

DE;

# v=theta_dot
N D E : =  [ v ( t ) = d i f f ( t h e t a ( t ) , t ) ,  d i f f ( v ( t ) , t ) = - 9 . 8 * s i n ( t h e t a ( t ) ) ] ;

p h a s e p o r t r a i t ( N D E ,  [ v ( t ) ,  t h e t a ( t ) ] ,  t = 0 . . 2 * P i ,  [  [ v ( 0 ) = 1 ,  t h e t a
( 0 ) = 2 ] , [ v ( 0 ) = 0 , t h e t a ( 0 ) = P i / 4 ]  ] ) ;
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## see my pendulums program for animation


