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Preliminaries : P(y|x) for Gaussian

* If P(x,y) is Gaussian:

llx (j;x (jx 11 ///////// : gii;m::j  ~ i ,}_Lu"§ Y
Hy ny ny / | T

* The conditional probability of y given x is also Gaussian

— The slice in the figure is Gaussian

P(y|x)=N(u,+C,C. (x—u),C, —C, C.C)

yx ~xx T xy

e The mean of this Gaussian is a function of x
 The variance of y reduces if x is known

— Uncertainty is reduced
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Preliminaries : P(y|x) for Gaussian

3_I

28F

Best guess for Y
when X is not known 1%—

: a ¢
05+ / -
e 1Y 0 05 1 15 2 25 3 35

P(y|x)= mcyxcxxx u,),C, -C,C.C,)

yx - xx T xy
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Preliminaries : P(y|x) for Gaussian

Update guess of Y based on information in X
Correction is O if X and Y are uncorrelated, i.e C,, = 0

Correction of Y using
information in X

2
Best guess for Y Y\

when X is not known 15¢

|

Mean of Y given X

-1.I5 -1 -I:I.IE 0 EI.I5 'i 1.I5 ; 2.I5 3I 3.I5\ .
X Given X value

. P ~1
P(y|x)=N(u,+C,C.(x-p,).C,-C,C.C,)

/ yy yx ~ xx 7 xy
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Preliminaries : P(y|x) for Gaussian

Correction to Y = slope * (offset of X from mean)

Correction of Y using
information in X

2
Best guess for Y Y\

when X is not known 15¢

Mean of Y given X
/ \\J\\
Given X value
\ ’ X offset |
P(y|x)=N(u, +C,C.(x—u),C,, ~C,C.C,)

yx - xx

i - 1
1.8 0N\ -1 0.5
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Prelimin

Correction of Y using .

information in X

Best guess for Y |

when X is not known 15t

P(y|x)

i 1 1 \ 1 1 1 i 1 1 / 1
_15\\\<L\\;ij 0 \\{iiﬁ + 15 2 35 ¢?/ 35
¥

aries : P(y|x) for Gaussian

| Uncertainty in Y
7 when X is not known

= N(u, +C,C,/(x—u,),C,,—C,C.C,)

\ yy yx XX xy
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Preliminaries : P(y|x) for Gaussian

Shrinkage of variance is O if X and Y are uncorrelated, i.e €, =0

Correction of Y using .
information in X

Best guess for Y |

when X is not known 15¢

| Reduced uncertainty
1 from knowing X

| Uncertainty in Y
7 when X is not known

Shrinkage of
uncertainty
from knowing X

/

P(y|x)=N(u,+C,C (x-u).C, -C,C.C,)

yxTxx T x
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Preliminaries : P(y|x) for Gaussian

Knowing X modifies the mean of Y and shrinks its variance

Variance of Y when
X is known.

3_I

Overall variance .:|
of Y when Xis —

2 55
unknown
1581

- I~

o5t 1 Mean of Y given X
. ¢ — (MAP estimate of Y)

st 1 Given X value

_1 L 1 1
1A - 0.5 0 0.5

1 1 1 1 1
1.5 2 25 3 35

— |

P(y|x)=N(u,+C,C (x-u),C, -C,C.C,)

yxX = XX yxX = XX
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Background: Sum of Gaussian RVs

O=AS +¢
S~ N(ﬂs» @S) €~ N(ﬂs' 08)

e Consider a random variable O obtained as above

 The expected value of O is given by
E[O] = E[AS + €| = Au, + U,

* Notation:
E|O| = po
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Background: Sum of Gaussian RVs

O=AS +¢
S~ N(ﬂs» @S) €~ N(ﬂs' 08)

* The variance of O is given by
Var(0) = 09 = E[(0 — po)(0 — pp)"|

* This is just the sum of the variance of AS and
the variance of &
O, = A0,AT + 0,
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Background: Sum of Gaussian RVs

O=AS +¢

S~ N(ﬂs» @S) €~ N(ﬂs' @E)

* The conditional probability of O:
P(0|S) = N(AS + u,, 0,)

 The overall probability of O:
P(0) = N(Ap, + p,, AG5A" + 0,)

11-755/18797 11



Background: Sum of Gaussian RVs

O=AS +¢
S~ N(ﬂs» @S) €~ N(ﬂs' @E)

* The cross-correlation between O and S

Oos = E[(0 — po)(S — )" | = E[(A(S — 1s) + (& — pe))(S — )]
= E[A(S — ps)(S — )" +(e — 1) (S — )" |

= AE|(S — pus)(S — pe)"| + E[(e — 1) (S — 1y)" |

= AE|(S — ps)(S — py)" |

e =A0q

 The cross-correlation between O and S is

Ops = AOg
@SO — @SAT
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Background: Joint Prob. of O and S
O=AS+¢ 7 — [0]
S

* The joint probability of O and S (i.e. P(2)) is also
Gaussian

P(Z) = P(0,5) = N(uz,0;)
* Where
_ [ﬂo] _ [Aﬂs + ﬂe]
Hz Hs HUs
O, 0Oy [A05AT+0,. A0
$02=og, 6 :
Oso Og 0 A re
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Preliminaries : Conditional of S given

281

1.8}

- 1F

05

05k

O: P(S]|O)

/

/ U

1 1
15 -1 D5 0 EI5 15 2 25 3 35

0O=AS +¢

P(S|0) = N(ug + (950@01(0 1o), 05—05005'0,5)

-1
P(S|0) = N(us + O5AT(AOAT + 0,) (0 — Apg — ),
05—05AT(A054T + 0,) " 40)
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Poll 1

* If P(x, y) is joint Gaussian distribution, then the
conditional probability of y given x P(y |x) is also
Gaussian.

— True
— False

e If Xis a Gaussian random variable, than a linear
transformation of X is also a Gaussian variable

— True
— False



Poll 1

* If P(x, y) is joint Gaussian distribution, then the
conditional probability of y given x P(y |x) is also
Gaussian.

— True
— False

e If Xis a Gaussian random variable, than a linear
transformation of X is also a Gaussian variable

— True
— False



Recap: Examples of Generative
Models

* Generative models can be
simple, one step models of
the generating

— E.g. Gaussians,
Multinomials

* Or a multi-step generating
process

— E.g. Gaussian Mixtures

— E.g. Linear Gaussian
Models

/ "L = J\/\JP(O)

.........................................

z~N(0,1)—

_’O
PN LG
IN(O;MZI-’O-Z}Z)
Wz X»<]> - X
E~N(0,D)
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Recap: ML Estimation of Generative
Models

* Must estimate the parameters of s ol
the model from observed data N —“ns
IR
* Maximum likelihood estimation: -llE

123456

Choose parameters to maximize the
(log) likelihood of observed data

0* = argmax log(P(X;0))
6

= argmax Y,yex 10g(P(x; 6))
6

18



Recap: ML estimation from
incomplete data

In many situations, our observed data are Observation O consists of only
missing information the unblackened components
— E.g. components of the data

} I
|

— E.g. “inside” information about how the data are } I

drawn by the model | |

J
l

[T 11

W77
|

[

l
[
l
[

Blacked-out components are missing from data

In these cases, the ML estimate must only
consider the observed data O

argmax z log P(0;0)
f

0€0
— But the observed data are incomplete

Observation probability P(0) must be
obtained from the complete data probability,
by marginalizing out missing components o
— This can cause ML estimation to become [
challenging

w
[
e R —— ]
[
S . - ——— |

[

T T T T T 1@

[

[ e e N )

e e N B N )
L

T T T T T 1 1@
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Recap: The Expectation Maximization
Algorithm

* Define the auxiliary function:

0(6,6%) = EZP(MO 6%y log P(h, 0; 6)

0€e0
 Which is the ELBO plus a term that doesn’t depend on 6

* |teratively compute
0**1 « argmax Q(6,6%)
6

* Guaranteed to increase log P(0) with every iteration



i

Recap: EM principle

OO0OO0O0000O0O0 @)

--------------------------------------------------------

S asssmmmmm’ S asmssssEn? Sssssnmmmm’ Sssssmmmmn’? Ssssmsmmmn’

Iteratively:
Complete the data according to the posterior probabilities P(m|o) computed by
the current model
— By explicitly considering every possible value, with its posterior-based proportionality
— Or by sampling the posterior probability distribution P(m|o)

* Upon completion each incomplete observation implicitly or explicitly becomes many (potentially
infinite) complete observations

Reestimate the model from completed data -



And now

for something
completely different...

Principal Component Analysis

22



Principal Component Analysis

Given a (centered) set of data A

* Find the principal subspace such that when all vectors are approximated
as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data

23



Principal Component Analysis

Given a (centered) set of data A
find subspace such that

* Find the principal subspace such that when all vectors are approximated
as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data
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Principal Component Analysis

Given a (centered) set of data A

find subspace such that
the projection of the data onto the subspace .

* Find the principal subspace such that when all vectors are approximated
as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data

25



Principal Component Analysis

Given a (centered) set of data

find subspace such that
the projection of the data onto the subspace
results in the lowest total (squared) error

\

A

\

\ .
Minimize the sum of the
squared lengths of these lines

Find the principal subspace such that when all vectors are approximated

as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data

26



Principal Component Analysis

3

Oo

Animation: o o
Original centered data

* Find the principal subspace such that when all vectors are approximated
as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data

27



0 Q 8
Animation: \%
Original centered data _ I~ i

Principal axis we’re T
searching for

Principal Component Analysis

3

Find the principal subspace such that when all vectors are approximated
as lying on that subspace, the approximation error is minimal

— Assuming “centered” (zero-mean) data

28



Principal Component Analysis

Animation:
Original centered data

Principal axis we’re
searching for

/

/

£2
o %&9\0
o9
0

Search through all
subspaces to find the
one with minimum
projection error

Find the principal subspace such that when all vectors are approximated

as lying on that subspace, the approximation error is minimal
— Assuming “centered” (zero-mean) data

29



Can be done in closed form

X

A

Computing projection error for
a single instance x

Assume w.l.0.g that
w w is a unit vector

»
»

* Since we’re minimizing quadratic L, error, we
can find a closed form solution

30



Can be done in closed form

X

Computing projection error for
a single instance x

Assume w.l.0.g that
w IS a unit vector

»

— x'w g

* Since we’re minimizing quadratic L, error, we
can find a closed form solution



Can be done in closed form

X

/V
[lxl1? = [lx"w]|?

Computing projection error for

a single instance x ythogoras' theorem)

v

* Since we’re minimizing quadratic L, error, we
can find a closed form solution



Can be done in closed form

X

/V
[lxl1? = [lx"w]|?

Computing projection error for

a single instance x ythogoras' theorem)

xTx —wlxxTw

»
»

* Since we’re minimizing quadratic L, error, we
can find a closed form solution



Can be done in closed form

3

=3 : : : :
-3 2 -1 0 1 2 3

Since we’re minimizing quadratic L, error, we can find a closed form solution
Total projection error for all data:

L= Z xTx — wlxxTw
X

Minimizing this w.r.t w (subject to w = unit vector) gives you the Eigenvalue equation

ZxxT w = Aw

X

This can be solved to find the principal subspace

34



There’s also an iterative solution

Objective: find a vector (subspace) w and a position z on w such that zw = x most closely (inan L,
sense) for the entire (training) data

Let X = [x1x5 ... xy] be the entire training set (arranged as a matrix)

— Objective: find vector bases (for the subspace) W and the set of position vectors Z = [z,z, ... zy] for all
vectors in X such that WZ = X

Initialize W

Iterate until convergence:
— Given W, find the best position vectors Z: Z « WX
— Given position vectors Z, find the best subspace: W « XZ*
— Guaranteed to find the principal subspace 35



The iterative algorithm

* |nitialize a subspace (the basis w)

36



This individually minimizes the length 4
of lines from the points to the plane

The iterative algorithm

»

}

1
1
I

!
1

* |nitialize a subspace (the basis w)

e Iterate until convergence:

Find the best position vectors Z on the W subspace for each training instance
* Find the location on W that is closest to each instance, i.e. the perpendicular projection

37



The iterative algorithm

This jointly minimizes the total
squared length of lines from the points
to their "attachments” on the plane

’

v

* |nitialize a subspace (the basis w)

e Iterate until convergence:

— Find the best position vectors Z on the W subspace for each training instance
* Find the location on W that is closest to each instance, i.e. the perpendicular projection

— Let W rotate and stretch/shrink, keeping the arrangement of Z locations fixed

* Minimize the total square length of the lines attaching the projection on the place to the
instance




The iterative algorithm

»

This individually minimizes the length 4
of lines from the points to the plane

\

v

* |nitialize a subspace (the basis w)
e |terate until convergence:

— Find the best position vectors Z on the W subspace for each training instance
* Find the location on W that is closest to each instance, i.e. the perpendicular projection

— Let W rotate and stretch/shrink, keeping the arrangement of Z locations fixed

* Minimize the total square length of the lines attaching the projection on the place to the
instance



The iterative algorithm

This jointly minimizes the total
squared length of lines from the points
to their "attachments” on the plane

.

v

* |nitialize a subspace (the basis w)

e Iterate until convergence:

— Find the best position vectors Z on the W subspace for each training instance
* Find the location on W that is closest to each instance, i.e. the perpendicular projection

— Let W rotate and stretch/shrink, keeping the arrangement of Z locations fixed

* Minimize the total square length of the lines attaching the projection on the place to the
instance




The iterative algorithm

.

v

* |nitialize a subspace (the basis w)
e |terate until convergence:

— Find the best position vectors Z on the W subspace for each training instance
* Find the location on W that is closest to each instance, i.e. the perpendicular projection

— Let W rotate and stretch/shrink, keeping the arrangement of Z locations fixed

* Minimize the total square length of the lines attaching the projection on the place to the

instance
41



A failed attempt at animation

 Someone with animated-gif generation skills,
help me...

42



A minor issue: Scaling invariance

>/ —»

e The estimation is scale invariant

* We can increase the length of w, and compensate for it by reducing z

— Can shrink the coordinate values by lengthening the bases and vice

Versa

 The solution is not unique!

43



Rotation/scaling invariance

v = aw; + bw, v=aw;+b'w, v=aw;+bw,

- - [ -l

W,

N A "

* We can rotate and scale the vectors in W without changing the
actual subspace they compose

 The representation of any point in the hyperspace in terms of these
vectors will also change

— The zs in the two cases will be related through a linear transform

 The subspace is invariant to transformations of z



Resolving this issue

* A unique solution can be found by either

— Requiring the vectors in W to be unit length and orthogonal
e Standard “closed” form PCA

— Constraining the variance of Z to be unity (or the identity matrix)

 While the W's estimated with the two solutions will be different,
the resulting discovered principal subspace will be the same

45



Resolving this issue

* A unique solution can be found by either
— Requiring the vectors in W to be unit length and orthogonal

 Standard “closed” form PCA -

— Constraining the variance of Z to be unity (or the identity matrix)

 While the W's estimated with the two solutions will be different,
the resulting discovered principal subspace will be the same
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So what are we doing in the iterative
solution?

=

N
L] r— 11 1T T T T T 1

O T 1 T T T T T 1
O r T 1 T T T T T 1
(Y Y D BN B B
O T T 1 1T 1T T T 1
[] r— T 1T 1T T T T T 1
0 S B R —
[] 1 1 T 1 T T 1 1
[] 1 T T 1T T T T 1
] T 171 1T T T T 1

v

* For every training vector x, we are missing the information z about
where the vector lies on the principal subspace hyperplane

* If we had z, we could uniquely identify the plane

47



Iterative solution

z O O O0GO@O~@OO OO ]

* |nitialize the plane

— Or rather, the bases for the plane

48



Iterative solution

=

N
L] r— 11 1T T T T T 1

150 P R B R R N R .
10 s R ) R R B B B
(Y Y D BN B B
| [ e S R R R R
[] r— T 1 1T T T T T 1
[N S S N R — —
| 1 T 1 T T 1 1
[] 1 T T 1T T T T 1
N S S S — — — —

* [nitialize the plane
— Or rather, the bases for the plane

 “Complete” the data by computing the appropriate zs for
the plane

49



Iterative solution

=

N
(0 s S ES E N —
.
]
(Y Y D BN B B
[
]
[N S S N R — —
N
[]
N S S S — — — —

v

* [|nitialize the plane
— Or rather, the bases for the plane

 “Complete” the data by computing the appropriate zs for the plane
* Reestimate the plane using the zs

50



Iterative solution

A

D A 1 R

HERNINL=

Initialize the plane
— Or rather, the bases for the plane

“Complete” the data by computing the appropriate zs for the plane
Reestimate the plane using the zs
Iterate

v



Iterative solution

z OB OO " O 8" B [ L

* Initialize the plane o\® >
— Or rather, the bases for the pl=~- \ \ O

 “Complete” the ~-- Qm\
* Reesti k
* |terate \ 0 O



Iterative solution

=

N
L] r— 11 1T T T T T 1

150 P R B R R N R .
10 s R ) R R B B B
(Y Y D BN B B
| [ e S R R R R
[] r— T 1 1T T T T T 1
[N S S N R — —
| 1 T 1 T T 1 1
[] 1 T T 1T T T T 1
N S S S — — — —

 This looks like EM

— Infactitis
 But whatis the generative model?
 And what distribution is this encoding?

v
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Iterative solution

=

N
(0 s S ES E N —
.
]
(Y Y D BN B B
[
]
[N S S N R — —
N
[]
N S S S — — — —

This looks like EM

— In factitis

But what is the generative model?

And what distribution is this encoding?
— If we assume the zs have Gaussian distribution

v
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Poll 2

Mark true statements

— Generative models require a large amount of
example/training data to learn properly

— The amount of training data required is smaller if the
Maximume-likelihood Estimator has closed form formulae

— EM algorithm can be used to learn the parameters of
generative model for which closed form Maximum
Likelihood Estimators are not available

— PCA can be implemented in an iterative way, by alternately
estimating the principal component bases, and the
coordinates of the data vectors in terms of these bases



Poll 2

e Mark true statements

— Generative models require a large amount of example/training
data to learn properly

— The amount of training data required is smaller if the Maximum-
likelihood Estimator has closed form formulae

— EM algorithm can be used to learn the parameters of
generative model for which closed form Maximum Likelihood
Estimators are not available

— PCA can be implemented in an iterative way, by alternately
estimating the principal component bases, and the coordinates
of the data vectors in terms of these bases
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The generative story behind PCA

Red points below the plane
Blue points above the plane
Grey points: "shadows" of data on plane

»
>

* PCA actually has a generative story

* In order to generate any point
— We first take a Gaussian step on the principal plane

— Then we take an orthogonal Gaussian step from where we land to generate a
point

— PCA finds the plane and the characteristics of the Gaussian steps from the

data -



The generative story behind PCA

E~N(0,D)

z~N(0,1)
E~N(0,D)

X=Az+E X~N(0,A4T)

E~N(0,D) D 1A

* Generative story for PCA:
— zisdrawn from a K-dim isotropic Gaussian
* K is the dimensionality of the principal subspace
— Ais “basis” matrix
e Matrix of principal Eigen vectors scaled by Eigen values

— F is a 0-mean Gaussian noise that is orthogonal to the principal subspace
* The covariance of the Gaussian is low-rank and orthogonal to the principal subspace!

58



The generative story behind PCA

E~N(0,D)

z~N(0,1)
E~N(0,D)

X=Az+E X~N(0,%)

E~N(0,D) D 1A

PCA implicitly obtains maximum likelihood estimate of A and D, from training data X

* Generative story for PCA:
— zisdrawn from a K-dim isotropic Gaussian
* K is the dimensionality of the principal subspace
— Ais “basis” matrix
e Matrix of principal Eigen vectors scaled by Eigen values

— F is a 0-mean Gaussian noise that is orthogonal to the principal subspace

* The covariance of the Gaussian is low-rank and orthogonal to the principal subspace! -



Recap: The generative story behind PCA

E~N(0,D)

z~N(0,1)

e~N(0,D) D 1A
\ s

* Alternate view: Az stretches and rotates the K-dimensional planar space of z into
a K-dimensional planar subspace (manifold) of the data space

* The circular distribution of z in the K-dimensional z space transforms into an
ellipsoidal distribution on a K-dimensional hyperplane the data space

 Samples are drawn from the ellipsoidal distribution on the hyperplane, and noise
is added to them
60



The probability modelled by PCA

e~N(0,D) D LA

PCA models a Gaussian distribution:
X=A4z > P(x) = N(0,447)
x=X+E> P(x) = N(0,4AAT + D)

The probability density of x is Gaussian lying mostly close to a hyperplane

— With correlated structure on the plane

— And uncorrelated components orthogonal to the plane
Also

P(x|z) = N(Az, D)
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The probability modelled by PCA

e~N(0,D) D LA

PCA models a Gaussian distribution:
X=A4z > P(x) = N(0,447)
x=X+E> P(x) = N(0,4AAT + D)
The probability density of x is Gaussian lying mostly close to a hyperplane
— With correlated structure on the plane
— And uncorrelated components orthogonal to the plane

Also
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The probability modelled by PCA

x=Az+e
e~N(0,D) D1A

P(x|z) = N(4z,D)

e How?



ML estimation of PCA parameters

x=Az + e

e~N(0,D) D LA

P(x) = N(0,AAT + D)
The parameters of the PCA generative model are Aand D
The ML estimator is

1
argmaxz log exp(—0.5xT (AAT + D)~ 1x)
J(2m)2|AAT + D|

— Where d is the dlmen5|onallty of the space

Combined with the constraints on the number of columns in 4 (dimensions of
principal subspace), and that AT D = 0, this will give us the principal subspace &2




Missing information for PCA

x=Az + e

e~N(0,D) D LA

* There is missing information about the observation X

— Information about intermediate values drawn in
generating X

— We don’t know z

* |f we knew z for each X, estimating A (and D) would be
simple

65



PCA with complete information

x=Az+E
P(x|z) = N(Az,D)

* Given complete information (xl,zl) (xz,zz)
— Representing X = [xq, x5, ... |24, Z5, ...

argmax logP(x,z) = argmax Z log P(x|z)

AD (x,2) (x,2)
= argmax Z log = exp(—O.S(x —Az)"TD7 1 (x — AZ))
4,0 (x,2) \/(27-[)(1 |D|

» Differentiating w.r.t A and equating to 0, we get the easy solution
A=XZ?

— (Some sloppy math (D is not invertible), but the solution is right)

But we don't have z. Tt is missing



EM for PCA

A

D A 1 R

v

Initialize the plane
— Or rather, the bases for the plane

“Complete” the data by computing the appropriate zs for the plane
— P(z|X; A)is a delta, because E is orthogonal to A

Reestimate the plane using the zs
Iterate



The distribution modelled by PCA

X

If z is Gaussian, X is Gaussian
X and E are Gaussian => X is Gaussian

PCA model: The observed data are Gaussian
— Gaussian data lying very close to a principal subspace
— Comprising “clean” Gaussian data on the subspace plus orthogonal noise

68



Poll 3

PCA implicitly obtains maximum likelihood estimate of the
transformation (the direction of the new bases) and the
covariance of noise that embed its anisotropy.

— True

— False

When the observed data are (nearly) Gaussian, it can be
decomposed to Gaussian data lying very close to a principal
subspace plus parallel noise lying in the same plane

— True

— False



Poll 3

PCA implicitly obtains maximum likelihood estimate of the
transformation (the direction of the new bases) and the
covariance of noise that embed its anisotropy.

— True

— False

When the observed data are (nearly) Gaussian, it can be
decomposed to Gaussian data lying very close to a principal
subspace plus parallel noise lying in the same plane

— True

— False



Can we do better?

©

Red points below the plane
Blue points above the plane
Grey points: "shadows" of data on plane

»
>

 PCA assumes the noise is always orthogonal to the data
— Not always true

— Noise in images can look like images, random noise can sound like
speech, etc.

* Let’s us generalize the model to permit non-orthogonal noise



The Linear Gaussian Model

z~N(0,1)
E~N(0,D)

z~N(0,1) w X
E~N(0,D) @

D is full rank

X=Az+ F

Update the model: The noise added to the output of the encoder can lie in any
direction

— Uncorrelated, but not just orthogonal to the principal subspace

Generative model: to generate any point
— Take a Gaussian step on the hyperplane
— Add full-rank Gaussian uncorrelated noise that is independent of the position on the
hyperplane

* Uncorrelated: diagonal covariance matrix

e Direction of noise is unconstrained
— Need not be orthogonal to the plane
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The linear Gaussian model

z~N(0,1)
Red arrows are dif ferent possibities for E

E~N(0,D)

Blue arrows are dif ferent X=X+E

X = Az + E possibilities for X

 The way to produce any data instance is no longer unique

— though different corrections may have different probabilities
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Revisiting the linear Gaussian model

z~N(0,1)
Red arrows are dif ferent possibities for E

E~N(0,D)

Blue arrows are dif ferent X=X+E

X = Az + E possibilities for X

P(X) = N(X;0,AAT + D)

 The way to produce any data instance is no longer unique

— though different corrections may have different probabilities

* This is still a parametric model for a Gaussian distribution
— Parameters are A and D (assuming O mean)
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Revisiting the linear Gaussian model

z~N(0,1)
Red arrows are dif ferent possibities for E

E~N(0,D) N
X=X+E

Blue arrows are dif ferent
X = Az + E possibilities for X ‘

P(X) = N(X;0,AAT + D)

Also known as Factor Analysis:
 Thewaytop A is the loading matrix ar unique
— though diff  z are the factors babilities

D is diagonal

e Thisis in fact distribution

— Parameters are 4 and D (assuming 0 mean) 75



The probability distribution modelled
by the LGM

x=Az+ e

[ =
f i I L"-.':‘r ‘:..,
y—L 4 e
L™ I
z~N(0,]) (?— X o .
QNN(O, D) =

D is full rank diagonal

* The noise added to the output of the encoder can lie in any direction
£=Az > P(%) = N(0,44T)
x=X+E> P(x) = N(0,AAT + D)
 The probability density of x is Gaussian lying mostly close to a hyperplane
— With uncorrelated Gaussian
 Also
P(x|z) = N(Az,D)
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The linear Gaussian model

E~N(0,D) © . N

P(x) = N(0,AAT + D) e

[ ) EN =) N ) w IS
e P = o = b o« 7

_;;‘b
N
ol
N
N

Is a generative model for Gaussians

Data distribution are Gaussian lying largely on a hyperplane with
some Gaussian “fuzz”

— Only components on the plane are correlated with one another
* No correlations off the plane

— Which allows us to model some correlations between components

* Halfway between a Gaussian with a diagonal covariance, and one with a full
covariance
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ML estimation of LGM parameters

x=Az+ e

I T \“‘4 f
D is full rank diagonal _ : =
2 ' 2
0 s ~" o, |
y X
P(x) = N(0,4AT + D)
The parameters of the LGM generative model are Aand D
 The ML estimator is
1
argmaxz log exp(—0.5xT (AAT + D) 1x
AD & J(m)4|AAT + D| ( )

— Where d is the dimensionality of the space

 Asitturns out, this does not have a nice closed form solution

— Because D is full rank
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Missing information for LGMs

x=Az + e

* There is missing information about the observation X

— Information about intermediate values drawn in
generating X

— We don’t know Zz

* |f we knew the z for each X, estimating A (and D)
would be very simple
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LGM with complete information

x=Az+e
P(x|z) = N(Az,D)

* Given complete information X = [x1,X5, ...], Z = |24, 25, ... |

argmax logP(x,z) = argmax Z log P(x|z)
A,D
(x,2) (x,2)

1
= argmax Z lOg\/(Zn)dlDl exp(—0.5(x — Az)TD71(x — Az))

1
= argmax Z — Elongl —0.5(x — Az2)'D71(x — Az2)
A,D
' (x,2)

* Differentiating w.r.t A and D equating to 0, we get an easy solution



LGM with complete information

1
argmax z —Elongl —0.5(x —Az)TD71(x — A2)
AD

' (x,2)

Differentiating w.r.t A and Dand equating to 0, we get an easy solution
Solution for A

v, z 0.5(x — Az) DY (x —Az) =0 =
(x,2)

~1 Pinv()
z (x—A2)z"T=0 = A= (Z XZT> (Z ZZT> -
(x,2) (x,2) z

Solution for D

1
7 z ElogIDI +05(x —A2)" D7 (x—42) =0 =
(x,2)

b= dmg< DRI )) 81



LGM with complete information

1
argmax z —Elongl —0.5(x —Az)TD71(x — A2)
AD
' (x,2)

Differentiating w.r.t A and Dand equating to 0, we get an easy solution
Solution for A

v, z 0.5(x — Az) DY (x —Az) =0 =
(x,2)

Z(X—AZ)ZTZO = A=<Z XZT> ZZZT
(x,2) (x,2) z
Solution for D
1
7 z ElogIDI +05(x —A2)" D7 (x—42) =0 =

(x,2) Unfortunately we do not
_ 1 T T observe z.
D = diag N z xx' — A 2 XZ It is missing; the observations

X (x,2) are incomplete
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Expectation Maximization for LGM

.....................................................................................................................................................................

Complete the data
Option 1:
— In every possible way proportional to P(z|x)

— Compute the solution from the completed data
83



The posterior P(z|x)

B35

fN-. o Pl =)l

P(x) is Gaussian
— We saw this

The joint distribution of x and z is also Gaussian

— Trust me

The conditional distribution of z given x is also Gaussian
 P(zlx) = N(z AT(AAT + D) 'x,1 — AT(AAT + D) A)

— Trust me




Expectation Maximization for LGM

.....................................................................................................................................................................

* Complete the data P(z|x) = N(z; AT(AAT + D) 'x,I — AT(AAT + D) "' A)
* Option 1:
— In every possible way proportional to P(z|x)

— Compute the solution from the completed data
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Expectation Maximization for LGM

.....................................................................................................................................................................

* Complete the data in every possible way proportional to P(z|x)

— Compute the solution from the completed data
— argmaxy, , — %longl —0.5(x — A2)TD71(x — A2)
AD

* The z values for each x are distributed according to P(z|x).
Segregating the summation by x

argmaxzj p(z|x) (——longl —0.5(x — Az2)TD 1 (x — Az))
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LGM with incomplete information

argmaxz:j p(z|x) (——longl —0.5(x — A2)TD 1 (x — Az)) dz

* Differentiating w.r.t A and Dand equating to 0, we get an easy solution
 Solutionfor A

VAZ foop(zlx)(x —A2)'D" Y (x —Az)dz=0 =

Zj_wP(ZIx)(x—Az)szz =0 = A= ZJ_OOP(le)xZsz Ej_oop(ZIx)Zszz

Solution for D

Vp | Nlog|D| +ZJ p(z|x)(x —Az)TDY(x —Az)dz | =0 =

1 (0 ]
D = diag N(E xxT — AZJ p(zlx)szdz>
X x %

These are closed form solutions,
Key: All terms integrate over all possible completion of incomplete observations, where the

proportionality attached to any completion of x is P(z|x)
8/



LGM with incomplete information

* Itis actually an iterative algorithm (EM):

e Solutionfor A
Ak+1

— Z[ p(z|x; A%, D¥)xzTdz 2f p(z
x 7% x T

e Solution for D

1 o
D = diag N ZxxT—AZf p(z
X x T

These are closed form solutions,
Key: All terms integrate over all possible completion of incomplete observations, where the
proportionality attached to any completion of x is P(z|x)

1

x; A%, D*)zzT dz

x; A%, D¥)xzT dz
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LGM with incomplete information

* Itis actually an iterative algorithm (EM):

e Solutionfor A
Ak+1

1
0o

Zfoop(z|x;Ak,Dk)szdz ZJ_O:Op(Z

* Solutionfor D
1 (0 0)
D = diag N ZxxT — p(z|x; A%, D¥)xzTdz
X X
Key: All terms integrate over all possible completion of incomplete observations, where the

These are closed form solutions,
proportionality attached to any completion of x is P(z|x)

x; A%, D*)zzT dz
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LGM with incomplete information

* Itis actually an iterative algorithm (EM):

e Solutionfor A

-1
Akt = ZxE[Z|x]T @h, Ak,Dk@
p” —00

 Solution for D

1
D = diag ~ ZxxT —AZXE[ZPC]T
X X

These are closed form solutions,
Key: All terms integrate over all possible completion of incomplete observations, where the

proportionality attached to any completion of x is P(z|x)
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LGM with incomplete information

* Itis actually an iterative algorithm (EM):

e Solutionfor A

Aktl = ZxE[z|x]T ZE[ZZT|x]

X

-1

 Solution for D

1
D = diag ~ ZxxT —AZXE[ZPC]T
X X

These are closed form solutions,
Key: All terms integrate over all possible completion of incomplete observations, where the

proportionality attached to any completion of x is P(z|x)
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LGM with incomplete information

P(z|x) = N(z; AT(AAT + D) 'x,1 — AT(AAT + D) " 4)

Elz|x] = AT(AAT + D) ' x

Elzz"|x] = I — AT(AAT + D) A + E[z|x]E[z|x]"
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Expectation Maximization for LGM

.....................................................................................................................................................................

« Complete the data P(z|x) = N(z; AT(AAT + D)_lx,l — AT(AAT + D)_lA)

* Option 2:
— By drawing samples from P (z|x)

— Compute the solution from the completed data
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LGM from drawn samples

* Since we now have a collection of complete vectors, we can use the usual
complete-data formulae

e Solution for A
AR+ (z xZT> ZZZT
(x,2) Z
e Solution for D

1
D¥*1 = diag N(Z xxT — AF Z XZT>

X (x,2)

These are closed form solutions
Draw missing components from P(z|x; A¥, D¥) to complete the data

Estimate parameters from completed data



Poll 4

e Select all that are true

— PCA is a specific instance of Linear Gaussian
Models

— LGM need all dimensions of the observation to be
observed and cannot handle the case of missing
information.

— We can get global optimal of LGM easily through
the EM algorithm.



Poll 4

e Select all that are true

— PCA is a specific instance of Linear Gaussian
Models

— LGM need all dimensions of the observation to be
observed and cannot handle the case of missing
information.

— We can get global optimal of LGM easily through
the EM algorithm.



s: The intuition

z~N(0,1)

E~N(0,D)

x=Az+ E

The linear transform stretches and rotates the K-dimensional input space onto a K-
dimensional hyperplane in the data space

The isotropic Gaussian in the input space becomes a stretched and rotated
Gaussian on the hyperplane
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VIs: The intuition

=D

Drawing samples: The first step places the z somewhere on
the plane described by A

— The distribution of points on the plane is also Gaussian
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LGM model: The first step places the z somewhere on the plane described by A

— The distribution of points on the plane is also Gaussian

Second step: Add Gaussian noise to produce points that aren’t necessarily on the
plane
— Noise added is not revealed
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EM for LGMs: The intuition

z~N(0,1)
Red arrows are dif ferent possibities for E

E~N(0,D) N
X=X+E

Blue arrows are dif ferent
X = Az + E possibilities for X

* |nan LGM the way to produce any data instance is not unique

* Conversely, given only the data point, the “shadow” on the principal
plane cannot be uniquely known
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EM Solution

z~N(0,1)

* The posterior probability P(z|x) gives you the location
of all the points on the plane that could have generated
x and their probabilities



EM Solution

z~N(0,1)

* Attach the point to every location on the plane, according to P(z|x)

— Orto asample of points on the plane drawn from P(z|x)

* There will be more attachments where P(z|x) is higher, and fewer where it is
lower



EM Solution

)

Red points below the plane
Blue points above the plane
Grey points: "shadows” of data on plane

»
|

Attach every training point in this manner

Let the plane rotate and stretch until the total tension (sum squared
length) of all the attachments is minimize

Repeat attachment and rotation until convergence...



Summarizing LGMs

LGMs are models for Gaussian distributions

Specifically, they model the distribution of data
as Gaussian, where most of the variation is
along a linear manifold

— They do this by transforming a Gaussian RV z
through a linear transform f(z) = Az that
transforms the K-dim input space of z into a K-
dimensional hyperplane (linear manifold) in the data
space

Red points below the plane
Blue points above the plane
Grey points: "shadows” of data on plane e R R %

They are excellent models for data that actually

fit these assumptions : —le
ot TON . 5 00 d¥g 8 o
— Often, we can simply assume that data lie near ‘f:f%if; %

linear manifolds and model them with LGMs
— PCA, an instance of LGMs, is very popular
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Story for the day

 EM: An iterative technique to estimate probability models
for data with missing components or information

— By iteratively “completing” the data and reestimating
parameters

 PCA: Is actually a generative model for Gaussian data
— Data lie close to a linear manifold, with orthogonal noise

* Factor Analysis: Also a generative model for Gaussian data
— Data lie close to a linear manifold
— Like PCA, but without directional constraints on the noise



