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Matrix Algebra

3. A four-dimensional subspace would contain a basis of four linearly independent

vectors. This is impossible inside Since any linearly independent set in has

no more than three vectors, any subspace of has dimension no more than 3. The

space itself is the only three-dimensional subspace of . Other subspaces of

have dimension 2, 1, or 0.

1. Assume that the matrices mentioned in the statements below

have appropriate sizes. Mark each statement True or False.

Justify each answer.

a. If and are , then both and are

defined.

b. If and has 2 columns, then has 2 columns.

c. Left-multiplying a matrix by a diagonal matrix , with

nonzero entries on the diagonal, scales the rows of .

d. If , then .

e. If , then either or .

f. If and are , then .

g. An elementary matrix has either or

nonzero entries.

h. The transpose of an elementary matrix is an elementary

matrix.

i. An elementary matrix must be square.

j. Every square matrix is a product of elementary matrices.

k. If is a matrix with three pivot positions,

there exist elementary matrices such that

.

l. If , then is invertible.

m. If and are square and invertible, then is invert-

ible, and .

n. If and if is invertible, then .

o. If is invertible and if , then .

p. If is a matrix and the equation x has

a unique solution, then is invertible.

2. Find the matrix whose inverse is .

3. Let . Show that . Use matrix

algebra to compute the product .

4. Suppose for some . Find an inverse for .

5. Suppose an matrix satisfies the equation

. Show that and

.

6. Let , . These are Pauli spin

matrices used in the study of electron spin in quantum

mechanics. Show that , , and .

Matrices such that are said to anticommute.

7. Let and . Compute

without computing . [Hint: is the solution

of the equation .]

8. Find a matrix such that the transformation x x maps

and into and , respectively. [Hint: Write

a matrix equation involving , and solve for .]

9. Suppose and . Find .

10. Suppose is invertible. Explain why is also invertible.

Then show that .

11. Let be fixed numbers. The matrix below, called

a Vandermonde matrix, occurs in applications such as

signal processing, error-correcting codes, and polynomial

interpolation.

Given y in , suppose c in

satisfies c y, and define the polynomial

a. Show that . We call

an interpolating polynomial for the points

because the graph of passes

through the points.

b. Suppose are distinct numbers. Show that the

columns of are linearly independent. [Hint: How many

zeros can a polynomial of degree have?]

c. Prove: “If are distinct numbers, and

are arbitrary numbers, then there is an interpolating poly-

nomial of degree for .”

12. Let , where is an invertible lower triangular ma-

trix and is upper triangular. Explain why the first column
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of is a multiple of the first column of . How is the second

column of related to the columns of ?

13. Given u in with u u , let uu (an outer product)

and . Justify statements (a), (b), and (c).

a. b. c.

The transformation x x is called a projection, and

x x is called a Householder reflection. Such reflections

are used in computer programs to create multiple zeros in a

vector (usually a column of a matrix).

14. Let u and x . Determine and as in

Exercise 13, and compute x and x. The figure shows that

x is the reflection of x through the -plane.

A Householder reflection through the plane

.

15. Suppose , where , , and are elemen-

tary matrices. Explain why is row equivalent to .

16. Let be an singular matrix. Describe how to construct

an nonzero matrix such that

17. Let be a matrix and a matrix. Show that the

matrix cannot be invertible.

18. Suppose is a matrix and there exists a matrix

such that . Suppose further that for some given b

in , the equation x b has at least one solution. Show

that this solution is unique.

19. [M] Certain dynamical systems can be studied by examining

powers of a matrix, such as those below. Determine what

happens to and as increases (for example, try

. Try to identify what is special about and

. Investigate large powers of other matrices of this type, and

make a conjecture about such matrices.

20. [M] Let be the matrix with 0’s on the main diagonal

and 1’s elsewhere. Compute for , 5, and 6, and

make a conjecture about the general form of for larger

values of .


