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Topics covered

e Special types of matrices

o Existence of LU factorization without pivoting
o Diagonal dominance

o Positive definiteness
e Symmetric, positive definite systems

o LDU factorization; variants of GE for LU
o LDLYT and Cholesky Factorizations

e Iterative methods

o Theory for basic iterative methods

o Jacobi and Gauss-Seidel

o SOR
e HFinding eigenvalues

o Power method

o Inverse power method

1 Cholesky factorization (and related ideas)

In this section we build up to solving an important special class of systems. Along the way,
we will develop an alternate method (different from Gaussian elimination) for obtaining a
variant of the LU factorization and introduce a few useful things.



1.1 Existence of an LU factorization

It is useful to know when pivoting is not needed when factoring PA = LU (so that the
factorization is simply A = LU). A simple (in theory) sufficient ondition is the following.
Define the k-th principal minor of A to be the k by k submatrix from the (1,1) entry to
the (k, k) entry, i.e.

Ak

The theorem is as follows:

Theorem. If the principal minors Ay for k = 1,---n are non-singular, then A has a fac-
torization A = LU.

The factorization could be computed using Gaussian elimination with no pivoting. (Note:

with pivoting on, some rows might be swapped around).

1.2 Positive definite matrices

A symmetric n X n square matrix A is called (symmetric) positive definite if
tTAz >0 for all z € R™.

If the inequality is not strict then the matrix is called positive semi-definite.

Note: A positive definite matrix does not have to be symmetric, but we will only work with
the symmetric kind here.

(Symmetric) positive definite matrices have some equivalent characterizations:
e All the eigenvalues are positive

e det(Ag) > 0 for all the principal minors A (the & by k£ submatrix starting from the
(1,1) entry down to the (k, k) entry)

The second condition is often easiest to check for small matrices. Positive definite matrices
play a key role in many important problems in mathematics and in applications, so good
numerical methods that can exploit their structure are in high demand.

Note that by the previous theorem, every positive definite matrix has an LU factoriza-
tion. If the matrix is also symmetric, we can derive an effiicent algorithm to do so, which is
the subject of the next sections.



1.3 Diagonal dominance
Positive definiteness is difficult to check in practice because one must either compute deter-

minants (e.g. using Gaussian elimination) or compute eigenvalues (not easy).

A square matrix A is called diagonally dominant if

n

Jaa| > > ay]

j=1j#i

i.e. the diagonal entry is larger than the (absolute) sum of all other entries in that row.

Every symmetric diagonally dominant matrix is symmetric positive definite!. As a con-
sequence, Gaussian elimination on A does not require pivoting (and in fact, if pivoting is
used then no row swaps will be done; the correct entry is always already on the diagonal).

Of course, checking if a matrix is diagonally dominant is trivial. In many applications
(e.g. in solving differential equations), one needs to solve a system Ax = b for a matrix A
that is diagonally dominant or provably positive definite.

2 LDU factorization

Before considering symmetric matrices, let us first derive an alternate method for computing
the LU factorization. Suppose A is a square matrix. We seek unit lower triangular matrices
L and U and a diagonal matrix D = diag(dy, - - , d,) such that

A= LDU.

Note that the LDU factorization exists whenever the the LU factorization A = LU from
Gaussian elimination exists (since we can just ‘extract’ D by taking d; = u;).

Notation: A diagonal matrix D is a matrix with diagonal entries d;; # 0 and all others
zero. It is often compactly denoted by

D = diag(dy,--- ,dy)

where d; is short for the (i,4)-th entry. The diag(d) command in MATLAB constructs
the matrix D from the diagonal ‘vector’ d = (dy,---d,), and diag(D) extracts the diag-
onal vector from the matrix.

The method is derived by simply writing out the equations for each component of
A = LDU and figuring out the right order to solve for all the elements of L, D and U
in sequence.

'The result is a consequence of Gershgorin’s Disk theorem, the proof of which is straightforward.



Noting that (DU);; = d;u;j, the formula for the (i, s) entry of A is

min{i,j}

Ajs = i&sdiusg’ = Z lisdiug;. (1)
s=1 s=1

Now assume, for k£ > 1, that we have computed the following:
e the first k — 1 rows of U
e the first £k — 1 columns of L
e dy,---dp_1.

From (1) we can then compute the k-th row/column of U and L and d.

Compute di: Look at the (k, k) entry of A. By (1),

E—1
A = Z Crsdstigr, + dilppp,.

s=1

This equation can be used to find dy since i, = up, = 1.

Compute k-th row of U: Now look at the k-th row of A (to the right of the diagonal).

Again, by (1),
k—1

Ay = gkkdkuk; + Z gksdsusja J= k + L-n

s=1

This equation gives the k-th row of U (the unknown is marked in red).

Compute k-th column of L: Now for the k-th column of A (below the diagonal):

k—1
aix = lipdiup, + Y lisdsugg, — i=k+1,---n.

s=1

This gives the k-th column of L.

Continuing the process (for & = 1,---n), we eventually obtain the entirety of L and U,
solong as d; #0 fori =1,---n.

Extra note: One could simplify a bit by instead finding A = L(DU) or A = (LD)U i.e.
assuming only one of L or U is unit triangular. These methods are called Doolittle’s
method and Crout’s method. The methods all have more or less the same numerical
properties as Gaussian elimination, and are essentially re-orderings of the Gaussian elim-
ination algorithm. The main difference is that the operations are arranged differently,
which have various advantages for optimizing the code. See Section 4.2 of the textbook.




3 Cholesky factorization

Gaussian elimination works more or less as well as the algorithms above for a general A.
However, when A is symmetric and positive definite, the LDU factorization has additional
structure that we should exploit.

A symmetric positive definite A has a Cholesky factorization
A=LL"

where L is lower triangular (not unit). The proof of existence is instructive, as it illustrates
a few theoretical tricks:

Proof. We know that A has an LU factorization where L is unit lower triangular. Since A
is symmetric,
LU=U"L".
Since det(L) = 1, we know L is invertible, so
ULyt =r7'u’.

It is easy to show that the left hand side is upper triangular, and the right hand side is lower
triangular. Thus both are equal to a matrix that is both upper and lower triangular. But
the only such matrix is a diagonal matrix D, so

U=DL".

Thus A = LDL”, which is the LDU factorization of A. It is also straightforward to show
that D is positive definite (see homework) so all the entries of D are positive. This means

that
D1/2 = dlag( \% d117 Y dnn)
exists?, so
A — LD1/2<L1/2D1/2)T — EiT
for the upper triangular matrix L = LD/2, O
3.1 LDL"

The proof above also shows that if A is symmetric and its principal minors are non-singular
then its LU factorization exists and has the form

A=LDL"

where L is unit lower triangular and D is diagonal. When A is positive definite this form
and the Cholesky factorization are related in the way shown in the proof, ie. A = LLT
where L = LD'Y2.

It is easy to derive the algorithm for LDLT factorization in the same way that is done
for Cholesky factorization below (it is the same as for LDU, but we replace U with LT).

2In general, B = A'/2 means that B is a matrix such that B2 = A. The matrix A'/? is, as you might
expect, called a ‘square root’ of the matrix.



3.2 Algorithm

We derive an algorithm in the same way as for the LDU factorization (it is, more or less, the
same algorithm but exploiting the symmetry). Since A is symmetric we need only consider
elements on or above the diagonal:

n k
ag; = mefﬂ = Z&m’@ji, k> j.
=1 i=1

We solve for the entries of L, starting with the first column, then the second and so on. To
get the k-th column, first solve for ¢ using

k—1
2 2
Cip = agr — E Ci;

i=1

and then for r =k +1,---n:

1 k—1
gr = rk gmg i | -
k ek (a k ZZ1 k )

So long as the computed ¢;;’s are positive, the iteration will go to completion, yielding the
Cholesky factorization. No pivoting is necessary, and it can be shown that the Cholesky
factorization algorithm is numerically stable.

Note on storage: As with Gaussian elimination, we can save some space by updating
A directly instead of having a separate L. In the updates, we can replace ¢ with a and
the algorithm still works.

Algorithm 1 Cholesky factorization (overwriting)
Input: sym. p.d. A
Output: L such that A = LL" (stored in the lower. tri. part of A)
for k=1:ndo
gk = \/akk - Zi:i ais
fortr=k+1:ndo
iy, = 5 (aik -y aisaks>
end for
end for

3.3 Example
Let

S Ot
—_
g o



Note that, for the principal minors, det(A;) = 1 and det(Ay) =5—1 =4 and det(As) = 36,
all of which are positive, so A is positive definite. We apply the algorithm to obtain the
Cholesky factorization:

First column: /;; = \/a;; = 1, and

1 1
:E—(agl)zl/lzl, 531:—a31:2.
11

l
21 ™

We now have (z denoting unknown entries)

I —

N ==
8 8 O
8 OO

Second column: fyy = \/asy — (3, = 2 and
1
U39 = é_ (a32 - 531521) =2

22

which gives

1 00
L=11 2 0
2 2 x)
Finally, £33 = \/az3 — 3, — (3, = 3. Thus A = LL" where
[1 0 0]
L=11 2 0
2 2 3]

3.3.1 Obtaining LDL” from Cholesky
Note that the A = LDL” where L (unit lower triangular) and D (diagonal) can be obtained

by taking D to have the square root of the diagonal entries of L and then L = LD~'/2. The
result is

100 100
L={1 10|, D=|040
2 1 1 009

Extra note: It is possible to do pivoting to move the largest entry in the diagonal to
the right place. To preserve symmetry, we must consider only symmetric pivoting:

A — PAPT

If P swaps rows i and j then PAPT swaps the (j,7) entry with the (i,4) entry of A.
Pivoting is useful when obtaining the Cholesky factorization when some of the d;’s en-
countered are nearly zero.




4 Iterative methods

The methods we have looked at so far are direct methods, in which the system is reduced
to something trivial in a finite number of steps. With exact arithmetic, an exact solution is
produced after a finite amount of work.

Another approach to solving Ax = b is to devise an iterative method, where we
successively improve an approximation that will converge to the true solution.

Key motivation: Typically, a direct method has to be run to completion to have a
usable answer, but this answer is likely to be as accurate as we can get. On the other
hand, iterative methods may get satisfactorily ‘close’ to the exact solution within only
a few (simple) steps - even though it may take an infinite number of steps to reach the
exact solution.

Here we consider the most basic iterative methods, which have the form
Mz = Nz® 4 p (2)

where A = M — N is a splitting of A into the sum of two matrices. To determine what to
choose, we need some theory to say when the iteration will converge. Write

2* ) = MINZ® 4 M = G 4 ¢

where G = M~!'N. This is the matrix that will determine the convergence properties. Let
e®) = ¢(®) — g be the error vector. Then

ettt = Ge®).
Taking norms (any one), we find that
le® D < GNP = e < IG5

It follows that if ||G|| < 1 in any subordinate matrix norm, then the iteration will converge
to z, i.e. [|[#® — x| — 0 as k — oo. Note that once we have established convergence in one
norm, it follows that the iteration converges in all norms.

A more precise statement makes use of the following theorem (see K&C, Section. 4.6):
Theorem 1. The spectral radius p(A) = max|A| is given by

p(4) = inf 4]

where the infimum is taken over all subordinate matrix norms.

In particular, if p(A) < 1 then there is a matrix norm for which || A|| < 1. Thus, it follows
from the theorem that if p(G) < 1 then the iteration (2) converges.

The iterative method (2) will be useful if the splitting A = M — N is chosen so that
i) p(M™IN) <1

ii) Computing the solution to Mz = y is simple.

8



4.1 Jacobi method
4.1.1 Theory

Let L4,Ua and D be the lower/upper triangular and diagonal parts of A (not the same as
in the LU factorization!):

0O 0 -+ v 0 (0 a1s a3 -+ ai,
a0 . : 0 0 ax - ao
La=|az az - o i Ua=|: -
Ap—1,n
(an1 Qna o g1 0 0o 0 -+ 0 0

and .D = diag(ayy, -, apn)-

For Jacobi’s method we take M = D and N = —(Ls +Uy) = D — A (ie. —A but
without the diagonal entries), leading to

2 ) = D YLy + Up)2z™ + D'
It is straightforward to show that

Theorem 2. If A is diagonally dominant then p(D~Y(La + Ux)) < 1 and so the Jacobi

iteration converges to the solution to Ax = b for any starting vector z©),

Proof. Since A is diagonally dominant we have

. 1 .
IGllo = 1D7 (La + Ua)||,, = max ( > |az‘j|> <L

It follows from this inequality that Jacobi’s method converges; the theorem on the spectral
radius shows that p(G) < ||G],, < 1. O

4.1.2 Implementation

In practice, there is a simple way to compute the iteration. Write out Az = b:

11 aiz Aaipz -+ Qin T by
Ag1 Ug2 Q23 -+ Q2p X2 by
_a'nl Ano T an,,n_ _mn_ _bn_

Now we ‘solve’ for z; in the 7-th equation:
1 n
r, = — <bz — E (lm’l’j) .
Qg5 =
J=Llj#i

9



Jacobi’s method uses the values of z(*) on the right side to get z(*+1):

(k1) _ 1 - (k) _
x, —a—ii<b,~— Z QijT; ), 1=1,---n.

=1,

The entries ‘evaluated’ at k£ + 1 are labeled in red. Note that we do not overwrite xl(-k) with
its updated value, because the old value is still needed to update all the other components.
Further note that the order in which we calculate updated entries of x is not important
(t=1,---,n can be done in any order), which makes Jacobi’s method amenable to parallel
computation.

4.2 Gauss-Seidel

We can, however, use the updated values of x; immediately as they become available, which
leads to the Gauss-Seidel method.

4.2.1 Implementation

Proceed as in the Jacobi iteration, but use the updated components of x immediately as
they become available (again, entries ‘evaluated’ at k + 1 are labeled in red; these use the
updated values):

11 Aarz2 Az -+ Qin X by
21 A22 A23 -+ Q2n T2 ba
_an,l An2 e e a'n,,n_ _$n_ _bn_

The formulas for the update are
k+l (k+1) k
S (S IRTEED o } @
Jj=1,7<2 Jj=1,7>1

Note that when computing the i-th component of the updated z*+ | the only components
of 2(**1) needed are the ones we have already computed (from 1 toi—1). Note that the up-
date must be computed in the order i = 1, - - - n (or backwards, with i decreasing from n to 1).

In practice, the update (4) can be simply coded as

1 n
Z<__ b_ 3L , :17 .
a W ( E CLJIJ> 1 n

’L’L . .
J=1,j#i

The simplicity makes Gauss-Seidel an appealing choice for an iterative method. Note that
using the udpated values immediately is convenient when computing each x; one at a time;
if it is faster to do calculations in parallel, the Jacobi iteration may be preferable.

10



4.2.2 Theory

Gauss-Seidel can also be written in matrix form. Let A = L, + D + Ly as before, and take
M=1Lj+ D:
e = —(Ly+ D) "' Usz™ + (La+ D)7'b.

The matrix for the iteration is then G = —(La + D)"'U,. Like Jacobi, if A is diagonally
dominant then Gauss-Seidel converges (see K&C for the proof). Another related result is
that

Theorem 3. If A is symmetric positive definite then Gauss-Seidel converges independent of
the starting vector (0.

The proof involves showing that p(G) < 1, which takes a bit of work (proof omitted).
The theorem is notable because SPD matrices appear so often in applications.

Key point: In practice, some trial and error is involved in getting iterative methods
to work well on a given linear system, because there is no single ‘best’ method. For an
iterative method z**1) = G2® + ¢, the error decreases by at worst a factor of p(G) at
each step. If p(G) is close to 1, then the convergence may be prohibitively slow. The
right iterative method to use depends on the matrix A, the splitting A = M + N and
the spectral radius of p(M~'N), which can be difficult to identify. Preconditioning can
help to reduce the size of p(G), but doing so is itself a non-trivial problem.

4.3 SOR (optional)

A disadvantage of Gauss-Seidel is that if p(G) Is close to 1, the method will converge rather
slowly (too slow to be o any use). One way to correct this is to adjust the splitting. For a
relazation parameter w, € (0,1), use the update

2B+ L+ (k) (k)
x; = (b - Z 5T Z QijT; )—{—(1—@))% : (4)

Jj=1,7<¢ Jj=1,7>1

If w = 1 this is Gauss-Seidel; otherwise the method ‘relaxes’ the update by leaving a part of
the old value (the (1 — w)xl(k) part). In matrix terms,

wa(k) = wa(k) + wb

where
M, =D+ wLlLy, N, =M, — wA.

It can be shown that if 0 < w < 2 and A is sym. positive definite then the method converges.
Ideally, one could find a value w € (0,2) so that

p(I —wM;tA) <1

is minimized, which can greatly accelerate convergence. For some systems, such optimization
is possible, but in general it is difficult to find the right value of w.

11



4.4 A practical concern: when to stop?

According to the theory, we have error bounds of the form
le® < cla|*

where C' depends on the initial error. Typically, it is true that the best bound uses the
spectral radius instead of |G| and that this is the ‘true’ decay rate of the error:

le®] = Cp(G)*.

Thus every step k is expeced to reduce the error by about a factor of p(G). However, we
do not know the constant, as we cannot calculate the error vector without the exact solution.

Knowing when to stop involves using some heuristics and educated guesses. Suppose we
want a solution Z that is within 10~ of the true solution (i.e. about N — 1 significant digits
plus a little more accuracy). Two choices for stopping criteria are

20 — 2] < €2

and/or
[ — 2P| < eqns

where €., and €,,s are relative and absolute tolerances chosen in advance. Typically one
would choose a relative tolerance to be on the order of the desired accuracy (e.g. 107,
perhaps somewhat smaller to be safe. Note that neither condition guarantees that the error
is less than e. If p(G) is close to one, we may have to pick tolerances much less than the
desired accuracy.

One can be a bit more precise about all this (e.g. monitor how fast the solution is con-
verging, estimate the error from quantities we can compute like ||z**1) — 2*|| and so on),
which will be addressed in later topics.

A third condition is to stop when the residual is small:
|Az®) — b < e

(or a relative version). The usefulness of this condition depends on whether you care more
about the residual or the error, the condition of A and whether Az®) is costly to compute
(if the algorithm needs Az anyway, then we have the residual for free).

12



5 A brief discussion of computing eigenvalues

In deriving error bounds for iterative methods, we implicitly used the fact that

lim A*z =0 if and only if p(A) < 1.

k—oo

This idea of applying a matrix repeatedly to a vector can be used to estimate eigenvalues.
For simplicity, we will consider only the case where A is an n x n real-valued matrix with
eigenvalues \q,--- , A\, and a basis of eigenvectors

{v1,v9 - v,} spanning R".

Note that each v; is a vector (the subscript does not refer to the i-th component).

5.1 The power method

Assume now that there is a single eigenvalue of largest magnitude. The power method is
a simple way to obtain this value. Label the eigenvalues as follows:

Al > Aaf = - = A,

Note that if A has real-valued entries, it must be that A; is real (why?).

Intuition: The idea here is that the v; component of a vector x € R" is the one that
grows the most when x is multiplied by A. Thus if we apply A repeatedly:

z, Az, A%x, Az, - - -
the v term will dominate, and the other components will vanish:
APz x cA\¥v; + smaller terms.
Analysis: Since the eigenvectors form a basis, any x € R"™ can be written in the form
T =1 + -+ CrUy

for scalars ¢;. Since AMv; = /\z‘?vj it follows that

n n

n \ k
Ary = chAkvj = ch)\fvj =\ <C1v1 + ch ()\—J> Uj) :
=2

j=1 j=1
All the terms except the first go to zero in magnitude as kK — oo, so
Akx = /\]fclvl + e with HGkH = O(()\g/)\l)k)

Now we need to extract the value of \; by taking a ‘ratio’ of A¥z and A*~'z. To divide, we
need scalars to work with. To this end, let w € R" be such that w’v; # 0. Then

wl Ak x

W A1y A+ O((A2/M)F) as k — oo (5)

13



which is straightforward to check. Thus the power method computes the largest eigen-
value (in magnitude) of the matrix, and the speed of convergence depends on As/A;.

Implementation: In practice, we normalize x at each step to have ||z[|, = 1, which
keeps elements from growing exponentially in size. Because A is computed from a ratio,
the normalization does not affect the answer. The resulting algorithm is:

e Pick ¢ such that ||¢9|, =1
e Fork=1,2-.-:
e} x(k) — Aq(kil)

o ¢® =z /]jz®],
o A®) = (INT Agk).

The result is that A*) converges to the largest eigenvalue \; and ¢ converges to the eigen-
vector. Note that the vector w has been replaced by ¢™*); it is not too hard to show that this
choice® also works instead of a ‘fixed” w chosen in advance.

One should, of course, implement the above while storing only two vectors and a scalar,
and evaluating Aq only once per iteration:

e Pick ¢ such that [|¢||, =1 and set z = Ag
e Fork=1,2,---:

o q=u/|lz|,
o A=ualyq

o x = Aq

Note: Various stopping criteria exist; one can, for example, check whether Aq — \q
is small (a residual condition for the equation Aq = Ag, which should hold if ¢ is an
eigenvector).

3The expression (¢7aq)/(q7q) is called the Rayleigh quotient, useful in some variants of the power method)

14



5.2 Inverse power method

A simple change allows us to compute the smallest eigenvalue (in magnitude). Let us
assume now that A has eigenvalues

Arl = [Aa] - > Al
Then A~! has eigenvalues )\;1 satisfying
B I

Thus if we apply the power method to A™!, the algorithm will give 1/, yielding the small-
est eigenvalue of A (after taking the reciprocal at the end).

Note that in practice, instead of computing A~!, we first compute an LU factorization

of A, and then solve
AgpE+1) — (k)

at each step, which only takes O(n?) operations after the initial work.

Now suppose instead we want to find the eigenvalue closest to a number p. Notice that
the matrix (A — pl)~! has eigenvalues

1
/\j—,u’

j=1,---n.

The eigenvalue of largest magnitude will be 1/(\;, — ) where A, is the closest eigenvalue to
u (assuming there is only one). Thus we need only apply the power method to (A — )™,
computing the iterates

(A — pl)z*k+D = k),

This iteration is also referred to as the inverse power method or inverse iteration.
The method is a cheap, often effective way of computing the eigenvalue closest to p. In
applications, often only the extreme eigenvalue (largest, smallest, closest to a number) is the
one that matters, in which case inverse iteration can be a good choice.

5.3 More on eigenvalues

The methods above give an extreme eigenvalue, but all the other eigenvalues disappear as
the iteration proceeds. Finding the other eigenvalues is more difficult, and the power /inverse
power methods are not particularly well suited to doing so. There are some ways to reduce
the problem after finding one eigenvalue (to find the next largest using the power method,
and so on), but they can be problematic.

For computing all the eigenvalues of A, there is a powerful class of iterative methods that

can be used, such as the QR algorithm, which will not be covered here (it uses the QR
factorization, the numerical implementation of which is a bit involved).
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