PH 6297: Classical Field Theory
Homework Set 2

1. In the last HW set you were asked to find the expression for the Lorentz transformation
between two frames, say S and S’, such that their respective spatial coordinate axes are
parallel, but S’ is moving away from S at a velocity V in a general direction (see fig .
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Figure 1: Boost in a general direction, while the coordinate axes are parallel.

Now, in this problem, find the expression of the most general Lorentz transformation,
where the frame S’ is not only boosted wrt S in a general velocity direction, V, but also
the coordinate axes are not parallel anymore. Instead the axes of S’ are rotated wrt those
of S by an arbitrary angle § around an arbitrary axis of rotation passing through the
origin O'. This axis of rotation is given by the unit vector n[] See fig
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Figure 2: Boost in a general direction, and the coordinate axes are rotated wrt to each other.

Lwhose components are the direction cosines, i.e. h = (cos @, cos P, \/1 — cos2 ¢ — cos? w)



Solution:

In this problem, the frame S’ is moving away from the frame S with a velocity, 3 and
the frame S’ is also rotated wrt to S by an angle # around an axis given by the unit
vector, n. We will accomplish the Lorentz transformations between the frame S and S’
in the following two steps. First we will switch to an intermediate frame, S”, which is
rotated wrt to S by an angel § about an axis given by the unit vector, n = (n',n? n?3),
where n'’s are the direction cosines of the axis vector by an orthogonal transformation,
O (1n,0). Then we will apply a boost from S” to S’ by the rotated velocity 8" = Of.

e Step 1: Rotation
Recall that under rotations the components of the spatial /3-vector which are parallel
to the axis of rotation do not change, only those components which lie in a plane
perpendicular to the axis of rotation change in some way. For example for a rotation
by an amount € around the z-axis, the transformations are:

7
= Z,

"

= cosfx+sindy,

1

= —sinfx + cosby.

These can be easily generalized to the case of an arbitray axis, n,

"o
o= o
(') = cosf (x,)" +sinf (x x 1),
where, 7| = x -, mﬁ = x” - n are the components parallel to the axis, while,
x; =x— (x-n)n and x| =x” — (x-n)n are parts of the vector x and x” respec-

tively perpendicular to the axis. The superscript ¢ represents the i-th component.
Rearranging stuff, we can rewrite the above pair in the form,

(x”)i =cosfx' + (1 —cosf)n'n/ 27 + (eijknk sin 9) 2. (1)

The time-component of course does not transform under spatial rotations, so we

have,
(2")" = a°. (2)
Also, the velocity vector with which the frame S’ is moving will now look rotated
in the S”,
(8")" = cosf B + (1 — cosO) n'n’ 7 + (¢9%n" sin 6) 7. (3)

However the magnitude will remain same,

6// — 6 (4)
as well as the scalar product will remain same,
x"-3"=x-p. (5)



Step 2: Boost
Now we apply a boost by a velocity, 3" to go from, S” to the frame, S’. We already
know how the Lorentz transformations for this looks like,

x = x" + (7(;”_)21) (XH . ﬁ//) ﬁ// _ ’}//ﬁ// (x//)O7
(w/)O _ 7// (I”)O . ’YHB” . X”, (6)

where 7" = 1/4/1 — (8")°.

Now we combine the result of both transformations to get the full transformation from
S to S’. To this end we use Eq.s , and, , to rewrite the above pair of equations

(v=1)
B
(@) = 72" =98 x

(x-B8)B" — 8"’

X/ — Xl/ _|_

The time component equation immediately gives,

Ag=r, A=—yp" (7)

The first i.e. spatial vector equation in component form looks like,

@) =@y + O gy ol (3

This gives,

32
and after substituting Eq. looks like,
4 , o g . —1 o ‘
(/)" = cos 2’ + (1 — cosO) n'n’ 2/ + (€7*n*sind) 27 + (’YB—Q) (B B w? — (") 2°.
ANy = —y (5”)i
(=1

Ay = cos068:+ (1 —cosf)n'n! + 7 n"sind + (8" B’ (8)
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where ()" are defined in (3) . Thus we have the final form of the Lorentz transformations
between S and S’ in equations and .

. Check that the product of a vector and a 1-form with their indices contracted is a scalar
(invariant)under Lorentz Transformation,

wyat — w;a’“ = w,a"(9)

Solution:



The transformation law for vectors and 1-forms are respectively,

a —ad" = AN, a"
oo p
wy »wt = Aw,

where we note that by definition, A, = (A™')” ,. The the product of such a vector and
an one-form with their indices contracted transforms like,

wpat - W'y d* = APw, AM,a”
= (A’l)p WA wa”
= (A_1 A)p Ly Wpa”
= 0w,a”
= wya”.

So we see when we contract upstairs and downstairs indices the product becomes a
Lorentz scalar, i.e., it remains invariant under Lorentz transformations.

. Prove that Minkowski metric, 7, is a (0,2)-rank invariant tensor,

np«l/ — nl,uy = AuaAllIB naﬁ = 77/“/ (10)

Solution:

Since 7, has two downstairs index, it could represent components of a candidate (0, 2)
tensor. In which case, the transformation rule under Lorentz transformations would look

like,
N — 77,;W = Au ‘A, A Naps
(A" wmas (A71)7,
— (AfT n Afl)
= Nuw-

pv

The last step follows from the definition of Lorentz matrices as SO(1, 3) matrices:
ATpA=n.
, and multiplying from the left by A=7 and from the right A~!, we get,

n=A"TnA" (11)



