> restart;
> with(DEtools):

Planar pendulum.
| Start with a particle at (x,y) with gravity.

[> T := (xd*"2+yd~2)*m/2;

7= (xd2 +2yd2)m @)
> U := m*g*y; #watch the sign
I U=mgy )
>L = T-U;
I = (xd2 —|—2de) m —mgy (3)

[ Put in the constraint with a lagrange multiplier.

> L= L+ lambda*(x"2+y"2-a"2);
(xd2+yd2)m

LI:
2

—mgy-l-?\,(—az-i-xz-l-yz) 4

;Write the equations in these cordinates

> vars := [x,xd, vy, yd, r, rd, theta, thetad,lambda];

i vars =[x, xd, y, yd, r, rd, 0, thetad, \| 5)
[> funs 1= [x(t), diff(x(t),t), y(t),diff(y(t),t), r(t), diff(r(t),
t), theta(t), diff(theta(t),t),lambda(t)];

i Juns = [x(2), x(2), (1), p(2), r(2), 7(2), 8(2), 8(1), L(1) ] (6)
[> ff := (x,y)-> X=Vy;

] f= (%) = x=y )
> tofuns := zip(ff,vars,funs); .
tofuns i= [x=x(t),xd=x(t), y =y(1), yd =p(t), r=r(1), rd=F(1), 0 =0(1), thetad=6(1), A ®
| =AM
> tovars := zip(ff,funs,vars); .
tovars = [x(1) =x,x(t) =xd, y(t) =y, y(t) =yd, r(t) =r, 7(t) =rd, 8(1) =8, 8(1) =thetad, \() ©)
| A
> L

(v +2yd2) T—mgy+h(-d®+x+)) (10)
> dL_xd:= diff(L,xd);

dL xd = xdm (11)

> dL_x := diff(L,x);

(12)



dL x =2\x
>dL_yd := diff(L,yd);
dL yd == ydm
>dL_y :=diff(L,y);
dL y:==-mg+2LAy
> dL_lambda := diff(L,lambda);
dL lambda =-a’ +x° + y2
> dL_lambda_t := subs(tofuns, dL_lambda);
dL lambda_t = -d’ —|-x(t)2 —i—y(z‘)2
>egl :=0=dL_lambda_t ;
eql == 0=-a*+x(t)> +y(t)
> dL_xd_t :=subs(tofuns, dL_xd);
dL xd t:=x(t) m
> dL _x_t:=subs(tofuns, dL_Xx);
dL x t=2\(t) x(1)
> eq2 :=diff(dL_xd_t,t)=dL_x_t;
eq2 ==X (t) m=2 M) x(1)
> dL_yd _t:=subs(tofuns,dL_yd);
dL yd t:=y(t) m
> dL_y t:=subs(tofuns, dL_y);
dL y t=-gm~+2\(t) y(1)
> eq3:=diff(dL_yd_t,t)=dL_y _t;
eq3 ==y (t)ym=-gm+2A1) y(t)

2

> eqgl; eq2; eq3;
0=-a*+x(1)> +y(1)*

x(t) m=2\(t) x(1)
y(1) m=-gm+2\1) y(t)

;Let's do it in polar coordinates
> new_Xx :=r*sin(theta);

new x = rsin(0)
> new_y := -r*cos(theta);

new y =-rcos(0)
> new_Xx_t :=subs(tofuns,new_x);

new x t:=r(t) sin(0(z))

> dt_new_x_t = diff(new_x_t,t);

dt new x t:=r(t)sin(0(z)) +r(t) 0(1) cos(0(¢))

> new_xd := subs(tovars,dt_new_x_t);
new xd = rdsin(0) + r thetad cos(0)
> new_y_ t :=subs(tofuns, new_y);
new y t:=-r(t) cos(0(z))

(12)
13)
14)
(15)
(16)
A7)
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(30)



> dt_new_y t :=diff(new_y t,t);

i dt_new y t :=-i(t) cos(0(2)) +r(t) 6(¢) sin(0(7)) (31)
[> new_yd := subs(tovars, dt_new_y t);
new yd :=-rdcos(0) + rthetadsin(0) (32

> L1 := subs([x=new_x,xd=new_xd, y=new_y, yd=new_yd], L);
((rdsin(®) + rthetadcos(8) )’ + (-rdcos(8) + r thetadsin(8))>) m

Ll = ) (33)
+mgrecos(0) + (- +7 sin(e)z—i-rzcos(ﬁ)z)
B Ll:=simplify(L1,trig);
Ll :ZH@M-I—?LrZ—i—mzj—i-mgrcos(G)—azk (34)
> dL1 r := diff(Ll,r);
dLl r ==mrthetad2+27ur+mgcos(9) (35
> dL1_rd := diff(L1,rd);
dLl rd = mrd (36)
> dL1_theta := diff(L1,theta);
dL1 theta :=-mgrsin(0) 37
> dL1 thetad := diff(L1, thetad);
dL1 thetad == m 7 thetad (38)
> dL1_lambda := diff(L1,lambda);
dL1 lambda := - a* + 7 (39)
f> #### find Euler-Lagrange equations
[> eqnl := 0 =dL1 lambda;
eqnl = 0=-a*+7 (40)
> dL1 r_t := subs(tofuns, dL1 r);
L1 r 1= mr(t) 0(1)° +2 M1) r(1) +mg cos(8(1)) (41)
> dL1 rd _t := subs(tofuns, dL1 rd);
dLl rd t = mr(t) 42
> eqn2 := diff(dL1_rd_t,t)=dL1 r_t:
eqn2 = m 7 (t) =m r(1) 0(1)° +2 A1) (1) +mg cos(8(2)) 43)
> dL1 theta_t := subs(tofuns,dL1 _theta);
dL1 theta t :=-mgr(t) sin(0(t)) (44)
B dL1 thetad_t := subs(tofuns, dL1 thetad);
dL1 thetad t = mr(£)*0(t) (45)
> eqn3 := diff(dL1 thetad t,t) = dL1 _theta t;
eqn3 == 2mr(t) 0(¢) 1(t) +mr(1)>0(t) = -mg r(t) sin(0(¢)) (46)

> eqnl; egn2; eqn3;
O=—az—|-r2
m (1) =mr(6) 0(1)° +2 (1) r(1) +mgcos(8(z))
2mr(t) 0(1) 1(t) +mr(t)20(t) = -mg r(t) sin(0(2)) (47)




[> ## from first eqn, substitute a for r

> eqn2 := subs(r(t)=a, eqn2);

eqn2 = m (% a] =maé(t)2+2k(t) a+mgcos(0(t))
/A

> eqn2 :=simplify(eqn2);
eqn?2 ==0=maé(t)2+27u(t)a+mgcos(9(t))
> eqn3 ;= subs(r(t)=a, eqn3);
eqn3 = Zmaé(t) (E a) +mazé(z‘) =-mga sin(G(t))

> eqn2; eqn3,;
0=mab(t)’ +2n1) a+mgcos(6(r))
mazé(t)=—mgasin(9(t))
for lambda
> lam:=solve(eqn2, lambda(t));

m (O(t)za + cos(0(1)) g)
2a

lam = -

> expand(lam);

mb(n® meos(8(1) g
2 2a
| > # does any of that look familiar?

> eqgn3;

mazé(t)=—mgasin(9(t))
> eqn3 :=eqn3/(m*a”2);
__gsin(6(1))
o a
| > ### put in some numbers and solve the DE.

eqn3 = é(t)

> DE := subs(a=1, g=9.8, eqn3);
DE = 0(t) =-9.8sin(0(¢) )

> |ICp:=theta(0)=0;
ICp :=6(0) =0
> |ICv := D(theta)(0)=1;
ICv ==D(0)(0) =1

> dsolve({DE,ICp,ICV});
VA

5
L V 490 cos( a) — 465

0(t) = RootOf +t

d a

> ## go for a numeric solution
> sol:=dsolve({DE,ICp,ICv}, numeric, output=listprocedure);

sol = [tzproc(t) ... end proc, 6(¢) =proc(z) ... end proc, 6(z) =proc(z) ... end proc]

(48)

(49)

(50)

(51)

> #in this case, eqn3 is the equation of motion. We can solve egn2

(32)

(33)

(54)

(35)

(56)
(57)

(58)

(39)

(60)



>

> thetafun := subs(%,theta(t));

thetafun := proc(t) ... end proc (61)

> plot(thetafun, 0..2);

0.31

0.21

0.11

-0.11

-0.21

-0.31

theta d_fun := subs(sol, diff(theta(t),t));
theta_d_fun := proc(t) ... end proc (62)
tfun := subs(sol,t);
tfun = proc(¢) ... end proc (63)
DE;
0(1) =-9.8sin(0(1)) (64)

# v=theta_dot
NDE:= [v(t)=diff(theta(t),t), diff(v(t),t)=-9.8*sin(theta(t))];
NDE = [v(t) =0(1), v(t) = -9.8 sin(0(7)) ] (65)

phaseportrait(NDE, [v(t), theta(t)], t=0..2*Pi, [ [v(0)=1, theta
(0) 2],[v(0)=0,theta(0)=Pi/4] ]);
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> ## see my pendulums program for animation




