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0 Mathematical preliminaries

Here we review some concepts which apply to general differentiable manifolds before we specialize to Rie-
mannian manifolds. Topics covered in this section can be found in any textbook on differential geometry
and Riemannian geometry. Mathematicians introduced the concept of a manifold in order to generalize
the Euclidean geometry in R or R?. One defines a manifold of dimension n, denoted M™ in the follow-
ing way: A manifold, M" is a topological space which is covered by a collection of open sets, say, U;
i =1,2,....N, for some positive integer, IV, i.e.

and each open set is homeomorphic to an open (set) ball in n-dimensional Euclidean hyperplane, R",
U; 2R".

A manifold is a topological space because one can have the notion of a neighborhood containing every
“point” in the manifold, the neighborhoods being the open set, U;’s. As we have discussed in the class
with the example of the two-sphere, S2, one needs more than one coordinate systems or coordinate charts
to cover a manifold (in case of sphere it was seen to be covered by at least 2 charts, one covering all points
except the north pole, while the second chart covering everything except the south pole). However, in
general case as we will talk about two such charts at a time. In the first chart we have points labeled by
unprimed coordinates, {z#}, while in the second chart we have the points labeled by primed coordinates,
{z’/"}1. We then also demanded that for a point in the manifold which lies in the overlap region of of
two such charts, the coordinates of the point in the two charts should be smooth functions of each other,
i.e. if we label the same point, P in one chart by z and in another chart by z’, then the coordinate
transformation map

2 = o (x) (1)

is a smooth function of x and vice-versa. This smoothness means that all order derivatives exist (none
of them diverge)

anx/
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The curly bracket, {z*} means that we actually have a list of objects indexed by p,
{z"} = (2°, 2", 2%,..)

Since the chart is homeomorphic to R", the total number of objects in the list i.e. the total umber of distinct values that p
can take is also n. This is called the dimension of the manifold.



so that we have no problems while making Taylor series expansions of various kinds. Manifolds with such
all order differentiable inter-coordinate transformation maps (C°) are called differentiable manifolds.
We will denote a differential manifold by the symbol M.

0.1 Calculus on Manifolds (Differential Geometry)

We are already familiar with multi-variable calculus on the Euclidean space, R3. To do calculus on an
n-dimensional manifold, the first thing one has to introduce are functions on the manifold. The idea
is if we pick at random, any point on the manifold, say P, there is a map which inputs P and spits out
a real number in return, f(P). This is a function, f on the manifold. Usually the point, P is labeled
by its coordinates, so instead of f(P) we will use the notation, f({z*}). Since there are n-number of
coordinates which are all in the argument of the function, this is a multi-variable map, but following the
abusive convention prevalent literature we will drop the curly variable, and denote the function as f(x*).

After introducing functions, the next natural thing is to introduce derivatives. But since such maps
are multi-variable maps one needs to ask and answer “derivative in which direction?”. To this end let’s
consider a one-dimensional curve (for example, the path of a point particle) ¢ through the manifold and
let’s say that our friend, the point P which happens to lie on that curve. I should remind you that a 1D
curve is parameterized by a parameter, call it A, and each point on the curve the coordinates are functions
of A,

= at ().

Now let’s return to the question of taking derivatives of a function on the manifold and rephrase the
question

“What is the rate of change of the function, f as we move along the curve c(\) at the
point P?”

This rate of change of a function, f would be

df

dX

P

i.e. ratio of change in the value of the function df as one moves and along the curve measured by change
in the curve parameter value, d\ around/about the point P. But f(P) can be thought of as a function of
the coordinates of P, /. So using chain rule,

df(z*(AN) | _ da"(N) | 9f(x)

dA P o dA p Ozt
This can be written in a form,

df (M) | _
where,

dxH(X\)
p —
Vv (wp) d\ » .




It is easy to realize these V* are nothing but components of the tangent vector along the curve at the
point P.

(Recall similar stuff in your vector calculus course, where for a curve in 3d Euclidean space R?, you took
a directional derivative of a function, ¢(x) along the curve with tangent vector, n by

- Vo(x)
)

If we think about all one dimensional curves passing through the point P, we can think of the
collection of the tangent vectors of each of those curves at P. One can show that this collection of tangent
vectors form a linear vector space. This vector space located at P constitutes the Tangent Space of the
manifold, M at the point P, denoted by, TpM. Evidently a basis for this vector space, Tp M is served by

. 0
6“ = @ = (‘%. (2)

This basis of tangent vectors made out of partial derivative operators wrt to the coordinates is naturally
called the coordinate basis. Since we are considering an n-dimensional manifold, the number of coor-
dinates, z* is n. Then, the number of independent basis vectors, d,, of the tangent space is also n then
ie. dim(TpM) =n.

However, note that I could have also conducted the analysis using a different coordinate system /chart
covering the same point, P. In this new coordinate system, P is labeled by z’. This would mean that I
am using a different coordinate basis,

A~/ 8 8/

e

n = g~ O
However the rate of change of the function along the curve, % should be same in any coordinate system.
Mathematically,

df
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One can check that this is only possible if the components of the tangent vector must transform under a
general coordinate transformation (1) as follows,

oz’
 Oav

V(') V(). 3)

If one introduces a transformation matrix (also called the Jacobian matrix),

Ox'H(x)
(). ’

then the above transformation can be written in a matrix form

Vi=JV



Vl

. 2 . . . .
where, V is a column vector 14 and so is V'. Similarly for the inverse transformation,

ot = 2t ('),

one can introduce the inverse Jacobian matrix,

)
(). 8

Analogously one can define, the dual vector space at each such point P on the manifold M, called the
cotangent space, denoted by T M. Here, in brief, we recall the notion of the “dual (vector) space” , V*of
a given linear vector space, V' . The dual space is defined to be the collection of all linear maps/functions
which takes an input vectors, v € V' can spits out a pure number (real or complex). Say w is a member
of the dual space, w € V*, and v1 2 € V are two vectors, then we have,

wlvie] = real or complex number,

w[m—l—m] = w[vﬂ—f—w[w].

A typical example of such a linear map which turns vectors into pure numbers would be, 0* := which
takes as the input a vector and it spits out the p-th component”. So if, v = v*é,. Then,

OHv] = v*.

One can easily check that this map is linear. In fact this example furnishes a basis for the dual space,
{9“}, defined by their action on the basis vectors of the direct space,

6] = on.

In particular one can show that dual basis to the coordinate basis (2) in the direct space are given by
coordinate differentials
Ot = dxt. (6)

This follows from the following argument, under a coordinate change the duality relation should be
unchanged, i.e.

g [e} —Gr[e,] = o¢
For the coordinate basis, é, = d,and e, = d,,, thus giving us,
0" [a)] = 0" 9,],

(89& > 0" [05] = 0} 0% 0]

8:BIIJ

which leads to the transformation rule




or,

gt — (9" v

oxv
It is now easy to see that the coordinate differentials satisfy such a transformation rule,

oM\ -

de' = (22 dz”

ox”
Thus the dual space basis which is dual to the coordinate basis in the direct space are the coordinate
differentials,

O = da.
In the coordinate basis, an element of the cotangent space at P, call it w will be expanded,
w = wy(x) dat.
Again, such an expression has to be invariant under general coordinate transformations, (1), i.e.
wu(z) dat = w),(2') da',

which is only possible if one has the transformation law

ozt
or equivalently
;o ox”
wy,(2') = G wy (7). (7)
This can be again expressed in a matrix language,
W= wJh
w = W.J

where now the covariant vector, w is a row vector, w = (wo, wlw?, .. )

At this point that , it is easy to see we can cook up quantities using tangent vectors and dual vectors,
which are invariant under coordinate transformations such as,

wlV] =w,V*.

In matrix shorthand,
wlV] =w.V,

which is fine because the rhs being a matrix product of a row vector and a column vector is a pure number:
(1,m) x (n,1) = (1,1).

Theorem: Any two distinct finite dimensional linear vector spaces, Vi and V, which have
the same dimension, are isomorphic to each other.



Corollary: A wvector space, V and it’s dual vector space, V* are isomorphic to each other. This
isomporphism allows one to map/identify each and every vector, v to it’s image vector dual vector, v*:

v* 0. (8)
Using this map, one can define an inner product of two vectors, say vi and vy as follows:

(v1,v2) = (v]), vy (9)

In fact, one can use this to define the norm of vector, ||v||, by taking the inner product of a vector
with itself,

2 * o
[[o]]* = (v¥),, v*.

We realize this isomorphism between the vector and dual vector i.e. (8), in component form, by
specifying a quantity called the metric, g,

(V") = guv”. (10)

Specifying a metric, turns the vector space into a metric space. In particular, specifying a metric for the
tangent space, Tp M at each point, P in a differentiable manifold turns it into a Riemannian Manifold.

0.2 Lie derivative or Lie brackets

One can rewrite the transformation law of vectors and dual vectors, (3) and (7), in active transformation
form as follows. Under a diffeomorphism/ general coordinate transformation,

ot — M (x) = 2t + 4 (x),
a vector transforms as,

Vi) 5 Vra) = Py,
V) + €0, V)

— V() = Vi@ -§)+E, V(@ —¢).

So, one defines the Lie derivative, £¢V by the active transformation,

Vit(z) = Vi) = Ve —&+", V(e —-§) — Vi)

Vi) = €70,V (x) + O (&) + &, VY (z — &) — VH(x)
— (€70, VF — VY 0,€") + O (£2)

= —(LV)+0(8)



Similarly, from the transformation rule one can define the Lie-derivative of an one-form,

8 v
(@) —wu@) = s we =€) —w(a)
= _gyauwu - Wua,ugu +0 (52)
= —(Lew), +O (3)

Although we can define a Lie-derivative for a one-form, we do not define the Lie-bracket for an one-form.

One can generalize this process to general (p, ¢)-type tensors. The results are summarized here,

LV = €9,VH - VYD,
(ﬁgw)u = 0wy +w, 0,8
(‘CET)MIWMP vi..vg gyau T,ul...,up Vi..Vg — Tp...,u,p I/1...anp§#1 - T,u1p...,up Vi...Vg —

_|_TH1~-~Hp p...uqaulgp + Tﬂlwﬂp le...l/qauzfp + ...

It is important to note that the Lie derivative, doesn’t change the rank of the tensor on which it is acting,
i.e. Lie derivative of a vector is a vector, Lie derivative of a one-form is another one-form, Lie derivative
of a scalar is a scalar as well, and so on.

Homework:
a. Show that for a scalar the Lie derivative is just the directional derivative:

£§¢ = fﬂaﬂd).

b. Show that the Lie derivative obeys the Leibniz rule for differentiation,
Le(Vi@Va) =V1 @ (LeVa) + V1@ (LeVa).

where, V1 o are tangent space vectors.

The action of Lie-derivative on vectors, also allows us to define a new binary operation in the Tangent
space, namely, the Lie bracket of any two vectors,

V1, Vo] = Ly, Vo

Homework:
Show that the Lie-bracket obeys the following three properties
a. Linearity:

b. Anti-symmetry:
[‘/17 VQ] - - [V27‘/1] °



c. Jacobi Identity:

One can show that the commutator of two successive diffeomorphisms, 1 and &, is a third diffeomor-
phism given by the Lie bracket of n and &.

Ly (LeV) — Le (LyV) = Ly gV

In math (differential geometry) literature, the notion of a Lie derivative follows naturally from integral
curves of a (smooth) vector field. These curves are such that the tangent vector at each point on the
curve coincides with the vector field. Such integral curves represent a map from the manifold to itself,
which further induces a map between tangent spaces (and cotangent spaces) all along the curve? . The
Lie derivative of a smooth vector field, Y along the integral curve of another smooth vector field X is
defined to be the Lie derivative, LxY by taking the difference of the vector field Y with the induced map
(pushforward) vector of Y along an integral curve of X:

LyY = lim LEF0) = fV (@ +9)
6—0 )

Here x and x+¢ are two points on the integral curve of X, given by the curve equation, f(x) = xz+J. Using
the formula for pushforward maps, one can check and the above equation coincides with the expression
found before,

LxY =X"0,Y! -Y"), X"

Once we have defined Lie derivatives for vector fields, one can generalize this notion to define Lie deriva-
tives for dual vectors and higher rank tensors by demanding that the Lie derivative obeys Leibniz rule
and that the Lie derivative must act on a scalar like a directional partial derivative. Thus given a smooth
vector field, say X on can introduce a notion of differentiation along the integral curves of X. However, in
many situations one might not have any smooth vector field supported on the manifold (e.g. Hairy ball
theorem for compact manifolds). Thus we will opt for a different notion of differentiation in the coming
sections, namely the covariant derivative by introducing an independent additional data, dubbed as the
affine connection for the manifold (including compact manifolds such as S?).

?In general, a (smooth) map between points on two different (or different points on the same) manifold(s) in turn induces
a map between tangent (cotangent) spaces at the two points, popularly referred to as pushforward (pullback) maps. Let’s
say f is a smooth map from the manifold, M™ to the manifold N". Then the pushforward map f. : TpM — Typ)N is defined
by, ot
"o v y
LV =V (@) 2L
Here z*,y" are the coordinates of the point P in M and f(P) on N. V is a vector field defined on M. The pullback map then
follows,

o)), = w%



1 Riemannian Manifolds

Mathematically, the curved spacetime of general relativity is a Riemannian manifold i.e. a differential
manifold, M, which comes with an extra feature called the metric (g), which allows us to define distances.
A Riemannian manifold is usually denoted as (M, g). Two nearby points in a Riemannian manifold with
coordinates, {z#} and {z" + dz#} are separated by a “distance” aka spacetime interval,

ds* = g, () do* dz”. (11)

The same information is also presented in a matrix form i.e. metric g is written as a matrix, with the
element in the u-th row and v-th column being g,

»~th column

p—th row— G

Gy =

The metric, g, can be taken to be symmetric in its indices by rewriting (11) a bit, as we show in the
next few lines

ds® = giadrtda® + gordaida’ + ...
= (912 +921) daetdz® + . ..
= grodatda® + grodatda® + ...
= 2g{2dac1d:v2

where
g12 + g21

912 = g21 = 5

From now on we will take the metric to be in symmetric form only. In general for a vector space, the
metric is defined to be a (0, 2) rank tensor satisfying the following conditions:
g(U, V) = g(V,U)(symmetry) (12)
g(U,U) > 0, (norm positivity) (13)
where the equality holds iff U = 0, the zero vector, i.e. a symmetric nondegenerate (0,2) rank tensor.
However for tangent space vectors in Lorentzian spacetimes (see insert next page), norm positivity
condition (13) is not true and instead one has to modify it little bit to define a nondegenerate metric in

the following manner: if g(U, V) = 0,VV, then U = 0, the zero vector. One can check that this criterion
disallows zero eigenvalues of the metric and keeps it invertible.



Normally, the square of the distance between two points in space is a positive quantity, unless the points
are coincident in which case the distance is zero:

Gudatdx” >0

and hence in most spaces the metric tensor as a matrix would only have positive eigenvalues. However, in
physics we need to include time as a coordinate, and we have seen before in special relativity, the square
of the “spacetime distance” between two points which are timelike separated ( i.e. have same spatial
coordinates, dx = 0 but different times of occurrences, dt # 0 ), is negative,

ds? = —dt? + dx® = —dt.

Such spaces which allow for negative eigenvalues of the metric, g,, are called Pseudo-Riemannian mani-
folds by mathematicians and Lorentzian spacetimes by physicists. They are defined by,

gudxtdz” > 0, for spacelike separated points
gudzt'dr” = 0, for coincident or ”lightlike/null” separated points

gudxtdr” < 0, for timelike separated points

The squared line element, (11) must amount to the exact same quantity, regardless of whatever
coordinate chart (x or z’) we use to compute it. This implies

9 (@) dz'™ dz" = g, () dat dx”,
or equivalently,

dr® oz
G (') = 9o D 9ap(T). (14)

Thus the metric turns out to be a tensor, to be precise, a symmetric (0, 2) rank tensor. As such it can be
expanded in the tensor product basis for (0,2) tensors, namely, dz* @ dz¥ in the following way

9 = gu(z) da! ® dz”.

However unlike in the Minkowski case, it is not an invariant tensor anymore - it changes to a new function
/

g .

Note that the transformation law (14) for the metric tensor components can also be expressed in a
matrix notation using the inverse Jacobian,

dg=JTgJ L (15)
where J~ T = (J*I)T.
Homework: Consider two dimensional flat space (just space and no time), also known as 2d Euclidean

space, R%2. One can either use the Cartesian coordinates to label points in R? i.e. (z,y), or one can use

10



the plane polar coordinate system (r,#) to label (almost) all the points in R?. The distance between two
points in R? say (r,6) and (r + dr, 0 + df) is given by the familiar “squared line element”,

ds* = dr® +r* df>.
So the metric, g is given by the components,

grr =1, goo =12, gro = gor = 0.

g :<g7’r gr9>:<10>
=4 Jdor 9o 0 r?

Check that under the coordinate transformations,

In matrix form,

r = 1 cosf,

= r sinf,

g _(gxx gxy>_<1 0)
e Gyz  Gyy 0 1

i.e. to say, the metric in Cartesian coordinates is,

the metric transforms to,

ds? = da® + dy*.

Oz Oz
(Hint: First construct the Jacobian matrix, J = ( g 9 ) and use the transformation law (15)).
or 06

1.1 Lowering and raising indices

The metric tensor allows us to map contravariant vectors to covariant vectors, the so called “lowering the
index”,

Vi(®) = g (2)V" ()
while the inverse metric, g"¥, defined by,

9" (x) gur(z) = 64

can be used to convert covariant vectors to contravariant vectors by the “raising the index” operation,

wh(z) = g"" () wy ().

11



1.2 Invariant tensors

From the homework, it is clear that the metric is not an invariant tensor under a general coordinate
transformation. In the homework we transformed from plane polar to Cartesian coordinate system and
the metric expressions (matrix) looked completely different. But one can check that the Kronecker delta
continues to be an invariant tensor,
/
w2
ox'* 9z
ox® Oz'v
ox'H
awlu
= .

What about the Levi Civita symbol, €,,,,7 Is this a tensor at all? and if it is a tensor, is it an invariant
tensor under general coordinate transformations? Recall that we had defined, the Levi-Civita symbol by
the rule:

Euvpos = (*)P~ (16)

where, P demotes the number of swaps one needs to turn 0123 to uvpo. Similarly, we defined another
Levi-Civita symbol with upstairs indices,

0T = o P e o gy

The Levi-Civita symbol turned out to be invariant tensor under Lorentz transformations. But in the
following we will see that unfortunately under the general coordinate transformation, the Levi-Civita
symbol is non even a tensor, let alone an invariant tensor (in fact it is something we call a tensor-density).
But before we proceed we also need to consider the transformation of the metric determinant, g, or more
suitably the determinant of the inverse of metric, g*¥ under a GCT,

_ 1
(9/) b= 41 nvpo Eapys g
1 B ga il v_ g8 _ 0B P TV 4PY c_ g6 _ 56
= (Cuvpo Eapas (' J% g )(J v 759 >(J P75y )(J J°59 )
1 T
= 1 (5“1,[)0 JH ﬂJVl_/JPﬁJU&) (501576 JGC_MJBBJV’_Y]S 3) ghe guﬁ il gaé

luee B lpy 9/0'5

g g

1 -
= J? Ieﬁf/ﬁﬁ €apys g gyﬂ g 906
= J¥g L (17)
Here, J is the determinant of the Jacobian. This implies,

g =J2. (18)

Such quantities which transform under GCT with various factors/powers of the Jacobian determinant, .J
hanging around are called tensor densities. Now we are in a position to figure out the transformation

12



rule for € under a GCT. Again, our starting point is the definition of the determinant of the Jacobian
inverse (we are denoting the determinant of the Jacobian matrix by J),

€aprs I = Evpo (Jil)u o (Jﬁl)u B (Jil)p v (Jil)a 6 (19)

Now look carefully at the rhs of the above equation. It looks like we have a transformation rule of € as a
(0,4)-type tensor. But the LHS is not & but has a factor of J hanging around. So the Levi-Civita symbol
is not a tensor but a tensor density as well. Similarly from the determinant identity,

MO T = JH o\ TV 5 JP . JO 5 P00,

we note that he Levi-Civita symbol with all four upstairs indices, e*57° is a tensor-density as well.

1.3 “New and Improved” Levi-Civita tensor : Invariant Levi-Civita tensor for curved
spacetime

Recalling the way the determinant of the inverse metric transformed, we can perhaps cook up an invariant

antisymmetric tensor,
7 1

;75 Euvpo

In Lorentzian spacetimes, g < 0, so we need to put an extra minus sign inside before we take a square
root. So,

€uvpo

1
€ = —=¢ .
nvpo nvpo
V=4

Perhaps similarly we can define another separate invariant tensor from the e say

gPe — /=g gB70

What about when we try to raise all 4 indices to turn it into, e#*???7 Let’s raise the indices and see what
happens,

(20)

7 = g"g"P g7 6% €appo
1

_ — guaguﬁgpwgaé
1

= = (")

— \/fgglww

Gl

€appo

So we don’t need a separate completely antisymmetric tensor with the tilde!

T = \f—g e, (21)

13



1.4 Invariant Volume element

Recall that we defined the volume element by the 4-form in Minkowski spacetime
d*z = dz® A dxt A da® A da?.

Again, we are interested in knowing how does this volume element transform under GCT. To do this, we
first rewrite it as using the Levi Civita symbol, €, s

d'x = Euvpo Azt @ dr¥ @ dz’ @ dx?,
In the primed coordinate frame,

dy = Evpo dz'M @ dz'’ @ da'P @ dz'?
= Cupe JHa J" 3 J’OWJU(stCa@dlﬁ@d.%’w@dl‘&
= €apys J Az ® da? @ dx” @ da®
= Jd'z. (22)

So the volume element is a tensor-density as well. (This is the proof of the volume element transformation
you learn in multi-variable calculus). From this transformation of the volume element, (22) and recalling
the transformation rule for the metric determinant, (18), we see that we can define an invariant volume
element,

dV = /—gd'z. (23)

2 Covariant Calculus: Affine connection

In the case of Minkowski spacetime, R!3, we have seen that the derivative of a (p, q)-type tensor, 0.T
is a tensor as well under Poincaré transformations - in fact the derivative turns it into a (p,q + 1)-type
tensor. This fact was crucial when we wanted to make equations of physics covariant under Poincaré
transformations because most equations in physics express “rate of change” of physical quantities,

0,T = X
where X is a (p,q + 1)-type tensor while, T" is a (p, q)-type tensor .

Now the question we are confronted with at this point is - do derivatives of tensor fields in a generic
(Pseudo)-Riemannian spacetime, transform as tensors under a general coordinate transformation (GCT).
To this end let’s check how a derivative of a vector field transforms under a GCT,

Y » 0z oz’
0, V¥ (x) = 8;\/" (@) = Bli O (8:1:5 Vﬁ(x))
oz oz oxr® 9%
— bt B el S pa
ox't OxP V7 () + Ox't Ox*OxP Vi@). (24)

So we observe that the derivative of a vector does not transform homogeneously under a GCT, and in
fact contains a non-tensor piece, namely, the second term

oxr® 82 JI/V

vy Yy s
oz Ox*0xh Vi) (25)

14



in addition to nice tensor like piece,

ozx® ox'
el el B
ozt OxP V7 (7).

So as of now we cannot write down rate equations in a covariant form because the derivative fails to
be covariant. For example, the continuity equation,

Ot =0 — ((%j'“ + non-tensor junk) = 0,
changes to something unpleasant in appearance.
How do we remedy the situation? The idea is that maybe we can define/cook up a covariant

derivative, V, by adding some non-tensor piece, say FZ)\ to an ordinary partial derivative which will
cancel out the non-tensor piece (25), which arises when carry out do a GCT , i.e. define,

V VY= (V V) =0,VY +T0, VA (26)
and demand that under a GCT,
y , Oz 0z
VWV VLV = pprim: Vo VP (27)

Let’s see what kind of constraint does this covariance condition impose on the transformation rule of the
quantity, I' under a GCT. To this end we compute the LHS of the above transformation law (27),

V;V’V _ aLV/V + 1—\//1;)\ V/)\

oz® oz ox® 9% ox'

= 9,V vl VP
ox'v Ozb + Ox'm Ox*OxP T oxP
while the RHS of (27) is,h
oz oz oz® oz
el B _ =z Zr B B 1
ox'm dxB ox't OxP ((%V e,V )

Equating the last two expressions, we get,

ox® 82 x/z/

oz’ 5 Ox® oz’ 8 v
Ox'* Ox*dxP

0zh oz 9xB T

L AN

or, simplifying things a bit
< p 0 0z 0x 5 Oz 9P > V7 — 0.

X9z Q' 9xB T T dxln 9zodx

Since this equality holds for arbitrary V7, the quantity inside the parenthesis must be zero,

p O’ 0™ 9z 5 Oz 9%z
PX9xy B/t 9z T falm dxdxY

15



or, multiplying both sides by %, we get the transformation rule for I,

o Oz® dx7 0z 5 Oz 0x)  O*a
re T dxli 9z’ OxB T T 9alt Jz'P dxdz

(28)

Thus we see that I' itself transforms non-covariantly, the second piece which is underlined is an inhomo-
geneous piece. The first piece (not underlined) is of course a pure tensor like transformation piece. Some
remarks about this object, I' and the related covariant derivative, V, are in order:

1. "'y is called the affine connection. The name comes from the idea that I' maps vectors from
distinct tangent vector spaces of nearby points (affine) on the manifold. The word affine is derived
from the word affinity which means “closeness” or “kinship”. Heuristically, the affine connection
measures the rate of change of the basis vectors as one moves from one tangent space located at P
to the tangent space located at a neighboring P’. Thus if é, is a basis vector in the tangent space,
then

Vuéy =T}, 65
(Check that this implies the following rule for covariant derivative of dual/contangent space basis

vectors
A AX
V,ﬂ” = —FZAG .

2. This object is non-unique, we could only pin this connection down up to its transformation rule
(28), not the exact expression. Homework: Show that adding a pure tensor, a (1,2)-type tensor,
T"\ to an affine connection, I'?, gives us another new affine connection, I'/', i.e. show that,

Loy =T, + 17,

14

also transforms like (28). An equivalent statement is: The difference of two affine connections is a
(1,2) rank pure tensor.

3. The covariant derivative, V does obey the necessary conditions it needs to satisfy to be called a
derivative i.e. linearity,
V,(Vi + Vo)’ =V, V' +V,Vy,
and Leibnitz rule,
V,\ (‘/{LVZV) - ‘GMVAV2V + VQVV)\‘/QM.

4. We note that the ordinary derivative of a scalar, d,¢(z) does transform like a vector, so we must
have that the covariant derivative of a scalar must reduce to its ordinary partial derivative,

Vup =0,
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5. Leibniz rule for covariant derivative plus the fact that V reduces to a ordinary partial derivative,
0 when acted on scalars immediately yields the action of covariant derivative on a cotangent space
vector or one-form aka a covariant vector. Leibniz rule gives,

Ve(Viw,) = V'V, +w,V, V"
= V'V +wy (@V” +T%, VA) :
while scalar property gives,
V(Vwy,) =0, (V'w,) = VYOuw, + w,0,V".
Equating the two expressions,
VIV wy +w, TV VA = VY0,

or,

(Vuwl, — Opwy + I’f;l,wk) VY =0.
Since this equality holds for arbitrary V¥, we must have,
Vwy — 0wy + I‘ﬁyw)\ =0,

or
Vwy = uwy — Thywa (29)

6. Finally by creating higher rank tensors by taking tensor products of contravariant and covariant
vectors and using Leibniz rule we can arrive at the expression for covariant derivative of general
rank tensors:

V,\ THL--Hp vi..vg 8)\ THte V1..Vg + FK(IX ToHz-Hp V1..Vg + Fiz THY-Hp V1...Vq +...
—D, Tt gy — T T g — L (30)

3 Levi Civita connection

In a Riemannian manifold, (M, g), the specification of the metric singles out a very special affine connection
which is a function of the metric and its derivative, Fl’)y = Fl/),,(g,(?g). This is called the Levi-Civita
connection. It is defined by the following two properties,

1. Symmetry under exchange of the two downstairs indices:
A A
I =Ty,

Otherwise known as the Torsion-free condition.
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2. The metric tensor remains covariantly constant,
Vugvp = 0.

Otherwise known as the metric compatibility condition.
Solving the above pair of equations, we get the Levi-Civita connection,

1
F//)u = QgAp (Ougpv + Ovgup — OpGuv) - (31)

Homework: Derive the above formula from the torsion-free and metric compatibility condition.

4 Point Particle in curved spacetime : Geodesic equation

The action for the point particle moving through curved spacetime is,

I o) = - [ 03y (3)) 2 )

where ) is some parameter labeling the curve. The Lagrangian is,

L(“dﬂ>:‘m¢ﬁwmu»“””d”Q) (32)

TN AN dx

and the Lagrange’s equation of motion is,

oL _d (oL . _dx
ozt dx \oar )" '

|
>

Plugging in the form of the Lagrangian (32), we get

m o d m2 g, ,x"
_ —0,0,piPi%) = — Lp 33
2/~ Gap (7) Fogs U Oudee ) =0y < —Gap (2) g‘cafcﬁ) 33)

Define a new parameter, the proper time, 7 given by,

— = \/—Gap (x) £25,

so that,

18



In this parametrization the equation of motion, (33), looks like,

LU P " aal S m 2 Gup”
2\ " = gap (@) 2%F \/—gap (x) 2°iP dr \ 2/ —gup () #2i? )’
m dz? dx° d dzP
= %y T M

o,
- dTg“p dr G dr?

5 dx¥ dxP n d?>xP
= m|Oguy——+mgu,—— | -
L e g2
Multiplying both sides by , we get,

d?a? dz¥ dz? 1 P dz¥ dx”

e T O = 59 0o Oy = 0
which can be rearranged a bit to look like,
2z 1 dx¥ dxf
dr2 + 29 (8V.g/.tp + apgl/,u, - augyp) ?E =0

But the quantity in the parenthesis can be identified to be the Levi-Civita connection, hence we have the
equation of motion of a point particle to be,

d?a \ dz¥ dz?

dr? Tl dr dr
This is also called geodesic equation. Geodesics are defined to be curves of extremal distances (station-
ary variation) in a Riemannian manifold. Since the point particle action is proportional to the path-length,
extremizing the particle action gives rise to particle trajectories along curves of least path-length or ex-
tremal path-length.

=0. (34)

4.1 Parallel transport

We have claimed earlier that the affine connection(s) allows us to compare vectors in different tangent
spaces. One can then use the affine connection to ask the question, whether two vectors in the two
different tangent spaces can be “aligned” or “parallel” to each other. Another way of phrasing the same
question is, how can one use the affine connection to transport a given vector from one tangent space to
another in a manner “parallel to itself”. To answer this we consider a vector, V' at the point P. Suppose
we want to transport this vector V living in TpM to another point P’ along some path connecting P toP’.
If ¢# = df; be the tangent vector along the path (curve) PP’, then for parallel transport, the change in
the vector after being transported on the curve by an parameter interval, d\ is,

&'v,vr)=0
Expanding out everything,
dxt
oV +1I,,VP) = 0
o OV + )
davv dxt
—+ I VP— = 0. 35
— o el (35)
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In particular we can choose V# = % i.e. the tangent vector to some yet undetermined curve itself. Then

the equation of motion of this self-parallel motion i.e. parallel transporting this tangent vector along itself
is given by, ,
14

o py & (36)
d\? HP AN d\
Now we know in Euclidean geometry only type of curve is obtained parallel transporting along its tangent
- the straight line. So the above equation gives the definition of “straight line” in curved spacetimes. Note
that the connection appearing in the self-parallel equation can be ANY affine connection, not necessarily
the Levi-Civita connection. However the connection appearing in the geodesic motion is the Levi-Civita

connection.

5 Geodesic Deviation equation: Riemann Tensor

We consider a family of geodesics i.e. a one parameter family of geodesics, x#(7, s), where s is the label
for the different geodesics and 7 of course is the proper time labeling points on the same geodesic. Now at
the beginning of the course I claimed that the curvature of spacetime is measured by examining whether
the geodesics are converging, diverging or remaining parallel. In this section we will study this. Few
things we need are:

e tangent vector along the geodesic,

T _ oxH (T, s).
or
e geodesic separation/deviation vector,
g _ ox" (T, s)
os '

i.e. the vector connecting points on two different geodesics but those points have the same value of
T is,

~ SH ds

Note that since the order of partial derivatives do not matter,
oTr oSt 9%xk(7,s)
ds  Or  010s

So the first natural candidate for how quick the geodesics converging or diverging as we progress along
the geodesic i.e. move along 7 is perhaps acceleration of the geodesic deviation i.e.

028+
dr? "’
But as we will see this is not quite appropriate. The reason goes as follows. Recall that for parallel

straights lines in flat space, we naively expect the tangent vector to remain unchanged as we move along

the straight line, i.e.
orr 0
or
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BUT we have seen that in polar coordinates this is not so, in fact the proper equation is,
Vv, T" =0.

So taking the cue from this, we can modify our claim, the geodesic separation rate should be measured
perhaps by the quantity
(T.V)* s,

928

instead of %5

Before we go any further we note the following identity

(T.V)S" = T'V,s"

= TV (9,8" +TV,S")
oS

— 92 L pugvge
or + 1,175
oTH

_ PR TV
95 + .5 v

= SV, T+

= (S.V)TH (37)
where we have used chain rule,

L, 0x"(7,s) vo  0Y(7,5) 0 _ 9
= or 7 "0 = or  Oxv(r,s) OT

to go from the second to third line. Then we used

oSk 9%zt (r,s)  OTH
or  0rt0s  Os

to go from third to fourth line. Then finally we used the

0  0x¥(7,s) 0

ds Os  0z¥(T,s) =50

and, the parallel transport definition,
5§70, TH + ST, T" = 5% (8VT“ + SPF‘,jpr) =SV, TH,
to go from the fourth line to the fifth line.

Now let’s go back to our object of interest, i.e. the geodesic separation acceleration (T.V)2 S*. Now
observe that, due to the identity (37)

(T.V)? S =T.V (I.VS) =T.V (S.VT).
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Next we fully expand this quantity, indices and all in full glory.

TV (SVT)* = T'V,(S.VT)*
= T8, (S.VT)" + T"T" (S.NT)’

= ;T (SPV,T)* + T, (S*V,T)"
a g 1% g
= - (S0, 4 ST}, T7) + T"T, (s, + 5713, T7)

o (0 )
= —(=Tr+8TE 77 ) +TT* | =T*+ ST T°
or (85 +5 pa ) + VA (88 +5 pa

92TH 9 oT>
= — (SPT™ T7) +T"TH, Z—— + TH TA TVSPT?
0T0s + or (S ra )+ YA 9s RIS
~—

T HSP o
_ u o v gpro i P
= %005 T ar ol TS T e 5T

TV o’ r'“. ) Tv8erTe
+ VA ds v po ;

O?°TH 98P oT> oT°
— + 8,17 + T"T, —— + ST, 5
-

0ords Ot YA Os
+TVSPTTY, , + T TV SPT. (38)

po,v

Note that in going from the second last to the last line, I have used,
ose _ oty
or s
To male further progress, we need to simply the term,
o*TH
Ot0s’

To this end we note that, we take the following covariant directional derivative of both sides of the geodesic
equation,
SV(TVNT=0) = SV (T.VT) =0,

—_——
or in full blown index notation,
0 = [S.V(T.VvD)*
= (5°V,T.VT)"
= 8P, (T.NT)" + STk, (T.VT)"
8 14 14 g
= %(T o,T" +T"T,, T )—i—SpFﬁB 0
o (0
= — " +TYTh T°
Js (87‘ * ve )
o0*TH  9T* ore
= —TI T9 +TVSPTTH T .
gsor @5 v T vor T e
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This implies,

0T+ oT? oT°
= ———T¥" 79 —TYSPT°TH —T"TH .
0sOT Os Y7 va.p Y7 Os

We plug this in the result for the geodesic deviation equation (38), and we get,

(39)

aTe oT°

o KL o _ v gpOTE VTR
T.V (S.VT) o5 LhoT? = T"SPT LY, , — T'TY, =
R

oT> oTe
—TH* 177 4+ T"T* PTH
* or *? + YA 9s 5 or

+TVSPTTY, , + T TV SPT?

pov
v o nopA 1 0T)‘
— TVSPT (Fﬁw —TY,+ FV/\FPU) Y i (40)

PA 97
~

Finally we replace the underbraced term using the geodesic equation,

oT>
T'T =0 — 5= ) TT°.
T

or*
or

and obtain the expression for the geodesic separation “acceleration rate”

(T.V)2 8" = T.V (S.VT)" = T'S°T® (F’p‘a,u ~ T, 4+ THT, - rﬁArﬁg)

vo,p

TVSPT°R* 4., (41)

where we have introduced the Riemann Curvature Tensor ,

R gy =Thy , =Tl , + T8I0, —Th T3, (42)

This tensor is supposed to measure the curvature of the underlying manifold since it is proportional to
the rate of change (acceleration) of separation of a family of geodesics (recall such a family of geodesics
are analogous to parallel straight lines in flat space)

Note at this point we have not yet proven that the indexed object (42) which I declared to be the
Riemann tensor is indeed a tensor, especially because it is made up of non-tensor object such as the
Levi-Civita connection and the derivatives of the Levi-Civita connection. Presently we will see that the
object (42) can be expressed in a form such that its tensor properties are completely apparent and this is
how most texts on Riemannian Geometry introduce the Riemann tensor,

[vm Vp] éa =R Uupéu~ (43)
where we have used the commutator,
Vo, Vylée =V, (Vypés) =V, (Viés) .

Since the LHS of equation (43) is a pure tensor being made up of unit vector, é, and covariant derivatives,
the RHS must be a tensor as well. This immediately means R* ;,, is a tensor.
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Check: Here we check that indeed the second definition (43) indeed gives us back the form (42) we
obtained from the geodesic deviation equation. First we evaluate,
V., (Vpés) = V, (F,’D\Ué,\)
= (VuIls) e+ 0 (Vi)

= 9T, éx+T)

o A
pO’FV)\ €o.

where we have used Leibniz rule from going from line 1 to line 2, and then in going from line 2 to line 3,
we have used the face that covariant derivative of a pure number such as Fﬁa is same as partial derivative,

vyrga = ayrgg.

Thus the lhs of (43)

[Vw Vp] e = Vu (Vpéa) - vp (Vuéa)
= (O e+ TR T 60 ) — (912, éx + T3, T00 & )
= (A0, — 0,0, + T -T2 ) 6

= R's 6,

So we have just shown that the two definitions of the Riemann tensor are equivalent at the end of the
day. Now although by definition the Riemann tensor is a (1,3)-type tensor, it is more favorable in the
research literature as well as some modern textbooks to lower the upstairs index and make a (0,4)-type
tensor, namely,

R,uupa = g,u)\R)\ vpo -

By abuse of language we will also call this (0,4) tensor as the Riemann Curvature tensor.

Homework:
Compute the Riemann tensor components for a two-dimensional manifold, namely the 2-sphere, given
by the metric (of radius R),
ds? = R? (d92 + sin 6 dqbg) .

You will first need to compute, the Levi-Civita connection, I' 5 ), and then plug them in (42).

5.1 (Anti)Symmetry Properties of the Riemann Tensor
1. Antisymmetry of the last pair of indices: This is evident from the definition (42) itself
R Gyp = =R o pu.

or equivalently,
Ryovp = —Ruopv-
This holds for any type of connection, I
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2. Antisymmetry of the last three indices (aka the first Bianchi Identity):
RM ovp + R* vpo + RM pov — 0. (44>

or equivalently,
R,uo’l/p + R/,u/po' + R/,Lpa'l/ == 0

This result holds for a “Torsion-free” connection i.e. any connection which is symmetric,

(Check this by evaluating

[V, V], Vo] @ = =3R7 1,05 ® — 2T,V (9,®) + 20, (rﬁw]aa<1>> .

and then applying Jacobi identity for covariant derivatives on a scalar, i.e [V, V],V ]+[[V., V,], V,]+
[[Vp, vu] ,V,,] ¢ = 0)-

3. Antisymmetry wrt to the first pair of indices:

Ryovp = —Rouvp-

This only holds for Metric compatible and torsion-free connection, i.e. Levi Civita connection. (One
can prove this by taking trace of R¥,,, wrt to the first and second indices and then showing that
it vanishes, i..e. o;, Rt 5, = 0.)

4. Symmetry wrt to exchange of first pair with second pair of indices,

R

uvlpe = I

polpv:

This is a result of the first Bianchi identity and the symmetry wrt the last two pair of indices.

5. Antisymmetry wrt derivatives, aka the second Bianchi Identity:
VR oup + VR 5p + VR 5 = 0. (45)
This can be proved by using the Jacobi Identity for commutators,
([vlm [vlh VPH + [vllv [vm Vu” + [vp, [v/“ VVH) V)\ == O
First we simplify each term in the above sum in the LHS
Ve Vo VIV = 9, (90, V1 V) = 19,9, (V,)
- v, (RA MV”) — R,V VT + R,V VP
= (ViR o) VT + BTy VoV,

Then we add all three terms and next we use Bianchi Identity I, Eq. (44) . This will give us (45).
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Using the first four identities, one can show that the number of independent components of the
Riemann Curvature tensor in D-spacetime dimensions is,

D?* (D? —1)
12

Check: Naively, the Riemann Curvature tensor, R, ,o has D* components since each of the four indices
can take D values. But then it fails to take into account the symmetry and antisymmetry property of
the Riemann Curvature tensor. The antisymmetry of the first pair of indices,uv tells us that the first
pair can take only N = P(C5 values. So for the second pair of indices, po. But then the symmetry of
exchanging the first pair, uv with the second pair, po tells us the number of independent components of
this four tensor object could only be

N(N+1) D([D-1)(D*-D+2)

2 8

But then there is still the first Bianchi Identity, which gives constraints if we pick four different values for
pvpo ie. PCy. We need to remove these ”Cy from the possible, N(N +1)/2 which gives us the number
of independent components of the Riemann tensor to be:

NN +1) PG, — D?*(D? - 1)‘

2 12

6 Einstein Field Equations

In general relativity, gravitation is the curvature of spacetime caused by a source which is the stress-
energy-momentum tensor. So we would like some equation which has the cause i.e. T}, on the RHS and
the effect i.e. some curvature related quantity on the LHS, i.e. related to the Riemann tensor, R} ppv-
But clearly we cannot have some equation like,

R 2
pupy — Lpv

because the indices on both sides are not the same. So first and foremost we have to contract two indices
in the lhs. So we introduce the Ricet tensor as a contraction of Riemann tensor:

(Ric)m/ = R)\ D2
Note that this tensor is symmetric in it’s indices,

(Ric),, = (Ric),, .

Check:

(Ric), = 9% Rpuov
= gUpRonu

= (Ric)

vo *
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Since the indices on both sides match, could we have an equation for general relativity such as,
?
(Ric),,, = T

modulo some proportionality constant. But even this equation cannot be correct, because the RHS being
a conserved current, obeys
Vi, =0,

while,
\%s (RiC)W £ 0.

Check:
We take the second Bianchi Identity, i.e.
ViR 6up + VR o + VR 51 = 0.
and we multiply both sides by, 6§ to obtain
V. (Ric),, + VAR 5pu — V, (Ric),,, =0,

to which we multiply both sides by g7,

V* (Ric),, + V* (Ragpug"®) — V, (Ric) = 0
= V¥ (Ric),, + VM (Rpureg"°) — V, (Ric) = 0
= V" (Ric),, + VA (Ruporg"’) — V, (Ric) = 0
— V*(Ric),, + V* (Ric) , =V, (Ric) = 0
V* (Ric),, + V* (Ric),, — V, (Ric) = 0.
So at the end we have,
V¥ (Ric),, = %vp (Ric), (46)

where (Ric) is the trace of the Ricci tensor, (Ric) = " (Ric),,
But notice using the fact that covariant derivative of the metric vanishes we can rewrite the RHS,

V, (Ric) = gpu V" (Ric) = V¥ (g (Ric)).
So then using this form in the RHS (46) we have,
Vi (Ric), = V" ( Lg., (Ric)
ic),p = 59np (BiC) ),

or,

v [(Ric)up - %gw (Ric)] ~0. (47)
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This leads us to define the Einstein Tensor,

. 1 ‘
G = (Ric),,, — > 9up (Ric) , (48)

which is divergence-free,
VHG L, = 0.

So now we have a candidate equation,
G =cTy (49)

since both sides are:
e two-index object which are symmetric in the indices,
e both sides are divergence-free.

It so turns out that the demanding that the Eq. (49) reduce in the limit of weak gravitational fields and
low velocities to the non-relativistic Newtonian form,

V.g = —4nGy p,

(where the V is the three-dimensional gradient operator, g is the gravitational field, p is the mass-density
and Gy is the Newton’s universal gravitational constant ), one needs to choose,

Cc = 87TGN.

Thus we arrive at the final form of the Finstein’s field equations for gravitation,

1
(Ric),, — 39w (Ric) = 8GN Ty (50)

7 Gauss Theorem and Stokes Theorem for curved spacetimes: Con-
servation Laws

Now we face a little problem. General coordinate invariance demands that the continuity equation be
changed to,
Ougt — Vgt

However if we naively integrate this general covariant form of the continuity equation over all spacetime
as we did in special relativity it does not give us a conservation law,

0:/d4x Vit = /d4$ (8" + T ,57)

= /d% 8“j“+/d4m IV

= (/d3xj0 —/d3xj0

28
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If we define the charge to be the volume integral of the charge,
Q= /d3x 4°.

(Q(t5) — Q(t:)) +/dt (/d3xv -j) +/d4x T4 j# =0

Using Gauss theorem in 3D, we see that the second term vanishes due to the surface integral at infinity
since we assume there are no sources or sinks at spatial infinity (“localized sources” i.e. nothing is coming
in or going out through spatial infinity),

/d%cV-j:#j-ﬁdS:O.

oo

Then we have,

Thus, we get,
_ 4 :
Q) =) - [ oty

i.e. initial and final charge is not the same or charge is not conserved. because of the term which contains
the connection. In flat space, this term was not there and we had.,

Qty) = Q(t:),
i.e. conservation of charge.

So one wonders what went wrong, and the answer is that - the volume element we used, d*z is not
general covariant and instead we need to use,

/ d*z /—g.
i.e. define charge to be,
Q= / d’xv/~g j°
Let’s see how this leads to resurrection of the conservation law. First we note the following identity,

1 9 (vV—9)
Fﬁp = 59#69;15,;) = pﬁ (51)
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Again we start by integrating the covariant continuity equation,
0 = /d4a? —g V"
4 . .
= /d T/ —g (6@]“4— Fﬁp]p)
9 (/—a
— /d4l'\/jg <ap]p+ a( g) ]p>
9

\/j
- /d%c‘) (V=94

= (/d?’xJ?gjO
= Q(tf)_Q(ti)-i-/dt# V—gj-ndS
= Qty) — Qt).

Thus now gave recovered our conservation law,

Qty) = Q(t:).

An important by-product of our discussion is the 4-dimensional version of the Gauss-theorem i.e.if we
integrate over all space and all times, i.e. t; — 400, t; — —oo0.

— /d3x V=g jo
ty

)+/dt/d3xv-(\/?gj)

ty

/d4w —g Vit = /d4x8 (\/ gj )
oo
— Q(+00) — Q(—o0) +/ dt ﬂ J=7j nds.
—oo )
So in the last line we have an integral over spatial and temporal infinity.

Caveat: This result cannot be generalized to tensors of arbitrary rank i.e.

/d4fL‘ —q vu (TMLQ....,Hp) 75 /d4l‘ au (\/jg T/J,;LQ....'LLP) )

So there is no Gauss theorem for arbitrary rank tensors.

However one can generalize the Stokes theorem to arbitrary rank antisymmetric tensors. This
is because one can show that for an antisymmetric tensor, say A" which is antisymmetric in all its
indices, u,v,...o

/ d'a/=g V, AP = / d'z 9, (V=g AP

and then again integrating over all space and time.

Homework:
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Check that for a two-index antisymmetric tensor,

V=9 VA" =08, (V=g A" .

Hint: Expand the covariant derivative and use the symmetry property of the downstairs indices of the
Levi-Civita connection, I, =T% .
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