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Course Progress : Sparse Random Graphs

This page is to maintain topics covered in the sparse random graphs class.

L1 - Sep 1 : Metric space of rooted graphs. Simple examples and continuous
functionals.

L2- Sep 8 : Erdos-Renyi random graphs. Sparse regime. Subgraph counts.

L3- Sep 10 : Poisson approximation of cycle counts. Bienayme-Galton-Watson tree
basics.

L4- Sep 22 : Breadth-first exploration for Bienayme-Galton-Watson tree and Erdos-
Renyi graph.

L5- L6- Sep 29 : Local structure of the root in Erdos-Renyi graph. Basics of weak
convergence on metric spaces. Definition of local weak convergence.

L6- Oct 6 : Criterion for local weak convergence ; Local weak convergence of random
graphs. Completeness of limits. Local weak convergence of Erdos-Renyi random
graph.

L7- Oct 13 : Locality of giant component ; Properties of the giant ; Discussion of
Assignments 1 and 2.

L8- Oct 20 : Vertex structure of the giant component ; Giant component of the ER
graph ; Small-worldness of the ER random graph.

L9- Oct 27 : Tightness in metric spaces. Compact sets for local weak topology.
Criteria for tightness of random graphs. Estimable functions.

Nov 3 : BREAK

L10 - Nov 10 : Unimodular random graphs. Examples.

L11 - Nov 17 : Soficity and Unimodularity. Involution invariance. Unimodular Galton-
Watson trees.

L12 - Nov 24 : Doubly rooted graphs and Local weak convergence of weighted
graphs ; Unimodularity of weighted graphs ; Discussion on other random graph
examples.

L13 - Dec 1 : Minimal spanning trees - Definition and basic properties. Aldous-Steele
continuity theorem.

L14- Dec 8 : Explicit computations for Galton-Watson trees. Idea of Frieze’s ((3)
theorem. Summary of the course.
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Sparse Random Graphs : Assignment 1

Yogeshwaran D.

September 11, 2020

Submit solutions via Moodle by 20th September 10:00 PM.
1. Are the following functionals continuous ?
(a) h:G.— {0,1} is defined as h((G,0)) = 1[B%(0) = H], where r > 0
and H is a connected graph.
(b) h:G.— {0,1}is defined as h((G, 0)) = 1[|0BF (0)| = 1,...,|0BES (0)| =
lm] where BE(0) = BE(0) \ BS (o) and ly,...,L, € {0,1,2,...}™.
(¢) h:G, — {0,1} is defined as h((G,0)) = 1[|C(0)| > k] where C(0) is
the component of origin.

2. Let D;,i € [n] be the degrees of the vertices in G(n,p) for p = \/n,\ €
(0,00). Show that for any m > 1,

m e—,\/\k.
lim P(D; =ki,1<i<m)=]]
=1

n—00 k! -

3. Let H be a connected graph on k vertices , £k > 1. For any subgraph
E(H

H, C H, we denote llvgﬁll by d(H,), called the density. Further, set
m(H) = max{d(H,) : H; C H}. Show the following

(a) If p = o(n=/™H)) then P(H C G(n,p)) — 0.

(b) If p = w(n=Y/™H)) then P(H C G(n,p)) = 1.

4. Let T be a finite tree on k vertices. Let X*(7T,G) denote the number of
components in G isomorphic to T i.e.,

X*(T,G) := Z 1[F = T]1[F is a component in G].
FCG;|V(F)|=k

Let G(n,p) be the ER random graph with p = A/n, A € (0, 00). Show that
n'E[X*(T,G(n,p))] converges as n — oo and also find the limit.

5. Show that for p = A\/n, A € (0,00), we have that

X(Co G(n.2)) S Poi(y).

1 Anyone is welcome to try for general Cy.



6. Denote by ¢g(t) the probability generating function of the total number
of nodes in the GW tree; ¢5(t) := E[t°] where S is the number of nodes
in the GW tree. Show that

¢S(t) = t¢N(¢S(t))13 € [01 1]1

where ¢n is the probability generating function of the off-spring random
variable N.
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Sparse Random Graphs : Assignment 2

Yogeshwaran D.

October 1, 2020

Submit solutions via Moodle by 11th October 10:00 PM.

1.

Let G be a Cayley graph with a finite symmetric generating set S such that
o ¢ S where o is the identity element. Let B,, = {v : d(v,0) < n}. Suppose

that | B, \ Bn_1|/|Bn| = 0 as n — co. Show that B?(0) Y (G, 0).

Let G,, = G(n,p,) with p, = A/n. Show that for all £ > 1 and n > Ak,
we have that
P(IC(v)| > k) < e=™F,

with ¢y > 0if A < 1.

. Let Gn = G(n,pn) with p, = 1/n. Assume that there exists ¢ < oo such

that E[|C(1)]] < cn'/? for all n large enough. Show that for all n large
enough and a > 0,
P(|Crmaz| > an?/?) < ca™?,

where |C,,42| is the size of the largest component in G,,.

Let G,, be the tree of depth k in which every vertex except the 3 x 2+~1
leaves have degree 3 and where n = 3(2% — 1). What is the local weak
limit of G, 7

Let G,, be a sequence of random graphs on [n] such that G, i (G,0).
Let Z>j be the number of vertices i such that |C, ()| > k where C,, (i) is
the component of i in G,,. Show that for all k£ > 1,

n~'E[Z>k] = P(|Cs(0)| > k),

where C¢(0) is the component of the root in (G, 0).

. Let G, be a sequence of random graphs on [n] such that G, R (G,0).

Let |Cinaz| be the size of the largest component in G,. Assume that
P(|Cg(0)| = o0) = 0, where C¢(0) is the component of the root in (G, o).
Show that

n'E[|Cpazl] = 0.



ADDITIONAL PROBLEMS (not to be submitted)

1. Let G, = G(n,p,n) with p, = A/n. Let Br = {i € [n] : dg,(2,1) < k},
k > 1. Show that for all £ > 1,

E[|Bx \ Br-1]] < A~

Thus conclude that P(radg, (1) > k) < e~* for A < 1 where radg(1) =
ma.x,,ecc(l) dc(’v, 1).

2. Construct the simplest (in your opinion) possible example where the local
weak limit of a sequence of deterministic graphs is random.
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A family of random variables {X };cs is called uniformly integrable (u.i.)
if for any given € > 0, there exists A large enough so that

suII)IE(|X,-|1[|X,-| > A]) <e.
i€

Show that {X}ics is u.i. iff sup;; E[| X;|] < oo (i.e., uniformly bounded
in L') and also that for any € > 0, there exists § > 0 such that for any
measurable A with P(A) < § implies that sup;c; E[| X;|14]] < e.

If degree of the root has bounded pth moments for p > 1 then it is uniformly integrable.
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Sparse Random Graphs : Assignment 3

Yogeshwaran D.

November 2, 2020

Submit solutions via Moodle by 15th November 10:00 PM.

1.

Let G, converge in probability in the local weak sense to (G,0). Let
(0511),05,2)) be two independent uniformly chosen vertices in [n]. Show that

((Gny 05), (G, 0$2)) 5 ((G, 0), (G',0')) where (G',0') is an independent
copy of (G, o).

Construct an example where G converges in probability in the local weak
sense to (G, 0), while M = n<(=P(C(0)| = ).

. Let G, be a finite (possibly disconnected) random graph and converge in

probability in the local weak sense to (G,0). Let ¢ = P(|C(0)| = o).
Assume that

limsuplimsupn—?E[|{z,y € [n] : |C(2)],|C(y)| = k,z ¢ C(y)}]] > 0.

k—oo n—oo

Then prove that for some € > 0,

lim sup P(|Crnaz| < n(¢ —€)) > 0.
mn—oo

Under the assumptions of Q.3., show that for some € > 0,

lim sup P(|Cs| > en) > 0,
00

where Cs is the second largest component with ties broken arbitrarily.

The size-biased version X™* of a non-negative random variable X is defined

= E[X1[X < 4]

E[X]
Show that when (d%"),>1 forms a uniformly integrable sequence of ran-

dom variables, there exists a subsequence along which D}, the size-biased
version of D,, = dJ", converges in distribution. Here G,, is a sequence of

P(X*< X)=

. Let G,, = G(n,p) for p = A\/n. Using direct computations (i.e., not using

local weak convergence), show that

hrn lim sup P(dg, (o1, 0{?) < —— o4

— K) =
260 b = log A ) =4,

where 0, 0% are independent uniformly chosen vertices in [n].
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Let G = (V, E) be a finite connected graph, w : V2 — R, an edge-symmetric weight function and
G = (G, w) the associated weighted graph. We assume that for any subsets A #% B of E,

Zw(e) # Z w(e). (6)

ecA ecB

The minimal spanning tree MST(G) is the unique minimizer of

7(G) = min Z: w(e), (7)

TEeST(G) 5

where ST(G) is the set of spanning trees of G' (uniqueness is a consequence of (6)). For ¢ > 0, let
G(t) = (V,E(t)), where E(t) = {e € F : w(e) < t} and for v € V, let G(¢,v) be the connected
component of v in G(¢). The following standard lemma gives a criterion to build to the minimal

spanning tree.

Lemma 3.1. An edge e = {u,v} € E belongs to MST(G) if and only if G(w(e),u)NG(w(e),v) = 0.
Lemma 3.1 can be used as a criterion to define the minimal spanning forest of an infinite graph.

Definition 3.2 (Minimal spanning forest). Let G = (G,w) be a locally finite weighted graph with
w: V2 = R, edge-symmetric such that (6) holds for all finite subsets A # B of edges in E. The
minimal spanning forest of G, MSF(G) is the graph with vertex set V and edges, the set of e € K
such that (i) G(w(e),u) NG(w(e),v) =0 and (ii) G(w(e),u) and G(w(e),v) are not both infinite.

It is easy to check that MSF(G) is indeed a forest (no cycles). Also, by Lemma 3.1, if G is
finite, our definition is consistent and MSF(G) = MST(G). Finally, if G is an infinite graph, then
each connected component of MSF(G) is infinite.
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Sparse Random Graphs : Assignment 4

Yogeshwaran D.

December 6, 2020

Submit solutions to the below problems via Moodle by 26th De-
cember 10:00 PM.

1.

Define the n-hypercube graph as follows : V,, = {0,1}" is the vertex set

and edge set is E, = {(v,w) :v—w 2 erfor some 1 < k < n} ie., (v,w)
is an edge if they differ exactly at one co-ordinate. Let H(n,p) denote
the random graph such that each edge in E, is chosen with probability
p € [0,1] independently of each other. Let O := (0,...,0) € V,, for all
n > 1. For any v € Vi, we set v(n) := (v,0,...,0) € V, for all n > k.
Set p, = min{c/n, 1} for all n > 1 where ¢ € (0,00) and H,, := H(n,p,).
What is the local weak limit of H,, ? First, describe the main steps in the
proof and then give details for the individual steps.

Let (G, w, 0) be a unimodular random weighted rooted graph with w € W,
a Polish space. Let A C G..(W) be an event invariant under re-rooting
ie., if (G,w) = (G',w), then (G,w,0) € A iff (G',w,0) € A. Assume
that P(A) > 0. Define a randomly weighted rooted graph (H, o) by the
following probability distribution given by

P((H,w',0) € -) =P((G,w,0) € .|(G,w,0) € A).

Show that (H,w’,0) is unimodular.

. We define an end of a rooted tree (7,0) as a self-avoiding, semi-infinite

path on T starting at o . Let (G,0) be a.s. an infinite graph. Show that
if E[dege (0)] = 2 thenshow that (G, 0) is a.s. a tree and it has one or two
ends a.s..

ADDITIONAL PROBLEMS (for practice) :

1.
2

Show that sofic graphs are unimodular via Lusin’s theorem.

Let W, a Polish space be the mark space. Show that G.(W), G..(W) are
complete seperable metric spaces.

. Show that (G, u,v) — (G,u) is a continuous map from G..(W) to G.(W).

. Let (G,w,0) be a unimodular random weighted rooted graph with w €

W, a Polish space. Suppose that ¢ : G..(W) — Ry be a measurable
function on the space of doubly rooted graphs. Set w’(u,v) = ¢(G,u,v)
for (u,v) € E(G). Show that (G,w’, 0) is a unimodular random weighted
rooted graph.



5. Let (G, w,0) be a unimodular random weighted rooted graph with w € W,
a Polish space. Let B C W be a Borel subset. Define a new weighted graph
(G',w') where V' =V and edge-set E' = {(u,v) : w(u,v) € B,w(v,u) €
B} and w'(u,v) = w(u,v) for (u,v) € E'. Show that (G',w’,0) is a
unimodular random weighted rooted graph.

6. Show that if G is an infinite graph, each connected component of MSF(G)
is infinite.
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