Homework 1

Question 1

(Durrett exercise 1.1.2) Let = R, F = all subsets so that A or A° is countable,
P(A) = 0 in the first case and = 1 in the second. Show that (Q,F,P) is a
probability space.

Solution:

First we show F is a o-field. Suppose Aj, A, ... € F. Let I = {i : A; is
countable}. If I = Z, then U;A; is a countable union of countable sets so is
countable, hence it is in F. Otherwise some positive integer k ¢ I, meaning A7
is countable, and then (U;4;)¢ C Af so (U;A;)° is countable as well. Again this
means U; A; € F. Regarding complements, we have A € F implies A€ € F by
definition of F. Thus F is a o-field.

Now we show P is a p.m. Suppose A1, Ag, ... € F are disjoint. If I € Z, then
P(U;A;) =0 =%;P(A;). If instead there is some k ¢ I then A is countable, so
(due to disjointness) A; C A, for all i # k, so k is the only positive integer not in
I, meaning all other A; are countable. Then P(U;A4;) =1 = P(4;) = X;P(A;).
Thus P is a p.m.

Question 2

(Durrett exercise 1.1.4) A o-field F is said to be countably generated if there is
a countable collection C C F so that o(C) = F. Show that the Borel algebra on
R? is countably generated.

Solution:

For each n, we can partition the space R? by a countable collection of sets
of the form

(k127" (k1 +1)27"] x - x (kg27", (kg + 1)277]
where k; € Z. Let S,, be the collection of all sets of the form above.

Claim: o(U,S,) = R%

Let A be an open set in R?. Let A, € S, be a sequence of all sets in
S, that are contained in A. Let B = U, ;A, ; then by definition of A, ;, we
have U, A, ; C A. We claim that all points in A are contained in some A4,, ;.
Suppose a € A. Since A is an open set, there is a cube centered at a that is
contained in A. It is clear that there is an n for which there exists a set A, ;
that is contained in A. Therefore, U, ;A,; = A, i.e. any open set in R? can be



expressed as a union of sequence of sets A,, ; € S,,. Therefore, o(U,S,,) contains
all open sets in R? and R? C o(U,,S,,).

Conversely, Let S; be a collection of an empty set and sets of the form
(a1,b1] x -+ x (ag,bg] € R? where —0co < a; < b; < 00. Let A = (ay,by] x -+ - x
(ag,bq) € Sq. Consider a sequence of open sets A; = (ay,b; +1/27%) x --- x
(aq,bqg+1/27%) € R4, Since R? is a o-algebra, N;A; = (a1, b1] X - -- x (ag, bg] =
A € R?%. We have established that S; € R%. Since each set in S, is in the form
above, we have U,,S,, C R¢. Therefore (U, S,) C R%.

Question 3

(Klenke exercise 1.1.1) Let A be a semiring. Show that any countable (respec-
tively finite) union of sets in .4 can be written as a countable (respectively finite)
disjoint union of sets in A.

Solution:

Let Ay, Ao, ..., A, be any countable union of sets in A. Let By = A1, B; =
A\ U;;ll Aj,i=2,...,n. We know that all B; are mutually disjoint. A is closed
under finite intersection, so Uj;llAj € A,i = 2,...,n. Since for any X,Y € A,
Y\ X is a finite union of mutually disjoint sets in .4, each B; can be expressed
as B;, = UJ‘C'Z‘J7 Ci’j € A and are mutually disjoint. U;A; = U; B; = U; Uj Ci,j-
Considering all B; are mutually disjoint, all C; ; are mutually disjoint.

Question 4

(Klenke exercise 1.2.1) Let A = {(a,b]NQ : a,b € R,a < b}. Define p: A —
[0,00) by p((a,b]NQ) = b—a. Show that A is a semiring and p is a content on
A that is lower and upper semicontinuous but is not o-additive.

Solution:

(a) Ais a semiring.

(i) 0 = (0,0] € A.

(ii) For any X = (a1,01]NQ,Y = (a2, b2]NQ € A. If a; < az < by < by, then
Y\X=0€e A Ifa; <ag < by <bg, then Y\X = (b1,02) NQ € A; If az < ay <
b1 < by, then Y\X = ((ag,al]ﬁ(@ S A)U((bl,bg]ﬁ(@ € A), If as < ay < by < by,
then Y\X = (az,a1] N Q € A; In other cases, Y\X = (az2,b2] NQ € A.

(iii) For any X = (a1,01]NQ,Y = (az2,b2]NQ € A, let a = maz(a1,az2),b =
min(by,b2). Ifb>a, X NY = (a,b] NQ € A; Otherwise, X NY =0 € A.

(b) u is a content on \A.

Given any mutually disjoint A; = (a;, 0] N Q € A,i = 1,...,n, w.lo.g. let
a; § bl S Aj41- UZAZ € A iff bz = a¢+1,Vi. Thus Eiﬂ(Az) = El(bl - ai) =
bn — a1 = p((ar,bn] N Q) = pu(U;4;).

(¢) p is lower semicontinuous.

Given A; C Ay C ... e A A; = (a;, 0] NQ,Vi, Ay, T A, A= (a,0]NQ €
A A = UjA;, ay | a,b, T b Hence p(A) = b—a = limy, o0 (b, — an) =
lim,, o p(Ap).



(d) u is upper semicontinuous.

Given A1 D Ay D ... € A A; = (a;,b] NQ,Vi, Ay | A A = (a,0]NQ €
A A=A, a, T a,b, | b. Hence p(A) = b—a = limy, 00 (b — an) =
limy, o0 p(Ap).

(e) w is not o-additive.

Since Q is countable, let {z,}n,>1 = (0,1] N Q € A for some countable
sequence of x1,¥g,.... Define A, = (x, — 1/2""1 2,] N Q € A,Vn; Define
By = Ay, B; = A3\ U;;ll Aj,i =2, ...,n. Since x, € A,,Vn, U;A; = (0,1] N Q.
w(U;B;) # Eiu(B;), p is not o-additive.



