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1. Let U be the set of all unlabelled graphs. Consider the map τ : U → [0, 1]U defined by

τ(G) := (s(F,G))F∈U .

Show that

(a) Show that [0, 1]U is a compact metric space.

(b) Show that τ is not injective.

(c) Show that τ+ : U → [0, 1]U × [0, 1] defined by

τ+(G) = (τ(G), v(G)−1)

is injective.

2. Let s, t, tind be the functions as discussed in class. Show that

(a) Let Lk be the set of all labelled graph on [k] vertices. Show that

| s(F,G)− t(F,G) |≤ v(F )2

2v(G)

t(F,G) =
∑

H∈Lk,H⊃F
tind(F,G)

and
tind(F,G) =

∑
H∈Lk,H⊃F

(−1)e(H)−e(F )t(F,G).

3. Let Gn be a graph with vertex set [n]. Let Ĝn be the random labelled graph obtained by a random
re-labelling of the vertices of G. Show that for any F ∈ Lk,

E(tind(F,Gn) ≤ P(Ĝn [k] = F ) ≤ E(tind(F,Gn) + P (v(Gn) ≤ k)

4. Let H be an exchangeable random infinite graph in L)∞. Show that the following are equivalent

(a) H is exchangeable

(b) H [k] has a distribution invariant under all permutations of [k] for all k ≥ 1.
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