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 Efficient satisfability
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ARTIFICIAL INTELLIGENCE
LOGICAL INFERENCE

101Automated reasoning

Logical inference is used to create new sentences that logically follow from 
a given knowledge base.

 The most used inference rules: 

 There are two directions of search: forward and backward chaining.

RULE PREMISE CONCLUSION

Modus Ponens ,݌ ݌ → ݍ ݍ

AND elimination ݌ ∧ ݍ q ,݌

Double negation ൓൓݌ ݌

Unit resolution ݌ ∨ ,ݍ ൓ݍ ݌

AND introduction ,݌ 	ݍ ݌ ∧ ݍ

Modus Tollens ൓ݍ, ݌ → ݍ ൓݌
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ARTIFICIAL INTELLIGENCE
FORWARD CHAINING

102Automated reasoning 

RULE SYMBOL

1 ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ݁ܲ → ݁݇ܽݎܤ

2 ሺሺܻ݈݈݁ݐ݄݃݅ܮݓ݋	 ∨ ሻ݈݊ܽ݉݁ܿ݅݋ܲ ∧ ൓݈ܵ݅ݕݎ݁݌݌ሻ 	→ ݁݇ܽݎܤ

3 ݎ݈ܽܿ݁ܿ݅݋ܲ → ݈݊ܽ݉݁ܿ݅݋ܲ

4 ݓ݋݊ܵ → ݕݎ݁݌݌݈݅ܵ

5 	ݕݎ݁݌݌݈݅ܵ → ൓ݕݎܦ	

6 ݐ݄݃݅ܮܴ݀݁ → ݁݇ܽݎܤ

7 ݎ݁ݐܹ݊݅ → ݓ݋݊ܵ

INFERENCE

QUERY

Forward chaining: answer queries using a 
knowledge base to determine new facts until we 
find that our query is true, or until we’ve run out of 
new facts to generate.

KNOWN ࢘ࢇࢉࢋࢉ࢏࢒࢕ࡼ
MP R3 ݎ݈ܽܿ݁ܿ݅݋ܲ → ݈݊ܽ݉݁ܿ݅݋ܲ

࢔ࢇ࢓ࢋࢉ࢏࢒࢕ࡼ

KNOWN ࢚ࢎࢍ࢏ࡸ࢝࢕࢒࢒ࢋࢅ
KNOWN ࢔ࢇ࢓ࢋࢉ࢏࢒࢕ࡼ
KNOWN ൓࢟࢘ࢋ࢖࢖࢏࢒ࡿ
MP R2 ሺሺܻ݈݈݁ݐ݄݃݅ܮݓ݋	 ∨ ሻ݈݊ܽ݉݁ܿ݅݋ܲ ∧ ൓݈ܵ݅ݕݎ݁݌݌ሻ 	→ ݁݇ܽݎܤ

KNOWN ࢟࢘ࡰ
MT R5 ݕݎ݁݌݌݈݅ܵ → ൓ݕݎܦ														
DN ൓൓ݕݎܦ → ൓݈ܵ݅ݕݎ݁݌݌	
MP 	ݕݎܦ → ൓݈ܵ݅ݕݎ݁݌݌

൓࢟࢘ࢋ࢖࢖࢏࢒ࡿ

C ࢋ࢑ࢇ࢘࡮

KNOWLEDGE BASE

FACTS

Do we need to ݁݇ܽݎܤ?

	ݐ݄݃݅ܮ൓ܴ݁݀		ݐ݄݃݅ܮݓ݋݈݈ܻ݁ ∧ ൓ܵ݊ݓ݋	 ∧ 	ݕݎܦ	 ∧	
ݎ݈ܽܿ݅݋ܲ ∧ ൓ܲ݁ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ
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ARTIFICIAL INTELLIGENCE
FORWARD CHAINING WITH AND-OR TREES

Automated reasoning 

࢚ࢎࢍ࢏ࡸ࢝࢕࢒࢒ࢋࢅ ࢘ࢇࢉࢋࢉ࢏࢒࢕ࡼ ࢟࢘ࡰ ൓࢘ࢇ࡯ࢌࡻ࢚࢔࢕࢘ࡲ࢔ࡵ࢔࢕࢙࢘ࢋࡼ൓࢚ࢎࢍ࢏ࡸࢊࢋࡾ൓࢝࢕࢔ࡿ

݈݊ܽ݉݁ܿ݅݋ܲ ൓݈ܵ݅ݕݎ݁݌݌

ࢋ࢑ࢇ࢘࡮

	ݐ݄݃݅ܮݓ݋݈݈ܻ݁ ∨ ݈݊ܽ݉݁ܿ݅݋ܲ	

MP R3
MT R5
DN
MP
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ARTIFICIAL INTELLIGENCE
BACKWARD CHAINING

103Automated reasoning 

Backward chaining: an approach alternative to 
forward chaining in which the query is explicitly 
proven with the given knowledge, and work 
backward until all the facts are known.

RULE SYMBOL

1 ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ݁ܲ → ݁݇ܽݎܤ

2 ሺሺܻ݈݈݁ݐ݄݃݅ܮݓ݋	 ∨ ሻ݈݊ܽ݉݁ܿ݅݋ܲ ∧ ൓݈ܵ݅ݕݎ݁݌݌ሻ 	→ ݁݇ܽݎܤ

3 ݎ݈ܽܿ݁ܿ݅݋ܲ → ݈݊ܽ݉݁ܿ݅݋ܲ

4 ݓ݋݊ܵ → ݕݎ݁݌݌݈݅ܵ

5 	ݕݎ݁݌݌݈݅ܵ → ൓ݕݎܦ	

6 ݐ݄݃݅ܮܴ݀݁ → ݁݇ܽݎܤ

7 ݎ݁ݐܹ݊݅ → ݓ݋݊ܵ

QUERYKNOWLEDGE BASE

FACTS

Do we need to ݁݇ܽݎܤ?

	ݐ݄݃݅ܮ൓ܴ݁݀		ݐ݄݃݅ܮݓ݋݈݈ܻ݁ ∧ ൓ܵ݊ݓ݋	 ∧ 	ݕݎܦ	 ∧	
ݎ݈ܽܿ݅݋ܲ ∧ ൓ܲ݁ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ
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ARTIFICIAL INTELLIGENCE
BACKWARD CHAINING

104Automated reasoning 

݁݇ܽݎܤ

ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ݁ܲ → ݁݇ܽݎܤ ݐ݄݃݅ܮܴ݀݁ → ݁݇ܽݎܤ ሺሺܻ݈݈݁ݐ݄݃݅ܮݓ݋	 ∨ ሻ݈݊ܽ݉݁ܿ݅݋ܲ ∧ ൓݈ܵ݅ݕݎ݁݌݌ሻ 	→ ݁݇ܽݎܤ

࢚ࢎࢍ࢏ࡸ࢝࢕࢒࢒ࢋࢅ ݎ݈ܽܿ݁ܿ݅݋ܲ → ݈݊ܽ݉݁ܿ݅݋ܲ

࢘ࢇࢉࢋࢉ࢏࢒࢕ࡼ

	ݕݎ݁݌݌݈݅ܵ → ൓ݕݎܦ	

൓൓ݕݎܦ	 → ൓݈ܵ݅ݕݎ݁݌݌

	ݕݎܦ → ൓݈ܵ݅ݕݎ݁݌݌

࢟࢘ࡰ

൓࢘ࢇ࡯ࢌࡻ࢚࢔࢕࢘ࡲ࢔ࡵ࢔࢕࢙࢘ࢋࡼ ൓࢚ࢎࢍ࢏ࡸࢊࢋࡾ

KNOWN KNOWN KNOWN

KNOWN

NE

MT

KNOWN

R3 R5

QUERY

Do we need to ݁݇ܽݎܤ?

RULE SYMBOL

1 ݎܽܥ݂ܱݐ݊݋ݎܨ݊ܫ݊݋ݏݎ݁ܲ → ݁݇ܽݎܤ

2 ሺሺܻ݈݈݁ݐ݄݃݅ܮݓ݋	 ∨ ሻ݈݊ܽ݉݁ܿ݅݋ܲ ∧ ൓݈ܵ݅ݕݎ݁݌݌ሻ 	→ ݁݇ܽݎܤ

3 ݎ݈ܽܿ݁ܿ݅݋ܲ → ݈݊ܽ݉݁ܿ݅݋ܲ

4 ݓ݋݊ܵ → ݕݎ݁݌݌݈݅ܵ

5 	ݕݎ݁݌݌݈݅ܵ → ൓ݕݎܦ	

6 ݐ݄݃݅ܮܴ݀݁ → ݁݇ܽݎܤ

7 ݎ݁ݐܹ݊݅ → ݓ݋݊ܵ

R1 R6 R2
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ARTIFICIAL INTELLIGENCE
BACKWARD CHAINING WITH AND-OR TREES

Automated reasoning 

࢚ࢎࢍ࢏ࡸ࢝࢕࢒࢒ࢋࢅ

࢘ࢇࢉࢋࢉ࢏࢒࢕ࡼ

࢔ࢇ࢓ࢋࢉ࢏࢒࢕ࡼ࢟࢘ࡰ

൓࢟࢘ࢋ࢖࢖࢏࢒ࡿ

ࢋ࢑ࢇ࢘࡮

	࢚ࢎࢍ࢏ࡸ࢝࢕࢒࢒ࢋࢅ ∨ ࢔ࢇ࢓ࢋࢉ࢏࢒࢕ࡼ
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ARTIFICIAL INTELLIGENCE
CONJUNCTIVE NORMAL FORM

201Automated reasoning

 A sentence is in conjunctive normal form (or CNF) if it is a disjunction of 
terms

 Examples of CNF sentences: ሺ݌ ∨ ݍ ∨ ݎ ∨ ሻݏ , ሺ݌ ∨ ൓ݍሻ

 There is a way to convert a sentence into a clausal form:

SENTENCE CLAUSAL FORM

݌ ↔ ݍ
݌ → ݍ
ݍ → ݌

݌ → ݍ ൓݌ ∨ ݍ

൓൓݌ ݌

൓ሺ݌ ∨ ሻݍ ൓݌ ∧ ൓ݍ

൓ሺ݌ ∧ 	ሻݍ ൓݌ ∨ ൓ݍ
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

202Automated reasoning

The Davis-Putman-Logemann-
Loveland is a complete search 
algorithm for deciding if sentences 
are satisfiable.

 It uses Depth-First Search for 
backtracking

 DPLL requires that the knowledge 
base is represented in a CNF form

 It uses improvements to shorten the 
search:
• Early possible termination
• Pure symbol heuristic
• Unit clause heuristic

DPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

203Automated reasoning

ܲ ൌ ݏ 	ܴ ൌ ሼݎ, ,ݍ ሽ݌

ܯ ∪ ݏ ൌ T  	

ݏ

CLAUSES
݌∧ ∨ ݍ ∨ݎ ∨ ݏ

∧൓݌ ∨ ݍ ൓ݎ∨

∧൓ݍ ൓ݎ∨ ∨ ݏ

݌∧ ∨൓ݍ ∨ݎ ∨

ݍ∧ ൓ݎ∨ ∨ ൓ݏ

∧൓݌ ∨ ൓ݏ

݌∧ ൓ݍ∨

ܵ ൌ ,ݏ ,ݎ ,ݍ ݌ ܯ		 ൌ ሼሽDPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)

0
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

204Automated reasoning

DPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)

ܵ ൌ ,ݎ ,ݍ ݌ ܯ		 ൌ ݏ ൌ T
CLAUSES

݌∧ ∨ ݍ ∨ݎ ∨ ࢙

∧൓݌ ∨ ݍ ൓ݎ∨

∧൓ݍ ൓ݎ∨ ∨ ࢙

࢙ ݌∧ ∨൓ݍ ∨ݎ ∨

ݍ∧ ൓ݎ∨ ∨ ൓࢙

∧൓݌ ∨ ൓࢙

݌∧ ൓ݍ∨

= T

= T

= T

ሺݎ, Fሻ

0

1
ݏ ൌ T

ݏ ൌ T
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

205Automated reasoning

DPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)

ܵ ൌ ,ݍ ݌ ܯ		 ൌ ݏ ൌ T, r = F
CLAUSES

∧൓݌ ∨ ݍ ൓࢘∨

ݍ∧ ൓࢘∨

∧൓݌

݌∧ ൓ݍ∨

݌∧ ∨ ݍ ∨ݎ ∨ ݏ

∧൓ݍ ൓ݎ∨ ∨ ݏ

= T

= T

= Tݏ ݌∧ ∨൓ݍ ∨ݎ ∨

= T

= T

ሺݍ, Fሻ

0

1

2

ݏ ൌ T

ݎ ൌ F

ݏ ൌ T, r = F

ݏ ൌ T
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

206Automated reasoning

DPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)

ܵ ൌ ݌ ܯ		 ൌ ݏ ൌ T, r = F, q = F
CLAUSES

∧൓݌ ∨ ݍ ൓ݎ∨

ݍ∧ ൓ݎ∨

∧൓݌

݌∧ ൓ࢗ∨

݌∧ ∨ ݍ ∨ݎ ∨ ݏ

∧൓ݍ ൓ݎ∨ ∨ ݏ

= T

= T

= Tݏ ݌∧ ∨൓ݍ ∨ݎ ∨

= T

= T

= T

ሺ݌, Fሻ

0

1

2

3

ݏ ൌ T

ݎ ൌ F

ݍ ൌ F
ݏ ൌ T, r = F, q = F

ݏ ൌ T, r = F

ݏ ൌ T
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ARTIFICIAL INTELLIGENCE
DAVIS-PUTMAN-LOGEMANN-LOVELAND ALGORITHM

207Automated reasoning

DPLL(ܯ ,ܵ ,ܥ):
1. If ሺevery c	 ∈ ܥ is Tሻ ∨ ሺܥ is emptyሻ, 

return T	
2. If ܥ contains an empty clause,

return F	
3. If there is a (ݐ, polarity ݒ) = pure symbol(ܥ), 

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݐ ∪	ሼݐ	 ൌ (ሽݒ
4. If there is a (ݑ, polarity ݒ) = unit clause(ܥ),

return DPLL(ܥ, ܵ	 െ 	ܯ ,ݑ ∪	ሼݑ	 ൌ (ሽݒ
5. ܲ	= first(ܵ); ܴ = rest(ܵ);
6. Return 

DPLL(ܯ ,ܴ ,ܥ	 ∪ ሼܲ ൌ Tሽ)
∨
DPLL(C, ܴ, ܯ	 ∪ ሼܲ ൌ Fሽ)

ܵ ൌ ሼሽ	ܯ ൌ ݏ ൌ T, r = F, q = F, p = F
CLAUSES

∧൓݌ ∨ ݍ ൓ݎ∨

ݍ∧ ൓ݎ∨

∧൓࢖

݌∧ ൓ݍ∨

݌∧ ∨ ݍ ∨ݎ ∨ ݏ

∧൓ݍ ൓ݎ∨ ∨ ݏ

= T

= T

= Tݏ ݌∧ ∨൓ݍ ∨ݎ ∨

= T

= T

= T

= T

0

1

2

3

4

ݏ ൌ T

ݎ ൌ F

ݍ ൌ F

݌ ൌ F
ݏ ൌ T, r = F, q = F, p = F

ݏ ൌ T, r = F, q = F

ݏ ൌ T, r = F

ݏ ൌ T

17



QUESTIONS ?

18


