PH 340: Quantum Statistical Field Theory
Problem Set # 6
Total points: 60

Due: Tue. Mar. 19

1. (10 points) In class, we argued that we needed ‘convergence factors’ in order to make certain Mastubara sums
converge. What this means is that the integral
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evaluated along the circular contour with |z| — co employed to compute the sum »  h(w,) with

has to disappear for an appropriate choice of the convergence factor. Show that the integral disappears
(a) (5 points) for
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This is the function one needs to calculate the total number of particles. e=*"9 is the convergence factor.

(b) (5 points) for
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This is the functions one needs to calculate the free energy. Once again, e~ is the convergence factor.

2. (5 points) While calculating the free energy, we encountered the integral
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where g(z) is the same as in the above problem. Show that
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which was the expression used in class to calculate S.

3. (10 points) The Green’s function for non-interacting electrons is
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where & = €x — p. €x is the energy of the electron, k its momentum, g is the chemical potential and w, is
a fermionic Matsubara frequency corresponding to the temperature 7. When interacting with phonons, the
Green’s function gets modified to
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where ¥(k, iw,,) is called the self-energy. In the simplest approximation
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where v, are bosonic Matsubara frequencies and q ls asum /integral overall all momenta. The phonon Green’s
function
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where wq is the frequency of a phonon of wavevector q, My the matrix element for electron-phonon coupling
and A, a constant. Evaluate X(k,iw,) by performing the Matsubara sum over v,,. You can leave your answer
as a sum over q and it can contain the Bose and Fermi distribution functions.

. (10 points) The polarizability of an electron gas at wavevector g is given by the formula
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where k labels the momentum and o, the spin of the electrons. T is the temperature and V, the volume of the
system. v, is a bosonic Matsubara frequency and w,, a fermionic Matsubara frequency. The Green’s function
G (k, o, icon) 1
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where {x = ex — p. €x is the energy of an electron of momentum k and p is the chemical potential.

(a) (4 points) Show that
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where np(e) is the Fermi distribution function at temperature 7' and chemical potential pu.

(b) (2 points) The wavevector q and frequency w dependent polarizability x (q,w) can be obtained by making
the substitution

X (a,ivn) = x (q,w +149),

where § is an infinitesimal. Write down the expressions for the real and imaginary part of x (q,w).

(¢) (4 points) The dissipation of the electron gas is proportional to —Im( (q,w)). For a 1D electron gas at
T = 0 with dispersion €, = k?/2m and Fermi energy er with corresponding Fermi momentum kg, indicate
the region in the (w, ¢) plane where the dissipation in non-zero.

. (15 points) Electrons (whose spins can be ignored) in a certain band have a dispersion e(k). The electrons in
these levels can hybridize with matrix element Vi with an electron in an “impurity” level of energy ¢4. This is
captured by a “hybridization function”
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where ), is shorthand for an integral over the continuous values of k. The Green’s function of the impurity
level is

1 is the chemical potential.



(a) (2 point) Argue that A(z) has a branch cut along the real axis.
(b) (3 points) Calculate I'(e) = £iA(z — e £407).
(¢) (3 points) Show that
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(d) (4 points) Now, assume that I'(¢) =T for |¢] < W and 0 otherwise. Show that for |z| < W,
A(z) = —iI'sgn[Im(z)].

(e) (3 points) Calculate the density of states of the impurity level
1 -
Pimp(€) = —;Im Gle+i0™),

for le] < W.

6. (10 points) Now, for the above system, the change in total electron number in the band due to the impurity
can be shown to be

1
— : 2 L
AN =T gn Giwy,) |1+ Ek | Vi o —a)Z |

where the summation is over the fermionic Matsubara frequencies at temperature 7.

(a) (4 points) Show that

AN = TZ 8(zin) In (iw, — (€q — p) — A(iwy,)) .

(b) (6 points) Evaluate the above Matsubara sum utilizing the arguments employed in problem 1 to show
that

AN :/ de np(€)pimp(€),

where np(e) is the Fermi distribution function at temperature 7' and chemical potential p, assuming
T < |W|/kp.



