
PH6418/EP4618: Quantum Field Theory (Spring 2022)
Midterm Exam∗

May 10, 2022

1. A. Follow the Noether algorithm to construct the conserved charges for the translation
symmetry for the field theory of a generic tensor field, say F(x), described by an action,

I [F(x)] =

ˆ
d4x L (F(x), ∂µF(x)) , (1)

where the lagrangian density is a function of the field and its first order derivatives. To
reduce clutter of notation, the Lorentz or other internal indices of the field F are not being
displayed. [Hint: The answer should be

Θµν =
∂L

∂ (∂µF)
.∂νF − ηµν L (2)

where the dot “.” denotes contraction over Lorentz or any other indices of F ]

B. Use the equation of motion of F to show that the canonical stress tensor is conserved,

∂µΘµν = 0.

C. Use the general formula (2) to write down the expression for the canonical stress tensor
of the Maxwell field, Aµ(x). Maxwell theory is given by the action,

I [Aµ(x)] =

ˆ
d4x

(
−1

4
FαβF

αβ

)
, (3)

where, Fαβ(x) = ∂αAβ(x)− ∂βAα(x), is the Maxwell field strength tensor

D. Write down the expression for the linear momentum 4-vector for the Maxwell theory.
(5 + 2 + 2 + 1 = 10 points)

Solution: Under infinitesimal local translations,

x→ x′ = x− ε(x)

F(x)→ F ′(x′) = F(x),

∗(Maximum score: 50)
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The derivative of the field transforms like,

∂µF(x)→ ∂′µF ′(x′) =
∂xν

∂x′µ
∂νF(x)

=
(
δνµ + ∂µε

ν
)
∂νF(x)

= ∂µF(x) + ∂µε
ν ∂νF(x).

The Jacobian under local translations to first order,∣∣∣∣∂x′µ∂xν

∣∣∣∣ = |δµν − ∂νεµ| = 1− ∂µεµ.

Thus the first order change in the action under local translations is,

δI = I [F ′(x′)]− I [F(x)]

=

ˆ
d4x′ L

(
F ′(x′), ∂′µF ′(x′)

)
−
ˆ
d4x L (F(x), ∂µF(x))

=

ˆ
d4x (1− ∂µεµ) L (F(x), ∂µF(x) + ∂µε

ν ∂νF(x))−
ˆ
d4x L (F(x), ∂µF(x))

=

ˆ
d4x (1− ∂µεµ)

[
L (F(x), ∂µF(x)) + ∂µε

ν ∂L
∂ (∂µF(x))

.∂νF(x) +O(ε2)

]
−
ˆ
d4x L (F(x), ∂µF(x))

=

ˆ
d4x

[
∂µε

ν ∂L
∂ (∂µF(x))

.∂νF(x)− ∂µεµ L (F(x), ∂µF(x))

]
=

ˆ
d4x ∂µεν

[
∂L

∂ (∂µF(x))
.∂νF(x)− ηµν L (F(x), ∂µF(x))

]
.

Thus the Noether current for translations, i.e. the canonical stress tensor is,

Θµν =
∂L

∂ (∂µF)
.∂νF − ηµν L.

B. The conservation law is proven using the EL equations for field F as follows

∂µΘµν = ∂µ

(
∂L

∂ (∂µF)
.∂νF − ηµν L

)
= ∂µ

(
∂L

∂ (∂µF)

)
︸ ︷︷ ︸

= ∂L
∂F

.∂νF +
∂L

∂ (∂µF)
.∂µ∂νF − ∂νL

=
∂L
∂F

.∂νF +
∂L

∂ (∂µF)
.∂µ∂νF︸ ︷︷ ︸

∂νL

−∂νL

= 0.

C. For Maxwell theory, L = − 1
4FαβF

αβ where Fαβ = ∂αAβ − ∂βAα. Then the canonical stress tensor is,

Θµν =
∂L

∂ (∂µAρ)
∂νAρ − ηµν L

=
∂

∂ (∂µAρ)

(
−1

4
FαβF

αβ

)
∂νAρ − ηµν L

= −1

2

∂Fαβ
∂ (∂µAρ)

Fαβ∂νAρ − ηµν L

= −1

2

(
δµαδ

ρ
β − δ

µ
βδ
ρ
α

)
Fαβ∂νAρ − ηµν L

= −Fµρ∂νAρ − ηµν L.
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D. Write down the expression for the linear momentum 4-vector for the Maxwell theory.

P i =

ˆ
d3x Θ0 i =

ˆ
d3x

(
−F 0 ρ∂iAρ −��>

0
η0 i L

)

=

ˆ
d3x

(
−F 0 j∂iAj

)
=

ˆ
d3x

−F 0 j︸ ︷︷ ︸
Ei

∂iA
j


=

ˆ
d3x Ej∂iA

j

=

ˆ
d3x Ej

∂iAj − ∂jAi︸ ︷︷ ︸
εijk Bk

+

ˆ
d3x Ej∂jA

i

=

ˆ
d3x εijk Ej Bk +

��
���

���:
0ˆ

d3x ∂j
(
EjAi

)
−
ˆ
d3x���

�:0(
∂jE

j
)
Ai

=

ˆ
d3x (E ×B)

i
.

The second term is a total derivative and becomes a surface term at spatial infinity which vanishes due

to boundary conditions, while the second term vanishes due to Gauss law in the absence of free charges,

ρ = 0 = ∇ ·E.

2. Consider the theory of a Maxwell field, Aµ(x), coupled to an conserved external electric
current-density (source), jµ(x), given by the action,

I [Aµ(x)] =

ˆ
d4x

(
−1

4
FαβF

αβ − jµAµ
)
,

A. Compute the dimension of the Maxwell field.

B. Use the functional form of the Euler-Lagrange equation, namely

δL

δF(x)
=

∂

∂t

(
δL

δḞ(x)

)
to arrive at the equation of motion for this theory. (Note that the rule for functional differ-
entiation here would be

δAµ(x)

δAν(y)
= δνµ δ

3 (x− y)

). Then use the alternative form of the Euler-Lagrange equation,

∂L
∂F

= ∂µ

(
∂L

∂ (∂µF)

)
to arrive at the equation of motion (Maxwell equation). Here F is a generic tensor field with
all indices suppressed to reduce clutter of notation.

C. Then work out the Hamiltonian for the Maxwell theory.
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D. Show that the action is symmetric under the (abelian) gauge transformations,

Aµ(x)→ A′µ(x) = Aµ − ∂µλ

where λ(x) is an arbitrary scalar field.
(1 + 4 + 3 + 2 = 10 points)

Solution: A. The action is dimensionless. So[
d4x
]

+ [FµνF
µν ] = 0.

Now, [
d4x
]

=
[
L4
]

= −4,

while,

[FµνF
µν ] = 2 [Fµν ] = 2 [∂µAν ] = 2

[
Aµ
L

]
= 2 [Aµ] + 2.

So we have,
−4 + 2 [Aµ] + 2 = 0⇒ [Aµ] = +1.

B. The LHS,

δL

δAµ(x)
=

δ

δAµ(x)

(
−1

4

ˆ
d3y Fαβ(y)Fαβ(y)−

ˆ
d3yjα(y)Aα(y)

)
= −1

4

ˆ
d3y

δ
(
Fαβ(y)Fαβ(y)

)
δAµ(x)

−
ˆ
d3yjα(y)

δAα(y)

δAµ(x)︸ ︷︷ ︸
=δµαδ3(x−y)

= −1

2

ˆ
d3y

δFαβ(y)

δAµ(x)
Fαβ(y)− jµ(x)

= −1

2

ˆ
d3y

[
δ (∂yαAβ(y))

δAµ(x)
−
δ
(
∂yβAα(y)

)
δAµ(x)

]
Fαβ(y)− jµ(x)

= −1

2

ˆ
d3y

∂yi
(
δAβ(y)

δAµ(x)

)
︸ ︷︷ ︸
=δµβδ

3(y−x)

F iβ(y)− ∂yj
(
δAα(y)

δAµ(x)

)
︸ ︷︷ ︸
=δµαδ3(y−x)

Fαj(y)

− jµ(x)

=
1

2

ˆ
d3y

[
δµβ δ

3 (y − x) ∂yiF
iβ(y)− δµα δ3 (y − x) ∂yjF

αj(y)
]
− jµ(x)

=
1

2

(
∂iF

i µ(x)− ∂jFµ j(x)
)
− jµ(x)

= ∂iF
i µ(x)− jµ(x).
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For the RHS we first need to compute,

δL

δȦµ(x)
=

δ

δȦµ(x)

(
−1

4

ˆ
d3y Fαβ(y)Fαβ(y)−

ˆ
d3yjα(y)Aα(y)

)
= −1

4

ˆ
d3y

δ
(
Fαβ(y)Fαβ(y)

)
δȦµ(x)

= −1

2

ˆ
d3y

δFαβ(y)

δȦµ(x)
Fαβ(y)

= −1

2

ˆ
d3y

[
δ (∂yαAβ(y))

δȦµ(x)
−
δ
(
∂yβAα(y)

)
δȦµ(x)

]
Fαβ(y)

= −1

2

ˆ
d3y

 δȦβ(y)

δȦµ(x)︸ ︷︷ ︸
=δµβδ

3(y−x)

F 0 β(y)− δȦα(y)

δȦµ(x)︸ ︷︷ ︸
=δµαδ3(y−x)

Fα0(y)


= −1

2

(
F 0µ(x)− Fµ 0(x)

)
= F 0µ(x).

Then the RHS,

∂t

(
δL

δȦµ(x)

)
= −∂0F

0µ(x).

Thus the functional EL equations are,

∂iF
i µ(x)− jµ(x) = −∂0F

0µ(x),

or,
∂0F

0µ + ∂iF
i µ = jµ

or,
∂νF

νµ = jµ.

Alternative EL equations without functional derivatives,

∂L
∂F

= ∂µ

(
∂L

∂ (∂µF)

)
The LHS:

∂L
∂Aµ

=
���

���
���

�:0
∂

∂Aµ

(
−1

4
FαβF

αβ

)
− ∂

∂Aµ
(jαAα)

= −jµ.

For the RHS we need,

∂L
∂ (∂νAµ)

=
∂

∂ (∂νAµ)

(
−1

4
FαβF

αβ

)
−
��

���
���:

0
∂

∂ (∂νAµ)
(jαAα)

= −1

2

∂Fαβ
∂ (∂νAµ)

Fαβ

= −1

2

∂ (∂αAβ − ∂βAα)

∂ (∂νAµ)
Fαβ

= −1

2

(
δναδ

µ
β − δ

ν
βδ
µ
α

)
Fαβ

= Fµν .
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Then the RHS,

∂ν

(
∂L

∂ (∂νAµ)

)
= ∂νF

µν = −∂νF ν µ.

Thus the EL equations are,
−jµ = −∂νF ν µ,

or,
∂νF

ν µ = jµ.

C. Hamiltonian for the Maxwell theory: The Hamiltonian density in the absence of charges/currents is given
by Θ00

Θ00 = −F 0 ρ∂0Aρ − L
= −F 0 i∂0Ai − L
= −F 0 i∂0Ai − L

Now,

L = −1

4
F 2 =

1

2

(
E2 −B2

)
and,

F 0 i = −Ei

while,

∂0Ai = F0 i + ∂iA
0

= Ei + ∂iΦ.

Substituting these in Θ00,

Θ00 = Ei
(
Ei + ∂iΦ

)
− 1

2

(
E2 −B2

)
=

1

2

(
E2 + B2

)
+ E ·∇Φ

=
1

2

(
E2 + B2

)
+ ∇ · (EΦ)− Φ∇ ·E︸ ︷︷ ︸

=0

Thus the Hamiltonian is

H =

ˆ
d3x Θ00 =

ˆ
d3x

1

2

(
E2 + B2

)
+
���

���
��:0ˆ

d3x∇ · (EΦ)

=

ˆ
d3x

1

2

(
E2 + B2

)
.

D. The Maxwell field strength Fµν is invariant under gauge transformations:

Aµ(x)→ A′µ(x) = Aµ − ∂µλ

where λ(x) is an arbitrary scalar field. So the term − 1
4F

2 in the lagrangian is invariant under gauge
transformations. Now let’s look at the coupling term, jµAµ. Under a gauge transformation this transforms
to,

jµAµ → jµ A′µ = jµ (Aµ − ∂µλ)

= jµAµ − jµ∂µλ

= jµAµ − ∂µ (jµ λ) + λ��
��:0

(∂µj
µ).
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The last term vanished since jµis a conserved current. So the coupling term changes a total derivative. When
integrated against spacetime this would reduce to a surface term at infinity which will be made to vanish by
appropriate initial and boundary conditions. Thus,ˆ

d4x jµ A′µ =

ˆ
d4x jµ Aµ,

and hence the Maxwell equation with coupling to a conserved current is invariant under gauge transforma-

tions.

3. Apply the Noether algorithm to construct the conserved charges for the Lorentz invariant
field theory (1) for a generic field (representation of Lorentz group) F(x), for symmetry
under Lorentz transformations,

xµ → x′µ = Λµ
ν x

ν ,

F(x)→ F ′(x′) = D (Λ) F(x).

where the representation (matrix) D(Λ) is generated by the Σµν is the spin matrix (genera-
tor):

D(Λ) = exp

(
− i

2
ωαβ Σαβ

)
≈ 1− i

2
ωαβ Σαβ.

[Hint: The Noether algorithm should give,

δI =

ˆ
d4x

1

2
∂λωµν M

λµ ν .

where ωµν is the infinitesimal parameter for Lorentz transformation,

Λµ
ν = δµν + ωµ ν .

and,

Mλµ ν = xµ Θλ ν − xν Θλµ − i ∂L
∂(∂λF)

.Σµν .F .

Thus the current Mλµ ν is the Noether current, a rank (3,0) tensor.]
(10 points)

Solution: The infinitesimal form of the local Lorentz transformation is,

xµ → x′µ = xµ + ωµ ν(x) xν ,

F(x)→ F ′(x′) =

(
1− i

2
ωαβ(x) Σαβ

)
.F(x)

= F(x)− i

2
ωαβ(x) Σαβ.F(x).

The derivative of the field transforms to,

∂µF(x)→ ∂′µF ′(x′) =
∂xν

∂x′µ
∂ν (D (Λ) F(x))

=
(
δνµ − ων µ − ∂µων αxα

)(
∂νF −

i

2
∂νωαβ Σαβ.F − i

2
ωαβ(x) Σαβ.∂νF

)
= ∂µF(x)−∂µων αxα ∂νF(x)− i

2
∂µωαβ Σαβ.F − ων µ∂νF(x)− i

2
ωαβ Σαβ.∂µF︸ ︷︷ ︸

≡∆(∂µF(x))

.

= ∂µF(x) + ∆ (∂µF(x))
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Finally the Jacobian of the infinitesimal local Lorentz transformation,∣∣∣∣∂x′µ∂xν

∣∣∣∣ = |δµν + ωµ ν + ∂νω
µ
αx

α| = 1 +��
�*0

ωµ µ + ∂µω
µ
ν x

ν = 1 + ∂µω
µ
ν x

ν .

The first order change in the action for an infinitesimal local Lorentz transformation is then,

δI = I [F ′(x′)]− I [F(x)]

=

ˆ
d4x′ L

(
F ′(x′), ∂′µF ′(x′)

)
−
ˆ
d4x L (F(x), ∂µF(x))

=

ˆ
d4x (1 + ∂µω

µ
ν x

ν)L
(
F(x)− i

2
ωαβ Σαβ.F(x), ∂µF(x) + ∆ (∂µF(x))

)
−
ˆ
d4x L (F(x), ∂µF(x))

=

ˆ
d4x

[
∂µω

µ
ν x

νL − i

2
ωαβ

∂L
∂F

.Σαβ.F +
∂L

∂ (∂µF)
.∆ (∂µF(x))

]
=

ˆ
d4x ∂µωνρ

(
ηµνxρL − ∂L

∂ (∂µF)
.∂νF(x)xρ − i

2
− ∂L
∂ (∂µF)

.Σνρ.F
)

+ . . .

=

ˆ
d4x ∂µωνρ

(
−xρΘµν − i

2

∂L
∂ (∂µF)

.Σνρ.F
)

+ . . .

=

ˆ
d4x

1

2
∂µωνρ

(
xνΘµρ − xρΘµν − i ∂L

∂ (∂µF)
.Σνρ.F

)
+ . . . .

The “. . .” represent terms which are proportional to ω and not derivatives of ω. These terms are guaranteed
to vanish due to the existence of the global symmetry. Then evidently the conserved current for the Lorentz
transformation is,

Mµνρ = xνΘµρ − xρΘµν︸ ︷︷ ︸
Orbital

−i ∂L
∂ (∂µF)

.Σνρ.F︸ ︷︷ ︸
Spin

The conserved charges for this are the angular momenta,

Jνρ =

ˆ
d3xM0 ν ρ =

ˆ
d3x

(
xνΘ0ρ − xρΘ0ν − i ∂L

∂Ḟ
.Σνρ.F

)
.

4. A complex scalar field Φ(x) has the following Lagrange density,

L = (∂µΦ)∗ (∂µΦ)−m2Φ∗Φ− λ (Φ∗Φ)2 − µ2
(
Φ2 + Φ∗ 2

)
, m2 > 2µ2.

A. Write down the continuous global symmetry when µ2 = 0. Write down the corresponding
Noether current Jµ(no derivation necessary).

B. Obtain the 4-divergence of Jµ when µ2 6= 0.

C. What is the physical interpretation of the free Lagrangian density (i.e λ = 0) when
µ2 6= 0.

(4 + 4 + 2 = 10 points)

Solution: A. The continuous global symmetry when µ2 = 0, is the global U(1) symmetry (symmetry
under phase transformations):

Φ→ Φ′ = e−iαΦ.

The Noether current for this symmetry is,

Jµ = i
(
Φ†∂µΦ− ∂µΦ† Φ

)
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B. The equation of motion in the presence of the µ2 term is,

∂L
∂Φ

= ∂µ

[
∂L

∂ (∂µΦ)

]
or,

−m2Φ∗ − 2λ (Φ∗Φ) Φ∗ − 2µ2Φ = �Φ∗

or,
�Φ∗ = −m2Φ∗ − 2λ |Φ|2 Φ∗ − 2µ2Φ.

Similarly for Φ we get,
�Φ = −m2Φ− 2λ |Φ|2 Φ− 2µ2Φ∗.

Now we compute the 4-divergence of the current,

∂µJ
µ = i (Φ∗ �Φ−�Φ∗ Φ)

= −i
(
m2 |Φ|2 + 2λ

(
|Φ|2

)2

+ 2µ2Φ∗2 −m2 |Φ|2 − 2λ
(
|Φ|2

)2

− 2µ2Φ2

)
= i 2µ2

(
Φ2 − Φ∗2

)
.

C. Resolving the complex scalar Φ into real and imaginary components,

Φ =
ϕ1 + iϕ2√

2

and plugging into the lagrangian with the µ2 term turned on while having the λ-term turned off, we get the
lagrangian to read as,

L =
1

2
(∂ϕ1)

2 − 1

2

(
m2 + 2µ2

)
ϕ2

1 +
1

2
(∂ϕ2)

2 − 1

2

(
m2 − 2µ2

)
ϕ2

2.

This is the lagrangian for two free real scalar fields ϕ1, ϕ2 of different masses, m2
1 = m2 + 2µ2 and

m2
2 = m2 − 2µ2 respectively.

5. Consider the complex scalar field theory described by the action,

I [Φ(x)] =

ˆ
d4x

[
(∂µΦ)∗ ∂µΦ−m2Φ∗Φ− V (Φ∗Φ)

]
. (4)

which has the global U(1) symmetry,

Φ(x)→ Φ′(x) = e−i α Φ(x). (5)

A. Show that when the system is expressed in terms of the real and imaginary parts, the
complex scalar field, ϕ1, ϕ2 as defined by

Φ =
ϕ1 + i ϕ2√

2

then the U(1) symmetry transformation 5 looks like an SO(2) transformation, namely,

ϕ→ ϕ′ = O ϕ,

where

ϕ =

(
ϕ1

ϕ2

)
9



is a column vector and O is a 2×2 matrix orthogonal matrix of unit determinant (an element
of SO(2)). This shows the isomorphism of the groups, U(1) ∼= SO(2).

B. Work out the Noether current(s) for this SO(2) symmetry. You will first need to rewrite
the action (4) in terms of the real scalar field column vector ϕ:

I [ϕ(x)] =

ˆ
d4x

[
1

2
(∂µϕ)T (∂µϕ)− m2

2
ϕTϕ− V

(
ϕTϕ

)]
(6)

where ϕT = transpose(ϕ) is a row vector.

C. The equation of motion to show that the Noether current is conserved i.e. satisfy conti-
nuity equation.

D. The action (6) is actually symmetric under O(2) transformations not just SO(2). Since
O(2) = P ∪ SO(2), where P is the (field space) parity transformation,

P =

(
1 0
0 −1

)
.

What is this symmetry in terms of the complex field.
(3 + 3 + 3 + 1 = 10 points)

Solution: A. Resolving the symmetry transformed field, Φ′ in terms of real and imaginary components,
ϕ′1, ϕ

′
2, we can write the symmetry transformation Φ′(x) = e−i α Φ(x) as,

(ϕ′1 + i ϕ′2) = e−iα (ϕ1 + i ϕ2)

= (cosα ϕ1 + sinα ϕ2) + i (− sinα ϕ1 + cosα ϕ2) .

So in terms of the components, the symmetry transformation reads,

ϕ1 → ϕ′1 = cosα ϕ1 + sinα ϕ2,

ϕ2 → ϕ′2 = − sinα ϕ1 + cosα ϕ2.

In matrix notation, (
ϕ1

ϕ2

)
→
(
ϕ′1
ϕ′2

)
=

(
cosα sinα
− sinα cosα

)
︸ ︷︷ ︸

O

(
ϕ1

ϕ2

)
.

Evidently the matrix O is an element of SO(2) since it is same as the rotation matrix in 2 dimensions
(rotation by an angle α in the xy plane).
B. Noether current for SO(2) symmetry: The action is

I [ϕ(x)] =

ˆ
d4x

[
1

2
(∂µϕ)

T
(∂µϕ)− m2

2
ϕTϕ− V

(
ϕTϕ

)]

where now ϕ =

(
ϕ1

ϕ2

)
. We need to compute change in the action when the symmetry parameter α is made

a function of spacetime, α(x) ,
δI = I [ϕ′]− I [ϕ] , ϕ′ = O(α(x)) ϕ

Clearly the potential terms,−m
2

2 ϕ
Tϕ− V

(
ϕTϕ

)
are invariant even under local SO(2) since they contain no

derivatives of the field. So the only nonzero change in the action arises from the kinetic term,

δI =

ˆ
d4x

[
1

2
(∂µϕ′)

T
(∂µϕ

′)− 1

2
(∂µϕ)

T
(∂µϕ)

]
.
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To leading order in α,

ϕ′ = ϕ+ α(x)A ϕ, A =

(
0 1
−1 0

)
.

Thus,
∂µϕ

′ = ∂µϕ+ ∂µα A ϕ+ αA∂µϕ

and,

(∂µϕ′)
T

(∂µϕ
′) = (∂µϕ+ ∂µα A ϕ+ αA∂µϕ)

T
(∂µϕ+ ∂µα A ϕ+ αA∂µϕ)

=
(
∂µϕT + ∂µα ϕT AT + α∂µϕT AT

)
(∂µϕ+ ∂µα A ϕ+ αA∂µϕ)

=
(
∂µϕT − ∂µα ϕT A− α∂µϕT A

)
(∂µϕ+ ∂µα A ϕ+ αA∂µϕ)

=
(
∂µϕT

)
(∂µϕ) + ∂µα

(
∂µϕTA ϕ− ϕT A∂µϕ

)
+O

(
α2
)
.

Substituting back in the action (change) we get,

δI =

ˆ
d4x ∂µα

1

2

(
∂µϕTA ϕ− ϕT A∂µϕ

)
.

Evidently the Noether current is,

Jµ =
1

2

(
∂µϕTA ϕ− ϕT A∂µϕ

)
= ϕ2∂

µϕ1 − ϕ1∂
µϕ2.

C. Check that the SO(2) Noether current is conserved i.e. satisfy continuity equation: For this we need the
equations of motion for ϕ1, ϕ2. The Lagrangian density, in terms of ϕ1, ϕ2 is,

L = (∂µΦ)
∗
∂µΦ−m2Φ∗Φ−V (Φ∗Φ) =

1

2
(∂ϕ1)

2
+

1

2
(∂ϕ2)

2 − m2

2

(
ϕ2

1 + ϕ2
2

)
− V (ρ) , ρ = ϕ2

1 + ϕ2
2.

Then the EL equation for ϕ1 is,

∂µ

(
∂L

∂ (∂µϕ1)

)
=

∂L
∂ϕ1

or,

�ϕ1 = m2ϕ1 −
dV

dρ

∂ρ

∂ϕ1

= m2ϕ1 − 2
dV

dρ
ϕ1.

By symmetry the EL equation for ϕ2 is then,

�ϕ2 = m2ϕ2 − 2
dV

dρ
ϕ2.

Now we compute the 4-divergence of the current,

∂µJ
µ = ϕ2�ϕ1 − ϕ1�ϕ2

= ϕ2

(
m2ϕ1 − 2

dV

dρ
ϕ1

)
− ϕ1

(
m2ϕ2 − 2

dV

dρ
ϕ2

)
= 0.

D. The configuration space parity transformation,

ϕ′ = P ϕ(
ϕ′1
ϕ′2

)
=

(
1 0
0 −1

)(
ϕ1

ϕ2

)
=

(
ϕ1

−ϕ2

)
.
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in terms of complex scalar, becomes,

Φ→ Φ′ =
ϕ′1 + i ϕ′2√

2
=
ϕ1 − i ϕ2√

2
= Φ†.

This is the complex conjugation (charge conjugation) symmetry of the complex scalar field theory.
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