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1. Let G be a Cayley graph with a finite symmetric generating set S such that
o /∈ S where o is the identity element. Let Bn = {v : d(v, o) ≤ n}. Suppose

that |Bn \Bn−1|/|Bn| → 0 as n→∞. Show that B
(G)
n (o)

LW→ (G, o).

2. Let Gn = G(n, pn) with pn = λ/n. Show that for all k ≥ 1 and n ≥ λk,
we have that

P(|C(v)| > k) ≤ e−cλk,

with cλ > 0 if λ < 1.

3. Let Gn = G(n, pn) with pn = 1/n. Assume that there exists c < ∞ such
that E[|Cn(1)|] ≤ cn1/3 for all n large enough. Show that for all n large
enough and a > 0,

P(|Cmax| ≥ an2/3) ≤ ca−2,

where |Cmax| is the size of the largest component in Gn.

4. Let Gn be the tree of depth k in which every vertex except the 3 × 2k−1

leaves have degree 3 and where n = 3(2k − 1). What is the local weak
limit of Gn ?

5. Let Gn be a sequence of random graphs on [n] such that Gn
LW−d→ (G, o).

Let Z≥k be the number of vertices i such that |Cn(i)| ≥ k where Cn(i) is
the component of i in Gn. Show that for all k ≥ 1,

n−1E[Z≥k]→ P(|CG(o)| ≥ k),

where CG(o) is the component of the root in (G, o).

6. Let Gn be a sequence of random graphs on [n] such that Gn
LW−d→ (G, o).

Let |Cmax| be the size of the largest component in Gn. Assume that
P(|CG(o)| =∞) = 0, where CG(o) is the component of the root in (G, o).
Show that

n−1E[|Cmax|]→ 0.
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ADDITIONAL PROBLEMS (not to be submitted)

1. Let Gn = G(n, pn) with pn = λ/n. Let Bk = {i ∈ [n] : dGn(i, 1) ≤ k},
k ≥ 1. Show that for all k ≥ 1,

E[|Bk \Bk−1|] ≤ λk.

Thus conclude that P(radGn(1) ≥ k) ≤ e−cλk for λ < 1 where radG(1) =
maxv∈CG(1) dG(v, 1).

2. Construct the simplest (in your opinion) possible example where the local
weak limit of a sequence of deterministic graphs is random.
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