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1 Overview of goals

In this section of the course we will consider the solution of ordinary differential equations.
The tools we have developed so far - interpolation, differentiation and integtration - will
serve as a foundation for constructing the algorithms. We will also make use of some linear
algebra and non-linear equations (e.g. Newton’s method) to solve some sub-problems.

Our main goal here twofold. First, we seek to understand the fundamentals of numerical
methods for ODEs: what are the numerical issues that arise, how to recognize and correct
them, and the right perspective. If you are handed a nasty ODE, how do you approach
writing a method to solve it? How can you argue that the answer you obtain is correct?

Second, as ODEs are a synthesis of existing techniques, we will see how pieces can be
combined and how the fundamental principles (error in interpolation, numerical stability of
integration and so on) show up in practice. We'll also see a few more concepts:

e How stability manifests in numerical solution to ODEs (and how it connects to the
mathematical notion of stability from theory)

e Managing trade-offs between accuracy and stability (the consequences of sacrificing
one for the other are more severe for ODEs than the other problems we have seen)

e Designing adaptive algorithms that ’just work’ like ode45 in Matlab (we saw a bit of
this with adaptive integration, but will explore it in detail here)

2 The problem to solve

2.1 Note on background

See sections 7.1-7.3 of Moler’s book or any standard text on ODEs for a review of ODEs. The
bare minimum will be presented here. Essentially no ODE theory is required to solve ODEs
numerically, but the theory does provide important intuition, so it will greatly enhance your
understanding of the numerics.

2.2 Initial value problems

Here, we will consider solving an initial value problem
y'(t) = flty), telab] (2.1a)
y(to) = Yo (2.1b)

The equation (2.1a) is the ODE (ordinary differential equation) for y(¢) and (2.1b) is
the initial condition. We seck a function y(t) that satisfies (2.1a) for all ¢ in the given
interval and whose value at tq is .

The ODE is first-order (the highest derivative is first-order) and scalar (y(t) is a real-
valued function).

Throughout, we shall assume that



e f(t,y) is a continuous function in ¢ and y

e f has partial derivatives of all orders required for any derivation (mostly for Taylor
expansions)

It is a fundamental theorem that these conditions ensure a unique solution exists, at least
in some interval around (o, yo). It is not enough to ensure that a solution exists for all ¢;
the solution may diverge.

For our purposes, we will attempt to construct numerical solutions where the actual so-
lution exists, so the theory is just there to ensure that the problem to solve is well-defined.

2.3 Slope fields and sensitivity

Here we review a useful geometric interpretation of the ODE

y =[(ty)

A solution (t,y(t)) forms a curve in the (¢,y) plane. The ODE tells us the direction of the
curve at any given point, since

y(t) is parallel to (1,y") = (1, f).

In this sense, solutions to the ODE follow the ’slope field’, which is the vector field

(1, f(t,y))

in the (¢,y) plane. To find a solution to the IVP starting at (to, o), we may follow the
slope field to construct the curve; this is the basis of the simplest numerical method that is
detailed in the next section.

The slope field gives geometric intuition for some important concepts for numerical methods.
For instance, we may ask: if y(t) gets perturbed by some amount Ay at time t;, how far
apart are the original and perturbed curves after some time?

Put another way: how sensitive is the ODE to changes in the initial condition?

The picture is shown in Figure 3. Suppose we have two solutions z(t) and y(t) to the
same ODE,

f(t7 y)v y(tO) = Yo,
:f(t,l'), x(tO) = Zo-

Informally, the difference z = y — x satisfies

/
Y
m/

0
S = ft) - S(t.) = 5 (0.9):



for some £, by the mean value theorem. Thus the size of Jf/0y determines how fast the
difference can change with time. Let

L= max
t€la,bl,yeR

of
—(t .
ay( ,y)‘
Then we have, informally, that

|2 < Ll2| = [2] < |20]e™

ignoring that the absolute value cannot be manipulated this way with a derivative. Thus L
(the max. of the variation of f with respect to y) is the exponential rate, at worst, at which
the two solutions can move apart.

However, the bound is sometimes pessimistic. Taking absolute values discards informa-
tion about the sign, so if 2 ~ —Lz then the bound is the same, even though z then decays
exponentially. This is shown in the figure.

f(t()a 930)'4

Figure 1: Sketch of the difference in two solutions that start at nearby points (¢, o) and
(to, Yo) and numerical examples for 3/ = ty and y' = —ty.



3 Numerical methods: the basics

Summary of notation in this section:
® tg, -+ ,ty : the points where the approximate solution is defined

e y; = y(t;): the exact solution to the IVP

y; the approximation at ¢,

e 7;: truncation error in obtaining y;

h or At: the ‘step size’ t; — ¢,y (if it is constant); otherwise h; or At;

Here we introduce Euler’s method, and the framework to be used for better numerical
methods later. We seek a numerical solution to the IVP

y/ = f(tv y)? y(a) =%

and suppose we wish to solve for y(¢) up to a time' ¢ = b. The approximation will take the
form of values y; defined on a grid

a=ty<t1 <---<ty=b

such that
i = y(t;).
For convenience, denote by y; the exact solution at ¢; and let the ‘error’ at each point be
€ = Yj — Yj-

It will be assumed that we have a free choice of the ¢;’s. The situation is sketched in Figure 2.

3.1 Euler’s method

Assume for simplicity that
h . tj - tj—17

the ‘time step’ size, is constant (not necessary, juts convenient).

Suppose that we have the exact value of y(t). To get y(t + h) from y(t), expand in a
Taylor series and use the ODE to simplify the derivatives:
y(t+h) = y(t) + hy'(t) + O(h?)
= y(t) + hf(t.y) + O(h%).

'Here t is just the independent variable; time is a useful analogy since it suggests the direction (forward
in time) in which the ODE is to be solved.
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Figure 2: Numerical solution of an IVP forward in time from t = a to t = b.

This gives, for any point ¢;, the formula

y(t; +h) = y(t;) + hf(ty, y(t;)) + 750 (3.1)

where 7;;, is the local truncation error defined below. We could derive a formula, but
the important thing is that

Tt = O(h?).
Dropping the error in (3.1) and iterating this formula, we get Euler’s method:
Yir1 = Ui + hf (L5, 55)- (3.2)
The initial point is, ideally,
Yo = Yo

since the initial value (at tg) is given. However, in practice, there may be some initial error
in this quantity as well.

Notice that the total error is not just the sum of the truncation errors, because f is evaluated
at the approximation 7,. The truncation error will propagate through the iteration, as a
careful analysis will show.

Definition (Local truncation error, or LTE): The local truncation error is the error
incurred in obtaining 7; when the previous data (y;_; etc.) is known exactly. It is "local’ in
the sense that it does not include errors created at previous steps.

Another interpretation is this: The local truncation error is what is ’left over’ when
the exact solution is plugged into the approximation. For Euler’s method,

Y1 = Yj + hf(t5,95)



if we plug in y(¢;) instead of y;, the LHS/RHS are not equal; the difference is the local
truncation error:

Yir1 = Y; + hf(t5,95) + T

3.2 Convergence
Suppose we use Euler’s method to generate an approximation
(tj7gj)a ]:077N
to the solution y(t) in the interval [a,b] (with ty = a and ty = b). The ‘error’ in the

approximation that matters in practice is the global error

B = max ly; — U] = max |ej

where

€ =Y; =Y
is the error at ¢;. This is a measure of how well the approximation y; agrees with the true
solution over the whole interval.?

Our goal is to show that, given an interval [a, b], the global error has the form

| = O(h*
ax |ej| = O(h”)
for some integer p, the order of the approximation. In this case we say that the method is
convergent; the approximation, in theory, converges to the true solution y(¢) as h — 0.

As an example, consider
y' = ty, y(0) =0.1

which has exact solution y(t) = 0.1et”. Below, we plot some approximations for various time-
steps h; on the right is the max. error in the interval. The log-log plot has a slope of 1,
indicating the error should be O(h).

2Note that this is not precisely true since the approximation is not defined for all ¢; we would need to
interpolate and that would have its own error bounds. But in practice we typically consider error at the
points where the approximation is computed.

3See previous footnote; really this means that the approximation as a piecewise-defined function, e.g.
piecewise linear, converges to y(t) as h — 0. Since the points get arbitrarily close together as h — 0, the
distinction between ‘max error at the ¢;’s’ and ‘max error as functions’ is not of much concern here.
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3.3 Euler’s method: error analysis

The details of the proof are instructive, as they will illustrate how error propagates and the
'worst case’. Assume that, as before, we have a fixed step size h =t; —t;_1, points

a=ty<t1 <---<ty=b
and seek a solution in [a, b]. Further assume that

i) The partial derivative 0f /0y is bounded by L in the interval:

L := max
tela,bl,yeR

—(t,y)‘ < 00, (3.3)

ii) The local truncation error 7; is O(h?), uniform in j:

max |7;| = O(h?).

0<j<N

This holds, for instance, if the appropriate derivatives of f are all bounded in [a, b] (for
all y), but we will not be too precise about the matter.

Condition (3.3) is called a Lipschitz condition and L is the Lipschitz constant. The
relevant consequence is that

|f(t,y1) — f(t,y2)| < Llys — yof for all t € [a,b] and y1,y2 € R (3.4)

which is a direct consequence of the mean value theorem. This inequality is the key ingredient
for the proof. The theorem is the following:



Theorem (Convergence for Euler’s method): Let y; be the result of applying Euler’s
method (3.2) starting at (%o, Jo) and suppose that (i) and (ii) hold. Then

L(b=a) _ 1\ max |7%|
A L(b—a) € k
o ey| < e leo| + ( 7 ) P (3.5)

where 7, is the local truncation error and e; = y; — g; is the error at ¢;.

In particular, max7; = O(h?) and, as h — 0, if g = 0 (no error in yp) then

max |e;| = O(h). (3.6)

0<j<n

Proof. To start, recall that from the definition of the truncation error and the formula,
Yjr1 =Y+ hf(t5,y5) + Tin
Yj+1 =Y+ hf(t;, y5)
Subtracting (3.8) from (3.7) gives
i1 = 5+ h( £ty 0) = F(t5,5)) + Ty
From assumption (i) we have the Lipschitz property (3.4), so
lej1] < (L+ Lh)lej| + [7j4al.

[terating, we get
lex] < (14 Lh)leo| + [l
le2] < (1+ Lh)*|eo| + (1 + Lh)|7| + |2]
and in general
J
lej| < (14 LhY |eo| + Y (1 + Lh)’™*|n.
k=1
Bounding each |7;| by the maximum in (ii) and evaluating the sum,
, 1+ Lh) —1
le;] < (14 Lh)’|eo| + (max |7%|) %

Now we want to take the maximum over j, so the RHS must be written to be independent
of j. To fix this problem, we use the crude estimate

(14 Lh) < e

to obtain ‘
eLjh

< —1
o £ ol + ()

9



But jh =t; —ty <b—a (equal when j = N) so

Lb=a) _ 1\ max |7%|
| < oLb—a) € kL
o £ M0l + (7 .

Taking the maximum over j (note that the RHS is independent of j) we get (3.5).

Now if 3y = yo i.e. the initial value is calculated exactly, then

max |7 |
| < =2k
Jnax [ej] < C—

for a constant C' that depends on the interval size and L but not on h. By assumption (ii0,

we know that max |7;| = O(h?) so the maximum error is O(h). O

3.4 Interpreting the error bound

A few observations on what the error bound tells us:
e The LTE introduced at each step grows at a rate of e’* at worst.
e An initial error (in yo) also propagates in the same way.

e The LTE is O(h?) and O(1/h) steps are taken, so the total error is O(h); the propa-
gation does not affect the order of the error on a finite interval.

Note that the factor L and (1 + Lh) are method dependent; for other methods, the factors
may be other expressions related to L.

Our two examples from the theory,

(a)y =ty, (b)y =—ty

illustrate the propagation issue. As with actual solutions, the error and a numerical solution
(or two nearby numerical solutions), can grow like e at worst. Indeed, for (a), the error
grows in this way; the error bound is good here.

However, for (b), the numerical solutions actually converge to the true solution as ¢ in-
creases; in fact we have that the error behaves more like e **. But the error bound cannot
distinguish between the two cases, so it is pessimistic for (b).

In either case, the global error over [a,b] is O(h) as h — 0.

3.5 Order

The order p of a numerical method for an ODE is the order of the global truncation error.
Euler’s method, for instance, has order 1 since the global error is O(h).

10
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Figure 3: Numerical solutions to y' = ty and ¢y’ = —ty with different values of N; note the
behavior of the error as ¢ increases.

The 1/h factor is true for (most) other methods, so as a rule of thumb,
LTE = O(h*™') = global error = O(h?).

The interpretation here is that to get from a to b we take ~ 1/h steps, so the error is on
the order of the number of steps times the error at each step, (1/h) - O(h**1) = O(h?). The
careful analysis shows that the order is not further worsened by the propagation of the errors.

Warning: Some texts define the LTE with an extra factor of i so that it lines up with the
global error, in which case the rule is that the LTE and global error have the same order.
For this reason it is safest to say that the error is O(h?) rather than to use the term ‘order
p’, but either is fine in this class.

4 Consistency, stability, and convergence
Convergence is the property any good numerical method for an ODE must have. However,
as the proof shows, it takes some effort (and is harder for more complicated methods). To

better understand it, we must identify the key properties that guarantee convergence and
how they can be controlled.

This strategy leads to two notions: consistency and stability, which are pieces that are
necessary for convergence.

As before, we solve an IVP in an interval [a, b] starting at ¢y = a with step size h.

11



Definition (convergence): The numerical method is said to be convergent with order p
if, given an interval [a, b] where (i) as the timestep goes to zero:

(s 175~ )1 ) = O8) s >

0<j<n

4.1 Consistency and stability

A method is called consistent if
the LTE at each step is o(h) as h — 0.

That is,

Ty .
}ng(l)h =0 for all 5.

To check consistency, we may assume the result of the previous step is exact (since
this is how the LTE is defined). This is a benefit, as there is no need to worry about the
accumulation of errors at earlier steps.

Example (Checking consistency): Euler’s method,
Y1 =Y+ hf(t;, ;)
is consistent since the truncation error is
2

Ti+1 = Y(tj+1) —y(t;) — hf(ty, y(ty)) = %y"(fj)

where ¢; lies between t; and t;41. For each j, the error is O(h?) as h — 0. From the
point of view of consistency, j is fixed so y”(§;) is just some constant; we do not need a
uniform bound on y” that is true for all j.

In constrast, stability refers to the sensitivity of solutions to initial conditions. First, it is
worth reviewing the notion of stability for IVPs.

Stability for first-order IVPs: Consider the IVP

y/ = f(tv y)) y(tO) = Yo (41)
and assume that of
L)<t (4.2

12



If (4.2) holds for some interval ¢ € [a, b] containing ¢y and all y and f is continuous then the
IVP (4.1) has a unique solution in [a, b].
Moreoever, if y; amd y, are two solutions to the ODE with different initial conditions then

[1(t) = ()] < "y (to) — wa(to)].

We would like to have a corresponding notion of ‘numerical’ stability.

Definition (zero-stability) Suppose {y,} and {z,} are approximate solutions to (4.1) in
[a,b]. If it holds that
|yn — 2l < Clyo — 20| + O(R?) (4.3)

where C' is independent of n, then the method is called zero stable.

Note that the best we can hope for is C' = e“(=%) since the numerical method will never
be more stable than the actual IVP. In what follows, we will try to determine the right
notions of stability for the numerical method.

As written, the stability condition is not easy to check. However, one can derive easy
to verify conditions that imply zero stability. We have the following informal result:

Zero-stability, again: A ‘typical’ numerical method is zero stable in the sense (4.3) if it
is numerically stable when used to solve the trivial ODE

y' = 0.

The condition is non-trivial to prove but much easier to check.

Here ‘typical” includes any of the methods we consider in class (like Euler’s method) and
covers most methods for ODEs one encounters in practice.
With some effort, one can show that this notion of stability is exactly the minimum required
for the method to converge.

Convergence theorem (Dahlquist) A ‘typical’ numerical method converges if it is con-
sistent and zero stable. Moreover, it is true that

LTE = O(h*™') = global error = O(h?).

This assertion was proven for Euler’s method directly. Observe that the theorem lets
us verify two simple conditions (easy to prove) to show that a method converges (hard to
prove).

13



Example: convergence by theorem The Backward Euler method (to be studied in
detail later) is

Yjir1 = Yj + hf(tjs1, Y1)

Consistency: The local truncation error is defined by
Yir1 = Yj +hf(t + R yi) + Tig
Expanding around ¢; 4+ h and using the ODE we get
Ui = Yir1 — Y (tis)h + O(h?) = yjea — hf(t; + hyyj) + O(R?).
Plugging this in to the formula yields 7,41 = O(h?) so the method is consistent.
Zero stability: This part is trivial. When the ODE is 3/ = 0,
i/vj+1 = gj
which is clearly numerically stable.

The theorem then guarantees that the method is convergent, and that the order
of convergence is 1 (the global error is O(h)).

Note: It is mostly straightforward to prove convergence directly as we did for
Euler’s method; see HW for this.

4.2 Example of an unstable method

Obviously, any method we propose should be consistent (i.e. the truncation error is small
enough). As the theorem asserts, consistency is not enough for convergence! A simple ex-
ample illustrates what can go wrong when a method is consistent but not stable.

Euler’s method can be derived by replacing ¢’ in the ODE with a forward difference:

y(t+h) —y(t)
h

=y = f(t,y).

One might hope, then, that a more accurate method can be obtained by using a second-order
forward difference
—y(t +2h) +4y(t + h) — 3y(t)

y'(t) = o +0(h?).

Plugging this in, we obtain the method

—Tj+2 = — 451 + 35 + 20f (¢, 7;) (4.4)

14



which is consistent with an O(h?*) LTE. However, this method is not zero stable!
It suffices to show numerical instability for the trivial ODE ¢y’ = 0. The iteration reduces to
Yj+2 = 4Yj+1 — 3y
Plugging in y; = r/ we get a solution when
r?—4r+3=0= r=1,3

so the general solution is '
yj=a+b-3.
If initial values are chosen so that
Yo =1
then y; = yo for all j with exact arithmetic. However, if there are any errors (yo # 1) then
b # 0 and |y;| willl grow exponentially. Thus, the method is unstable, and is not convergent.

Obtaining a second order method therefore requires a different approach.

5 Runge-Kutta methods

In this section the most popular general-purpose formulas are introduced, which can be
constructed to be of any order.

5.1 Setup: one step methods

Euler’s method is the simplest of the class of one step methods, which are methods that
involve only y; and intermediate quantities to compute the next value y;;;. In contrast,
multi-step methods use more than the previous point, e.g.

Yj+1 = Yj + h(a1yj—1 + a2yj—2)

which will be addressed later.

Definition (one step methods): A general ‘explicit’ one step method has the form
Yirr = s + Wb, y5) (5.1)
where 1) is some function we can evaluate at (;,y;). The truncation error is defined by

Yiv1 = Yj + hp(ts, y5) + Tipa. (5.2)

15



The term ‘explicit’ refers to the fact that y;,1 can be computed explicitly at each step, which
makes computation easy.

To improve on the accuracy of Fuler’s method with a one-step method, we may try to
include higher order terms to get a. To start, write (5.2) as

Yjr1 = Y; + hw@jv yj) TTj41
~ —————
LHS RHS

For a p-th order method, we want the LHS to equal the RHS up to O(h?™!). Now expand
the LHS in a Taylor series around ¢;:

2
LHS: y;1 = y(t;) + hy/'(t;) + =" (t;) +---

2
A p-order formula is therefore obtained by taking
h Pt
ity yg) =9/ () + 59" (0) + o+ =),

The key point is that the derivatives of y(t) at can be expressed in terms of f and its partial
derivatives - which we presumably know. Simply differentiate the ODE ¢ = f(¢,y(t)) in t,
being careful with the chain rule. If G(¢,y) is any function of ¢ and y evaluated on the
solution y(t) then

L (Gy0) = G+ G () = Gt 16,

with subscripts denoting partial derivatives and G; etc. evaluated at (¢,y(¢)).

It follows that
y'(t) = f(ty(1)),
y'(t) = fi + fyf,
y"'(t) = (fi + fuf) = fuo + foyf + -+ (see HW).

B, o\ !
P _— [ 2 il
/ (at +f8y) I/

In operator form,

Taylor’s method: The p-th order one-step formula

2 B+l

Yir1 = Y5+ Ry (1) + 5y (t) o Tl

) + 0 ),

Note that y',y”,--- are replaced by formulas involving f and its partials by repeatedly
differentiating the ODE.

This method is generally not used due to the convenience of the (more or less equiv-
alent) Runge-Kutta methods.

16



5.2 A better way

Taylor’s method is inconvenient because it involves derivatives of f. Ideally, we want a one
step method that needs to know f(¢,y) and nothing more.

The key observation is that the choice of 1 in Taylor’s method is not unique. We can replace
1 with anything else that has the same order error. The idea of a Runge-Kutta
method is to replace the expression with function evaluations at ‘intermediate’ points in-
volving computable values starting with f(¢;,y;).

Let us illustrate this by deriving a second order one step method of the form

Yjir1 = yj +wihfi + wah fo +O(R?).
N ”

LHS RHS

where

fl = f(tj7yj)a
fo=f(t;j+h/2,y; + hBf1)

and w1, wq, § are constants to be found.

Aside (integration): You may notice that this resembles an integration formula using two
points; this is not a coincidence since

Yy =flt,y) = Y1 — Y z/tM f(t,y(t))dt

J

so we are really estimating the integral of f(¢,y(t)) using points at ¢; and ¢;1 /5. The problem
is more complicated than just integrating f(t) because the argument depends on the unknown
y(t), so that also has to be approximated.

To find the coefficients, expand everything in a Taylor series, keeping terms up to order h%:
h2
LHSZyj+hy;-+—

2
2

=yt hf S 1)+ O)

v+ O()

where f etc. are all evaluated at (¢;,y;). For the f;’s, we only need to expand fo:

hfo = hf+ "ot 26, (3:) + O

=+ i g, + o).

17



Plugging this into the RHS gives

RHS = y; + h(w; + wq) f + wth fi +waBR* £ f, + O(R?)
LHS =y + hf ) rom

Comparing the LHS/RHS are equal up to O(h?) if
1
wy +we =1, wy =1, wzﬁ:§
which gives
1
w1:0, ’lUQZ]_, 625
We have therefore obtained the formula
Yir1 = yj + hfi + hfa + O(h?),

flzf(tj7yj)7 f2:f(tj+h/27yj+hf1/2>7
which is called the modified Euler method.

Remark (integration connection): In this case one can interpret the formula as using
the midpoint rule to estimate
tjt1
y(tisa) = y(tn) + F(t,y(@) dt = y(t;) + hf(t; + h/2,y(t; + h/2))

tj
but using Euler’s method to estimate the midpoint value:
h
y(tj = h/Z) ~ UYn aF §f(tj,yj).
In fact, when f = f(t), the method reduces exactly to the composite midpoint rule for
f f(t)dt. However, in general, the various intermediate quantities do not have a clear in-

terpretation, and the formulas can appear somewhat mysterious. Deriving methods from
integration formulas is done in a different way (multistep methods).

18



5.3 Higher-order explicit methods
The modified Euler method belongs in the class of Runge-Kutta methods.

Definition (Explicit RK method) A general explicit Runge-Kutta (RK) method’ uses
m ‘substeps’ to get from y; to y;41 and has the form

fi=f(t,95)
fa = f(t; + cah, y; + haoi f1)
fz = f(t; + csh,y; + hag fi + hasa f2)

fm = f(tj + th7 yj + hamlfl oo ham,m—lfm—l)
Yiv1 = Yj + h(wifi + -+ wnfm).

Each f; is an evaluation of f at a y-value obtained as y; plus a linear combination of the
previous f;’s. The ‘next’ value y;;1 is a linear combination of all the f;’s.

e The best possible local truncation error is O(hP™!) where p < m. For each p, the
system is underdetermined and has a family of solutions (see HW for the p = 2 case).

e Unfortunately, it is not true that p = m. That is, to get a high order method - fifth
order and above - we need more substeps per iteration than the order.

e Deriving RK methods past third order is quite tedious and a mess of algebra, since
the system for the coefficients is non-linear and the Taylor series expansions become
complicated. (Exercise: verify that RK-4 below has an O(h’) LTE.)

Thankfully, just about every useful set of coefficients - at least for general purpose methods
- has been calculated already, so in practice one can just look them up. They are typically
arranged in the Butcher Tableau (see book for details).

The classical RK-4 method: One four step method of note is the classical ‘RK-4" method

fl — hf(tn7yn)
fo = hf(tn + Shyn + = 11)

2 2
1 1
f3 - hf(tn+ §hayn+ §f2)

f4 - hf(tn + h7yn + fS)
Yntl = Yn + é(fl +2fo + 2fs + fa).

This method has a good balance of efficiency and accuracy (only four function evaluations
per step, and O(h°) LTE). The method would be a good first choice for solving ODEs, except
that there is a more popular variant that is better for error estimation.
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5.4 Implicit methods

The explicit RK methods are nice because we simply ’iterate’ to compute successive values,
ending up with y;;1. That is, all quantities in the formula can be computed explicitly.

However, we could also include y;;1 in the formula as well. For a one step method, the
formula would take the form

Yir1 = Y5 + 05, Y5 Yje1) + T

Nothing is different in the theory; the truncation error is calculated in the same way and the
same remarks on convergence apply. In practice, however, more work is required because
Yj41 is defined implicitly in the formula:

Yj+1 = Y; + (L5, U5, Yjen)-
Suppose we have computed values up to y;. Define
9(2) = 2 = y; = ¥(tj1,95, 2).

Then y;11 is a root of g(z) (which is computable for any z). Thus ;1 can be computed by
applying Newton’s method (ideally) or some other root-finder to g(z).

Practical note: The obvious initial guess is y;, which is typically close to the root. If h is
small, then y; is almost guaranteed to be close to the root, and moreover

Yi+1 — yj as h = 0.

Thus, if Newton’s method fails to converge, h can be reduced to make it work. Since the
initial guess is close, quadratic convergence ensures that the Newton iteration will only take
a few steps to achieve very high accuracy - so each step is only a few times more work than
an equally accurate explicit method.

You may wonder why we would bother with an implicit method when the explicit methods
are more efficient per step; the reason is that they have other desirable properties to be
explored in the next section. For some problems, implicit methods can use much larger A
values than explicit ones.

5.4.1 Example: using Backward Euler

Suppose we wish to solve
y' = —tsiny, y(0) =yo
using the Backward Euler method

Yir1 = Y5 + hf (i1, Yir)-
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If Newton’s method is used, the code must know f and 0f/0y. The function in Matlab may
be written, for instance, in the form

[T,Y] = beuler(f,fy,[a bl,y-0,h)
where f,fy are both functions of ¢t and y. Internally, at step j we have
9(2) =2 —y; = hf(tjr1.2), g (2) =1—=hfy(tj1,2)

and the Newton iteration is

9(2x)

9'(zk)

This is iterated until convergence; then y;, is set to the resulting 2.

Zk+1 = Rk —

5.4.2 Example: deriving the trapezoidal method

Here we derive a second-order method that uses f(¢;,y;) and f(¢;11,y;+1). The formula is

Yir1 = yj + hwi f(t, ;) + hwa f (L1, Yj1) + Tjg1-

First, note that for the RHS, we only need to expand y; 1 up to an O(h?) error. Using
Yir1 =y + hf +O(h?),

we have that
f(tjt1,y541) = f(t; + hy; + A)
where A = hf + O(h?). Since A? = O(h?), the result is

RHS = hwy f + hwa f(t; + h,yj+1)
— hun f + hwg(f+hft +fyA+O(A2)>

— h(wy + ws) f + weh? (ﬁt + ffy) +O(R?).

Comparing to the LHS,

2

LHS =y =y; +hf+ %(ft + ffy) +O(n?)

we find that w; = wy = 1/2.
Trapezoidal method: The implicit formula
h 3
Yirr = Y+ 5(fi + fir1) + O(R°)

where f; = f(t;,y;) and fi11 = f(tjt1,Yj+1)-

Note that when f = f(¢), the formula reduces to the composite trapezoidal rule.
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