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CHAPTER 2

Let A= 1 0 0

1. Assume that the matrices mentioned in the statements below

have appropriate sizes. Mark each statement True or False.

Justify each answer.

a. If A and B are m x n, then both ABT and A’B are
defined.

b. If AB = C and C has 2 columns, then 4 has 2 columns.

c. Left-multiplying a matrix B by a diagonal matrix A, with
nonzero entries on the diagonal, scales the rows of B.

d. If BC = BD,then C = D.

e. If AC =0,theneither A =0o0r C = 0.

f. If Aand B aren x n,then (A + B)(A — B) = A*> — B

g. An elementary n X n matrix has either n or n + 1

nonzero entries.

h. The transpose of an elementary matrix is an elementary
matrix.

i. An elementary matrix must be square.

j-  Every square matrix is a product of elementary matrices.

k. If A is a 3 x3 matrix with three pivot positions,
there exist elementary matrices Ej,..., E, such that
E,---E\A=1.

1. If AB = I,then A is invertible.

m. If A and B are square and invertible, then AB is invert-
ible, and (AB)~! = A~!B~L.

n. If AB = BA and if A is invertible, then A~'B = BA™!.

o. If Aisinvertible and if » # 0, then (rA)~' = rA~"'.
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p. If Ais a3 x 3 matrix and the equation Ax =

a unique solution, then A is invertible.

. Find the matrix C whose inverse is C ™! =

| —
N
~ W
| I

0 0 0

. Show that A° = 0. Use matrix
0 1 0

algebra to compute the product (I — A)(I + A + A?).

. Suppose A" = 0 for some n > 1. Find an inverse for  — A.

. Suppose an »n xn matrix A
A?—2A4+1=0. Show that
A* =44 -3].

satisfies the equation
A3 =34-21 and

0 —1 1 0
matrices used in the study of electron spin in quantum
mechanics. Show that A2 =1, B> =1, and AB = —BA.

. LetA=|:1 0i|,B=|:O 1iI.These are Pauli spin

Matrices such that AB = —BA are said to anticommute.
1 3 8 -3 5
Let A=|2 4 11 |andB=]| 1 5 |. Compute
1 2 5 3 4

A~!'B without computing A™!. [Hint: A~ B is the solution
of the equation AX = B.]

. Find a matrix A such that the transformation x — AX maps

[; ] and [%] into |: i ] and |: ? j| ,respectively. [Hint: Write

a matrix equation involving A4, and solve for A.]

5 4 7 3 .
-Suppose AB = |:_2 3:| and B = |:2 1]Fmd A.

11.

0. Suppose 4 is invertible. Explain why A4 is also invertible.

Then show that A=! = (ATA)~1AT.

Let x1,...,x, be fixed numbers. The matrix below, called
a Vandermonde matrix, occurs in applications such as
signal processing, error-correcting codes, and polynomial
interpolation.

1 x x2 e Xt
po| b
I ox, x2 e X!
Giveny = (yy....,y,) in R",suppose ¢ = (co,...,C,—) in
R” satisfies V¢ =y, and define the polynomial
pt) =co+cit +et? 4+ Fepgt"
a. Show that p(x)) =y ...,p(x,) =y,. We call
p(t) an interpolating polynomial for the points
(x1, 1), ..., (xy, yy) because the graph of p(¢) passes

through the points.

b. Suppose xi,...,x, are distinct numbers. Show that the
columns of V' are linearly independent. [Hint: How many
zeros can a polynomial of degree n — 1 have?]

c. Prove: “If xy, ..., x, are distinct numbers, and y,, ..., y,
are arbitrary numbers, then there is an interpolating poly-
nomial of degree < n — 1 for (x1, y1),..., (Xp, ¥u).”

Let A = LU, where L is an invertible lower triangular ma-

trix and U is upper triangular. Explain why the first column



of A is a multiple of the first column of L. How is the second
column of A related to the columns of L?

Given uin R” withu’u = 1,let P = uu’ (an outer product)

and Q = [ — 2 P. Justify statements (a), (b), and (c).

a. P2=P b. PT=P c. 0*=1

The transformation x +— Px is called a projection, and
X — QOx is called a Householder reflection. Such reflections

are used in computer programs to create multiple zeros in a
vector (usually a column of a matrix).

0 1
14fletu=| 0| and x= | 5 |. Determine P and Q as in
1 3

Exercise 13, and compute Px and Qx. The figure shows that
QOx is the reflection of x through the x;x,-plane.

3

N X — Px

|
|
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1 Ox

A Householder reflection through the plane
X3 = 0.

/
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Suppose C = E5E,E|B,where E, E,,and Ej are elemen-

16.

17.

18.

tary matrices. Explain why C is row equivalent to B.

Let A be an n x n singular matrix. Describe how to construct
an n X n nonzero matrix B such that AB = 0.

Let A be a 6 X 4 matrix and B a 4 x 6 matrix. Show that the
6 x 6 matrix AB cannot be invertible.

Suppose A is a 5 x 3 matrix and there exists a 3 X 5 matrix
C such that CA = I5. Suppose further that for some given b
in R>, the equation Ax = b has at least one solution. Show
that this solution is unique.



